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SUN UltraSparc 2:

UltraSparc 16kB L1, 512kB L2.
SGI Visual Workstation 540:

Quad-Pentium III 32kB L1, 1024kB L2.
Dell Precision:

Dual-Pentium III 32kB L1 512kB L2.
IBM ThinkPad 600:

Pentium II 32kB L1, 256kB L2.
Compagq Presario:

AMD Ke-III 64kB L1, 256kB L2, 1024kB L3.

. How can we write portable code that runs efficiently
- on different multilevel caching architectures?




tel Itaniums

Itanium® 2 Processor
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Cache-Aware MM

BLOCK-MULT (A,B,C,n)
1 fori < 1ton/s
2 doforj « 1ton/s

3 dofork « 1ton/s
4 do ORD-MULT (A, B,;,C;;,5)
«5—> «5—>
T A T A
S S
\Z \Z
n n
\4 Y
< n > < n >

Cache-Aware MM

(Aik/Bkj/Cij/S)

® Tune s so that A, B, , and, C..
ik’_“—kj i
just fit into cache ? 5= @(\/2[)

e If 1> 5, then
Q)= @gn/S)B(ssz))
=0 3/L\/f

, ® Optimal [HKS1].
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Three-Level Cache

S One parameter per caching level!

BLOCK-MULT (A,B,C,n)
n lfori, —« 1ton/s
do forj, « 1ton/s
do for k, — 1ton/s
doiJori7 ~ltos /t
doforj, « 1tos /t
do fork, — 1tos /t
dofori, — 1tof /u
doforj, « 1tot /u
do for ky «1tot/u
do ORD-MULT (A;,B,;,C;1)
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Recursive Matrix Multiplication

Divide and conquer on 7 x 1 matrices.

Cll C12 e All A12 X Bll BlZ

C21 C22 A21 A22 B 21 B 22

AllBll A11B12 A12B21 A12B22

= +
A21B11 A21B12 A22321 A22B22

8 multiplications of (11/2) x (1/2) matrices.
1 addition of 7 x n matrices.




O(n’)-Matrix Multiplication (n,n) x (n,n)

time / n3[in nanoseconds]

)
recursive algorithm /

0 T T T T T 7 T T T 7 T T 7 T T 7 T T T 7 T T 7 T T T

6 @ RN » 0 DO
RN R AR U ot S G
n [double precision numbers]

450-MHz AMD Ké6-I1I processor with 32kB L1-cache,
64kB L2-cache, and 1MB L3-cache.
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xperiments: MM
¥ Linux Athlon 1Ghz/1Gb/g++ -O3
/

Time in Seconds
2 g g 8

Size of Matrix

— Loop = Base = 16384 bytes  Base = 32 bytes\




xperiments: MM

¥ Linux/Itanium/2GB/g++ -O3

i /
/v

v

. S

120 257 385 513 641 769 897 1025 1153 1281 1409 1537 1665 1793 1021

Size of Matrix

Time in seconds
g

—~loop = Base = 32 bytes  Base = 16384 bytes\

Recursive Transpose

AL BT
1. Partition matrix in 4 !
submatrices A, B, C, and D

2. Recursively transpose A.

3. Recursively transpose and
swap B and C.

4. Recursively transpose D.

CT D?

isses, which is O}t))timal. Used as a
optimal cache-oblivious FFT [HK81].




ode: The InPlace Loop

for (i = 0; i < N; i++)
for (j = i+1; j < N; j++)
swap(A[1] [j1, A[jI[il)

ode : Co Transpose

vold transpose(int x, int delx, int v, int dely,
ElementType I[N][P], ElementType O[P][N]){
// Base Case of recursion
// Should be tailored for specific machines if one wants
// this code to perform better.
if((delx == 1) && (dely == 1)) {
00yl [x] = Ilx][yl;
return;
}
// Divide the transposition into two sub transposition
// problems, depending upon which side of the matrix is
// bigger.
if(delx >= dely){
int xmid = delx / 2;
transpose (x,xmid,y,dely,I,0);
transpose(x+xmid,delx-xmid,y,dely,I,0);
return;
}

// Similarly cut from ymid into two subproblems




xperiments: MT

¥ Notebook, Windows 2k/512Mb/PIII 1GHz/g++ -O3

Time in Seconds

/

/
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N

—~loop = co_transpose

xperiments: MT

¥ Notebook, Windows 2k/512Mb/PIII 1GHz/g++ -O3

Time in seconds

~

1000 2000 3000 4000 5000 6000 7000 8000 8250

\+ loop — co_transpose




xperiments: MT

¥ Linux Athlon 1Ghz/1Gb/g++ -O3

Time in Seconds

,, .

1000 2000 3000 4000 5000 6000 7000 8000 9000

N

\+ loop = co_transpose

xperiments: MT

¥ Linux Athlon 1Ghz/1Gb/g++-O3/ Size =N x (P =100) , tall matrices

Time in seconds
°
8

1000 2000 3000 4000 5000 6000 7000

M

~ Not Inplace Loop + co_transpose

8000 9000 10000
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xperiments: MT

¥ Linux Athlon 1Ghz/1Gb/g++ -O3/ Size = N x (P =1000)

A

Time in seconds

— Not Inplace Loop = co_transpose

What went Wrong?

And the

nPlace!
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Loop not Inplace

7,

xperiments: MT

¥ Linux Athlon 1Ghz/1Gb/g++ -O3/ Size = N x N
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Loop not Inplace
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xperiments: MT

¥ Notebook, Windows 2k/512Mb/PIII 1GHz/g++ -O3
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id we miss something?

# Alg 1: Naive Algorithm

% Alg 2: Simple blocking using fixed B
# Alg 3: Half Copy

# Alg 4: Full Copy

# Alg 5: CO

# Alg 6: Morton Ordering

Chatterjee & Sen HPCA 00

| “‘ A Q/Y)(‘/

<3

id we miss something?

Running time (seconds), block size = 27
logo N || Alg.l | Alg. 2 | Alg. 3 | Alg. 4 | Alg. 5 | Alg. 6

10 0.21 0.10 0.06 0.06 0.08 0.03
11 0.86 0.49 0.39 0.35 0.45 0.14
12 3:5°7 1.63 1.05 1.14 2.16 0.54

13 13.56 6.38 4.55 4.99 6.69 2:13

Running time (seconds), block size = 2%
log, N || Alg.l | Alg. 2 | Alg. 3 | Alg. 4 | Alg. 5 | Alg. 6

10 0.13 0.08 0.06 0.05 0.08 0.03
11 0.85 0.42 0.34 0.28 0.45 0.13
12 3.38 1.58 0.89 0.97 1.97 0.52
13 13.51 5.99 3.58 3.91 7.00 2.09

Running time (seconds), block size =27
log, N || Alg.l | Alg. 2 | Alg. 3 | Alg. 4 | Alg. 5 | Alg. 6

10 0.14 0.12 0.05 0.05 0.09 0.03
11 0.87 0.42 0.36 0.24 0.47 0.20
12 3.36 1.46 0.85 0.88 2.03 0.59
13 13.46 5.74 312 3:35 6.86 2:35

13
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atic Searches —

¥ Only for balanced binary trees
¥ Assume there are no insertions and deletions
¥ Only searches

Better than
O(log n)???1l

Can we speed it up?

| % =
| ) g",:&}( ~

hat is a layout? —

¥ Mapping of nodes of a tree to the Memory
W Different kinds of layouts
= In-order
= Post-order
= Pre-order
= Van Emde Boas
¥ Main Idea : Store Recursive subtrees in
contiguous memory

14



xample of Van Emde Boas

(D)

G2

@

) ()
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o o vl

ACTUAL LAYOUT OF TREE IN MEMORY:

nother View

BFS Initialization nodes

15



heoretical Guarantees? |

# Cache Complexity Q(n) = O(log, n)
¥ Work Complexity W(n) = O(log n)

From Prokop's Thesis

. " ’ a
Practice?? <

¥ Windows notebook/512MB /PIII 1Gz /256 byte nodes

i
/
\
)
]
\

13
2”x nodes

—— General Search —— Cache Oblivious

16



Practice 11

¥ Windows notebook/512MB /PIII 1Gz /32 byte nodes

08

0.6

Time in seconds

04

02

Number of Nodes 2"x

—— General Search — Cache Oblivious

Practice 111

¥ Linux/Itanium/2GB/g++ -O3/ 48 byte nodes

Timein seconds
-
o

05

8 9 10 1 12 13 14 15 16 17 18 19 20 21

27x nodes

— General Search - Cache Oblivious
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Practice!

# Matrix Operations by Morton
Ordering By David S. Wise

(Cache oblivious Practical Matrix operation results)
# Bender, Duan, Wu

(Cache oblivious dictionaries)
¥ Rahman, Cole, Raman

(CO B-Trees)

alk outline. ..

O Motivation (Searching BBT)
[0 The Mode/

[ CO-Sorting

O ..

18



_B) Ideal Cache

Model

Faster

CPU

Registers
On Chip Cache

On Be

Slower

rd Cache

Cache

Level 1

CPU=———= Memory ————|
Size = M

Smaller

Bigger

= Two consecutive levels of the hierarchy

Misses

Size = B

Cache Lines

Level 2
Disk

Block Transfer

Z/L Cond L

Features:
Two-level hierarchy.

(/L) Ideal Cache Model

main
memory

* Cache of size Z.

* Cache-line length .. ,

¢ Fully associative. Measures:

* Optimal, omniscient e Work W.
replacement. ® Cache misses Q.

19



ssumptions? —

# Two Levels of Memory

% Tall Cache Assumption

¥ Optimal Cache Replacement “No Asymptotic loss”

¥ Fully-associative LRU can be used instead of optimal
replacement with no asymptotic loss of performance
[ST85].

¥ Fully-associative LRU caches can be maintained in
ordinary memory with constant slowdown in
expected performance.

A s

ache Obliviousness

* Cache-oblivious algorithms naturally tune
for
= varying cache sizes.

= multiple levels of cache.

When a subproblem fits into a given level of cache, no
further cache misses are incurred beyond those
required to bring the subproblem itself into the cache.

* An optimal cache-oblivious algorithm can
be made to run optimally in the HMM
[AACN87] and SUMH [VN93] models

20
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O-Sorting!
# Only two methods known

= FUﬂnel Sor‘t (Modified Merge Sort)
= Distribution Sort O

( Modified Sample Sort, We implement a randomized version )

= Column Sort

unnel Sort

& Partition Input into N”? pieces of size N*° each.
¥ Sort each piece Recursively
¥ Merge sorted pieces using a NY2-merger

Sorted Output

21



arold’s slide picture

buffers

unnel Sort: k-mergers

¥ Takes input k sorted sequences

# Outputs k™3 elements!

# It's a clever scheduling of mergers!
# Keeps work complexity O(nlogn)

22



unnel Sort: k-Merger

k2 K32
Invoked times (Make sure
buffers have enough elements)

Buffers Maintained as Circular Queue

: : 312
One invocation of R outputs K** elements

unnel Sort : Optimality

¥ Work Complexity
= O(nlogn)

# Cache Complexity

T

0(1+% (L+log, )

23



tribution Sort

ug‘/ -

&

# Partition A into vn sub-arrays each
of size /n ; Sort Recursively

# Distribute into buckets
# Sort Buckets Recursively
# Copy Buckets to output

Recursive Sorting of Subarrays

n input elements, partitioned

into +/7 contiguous

subarrays of size vn:

CIT T T [ [

CIST 1T T T T T ]

(ST T T TS T [T [
BT T 7
T T T
CINT TS T I
[ _HuE B EEEEe .

=)

Recursively
sorted arrays:

NN [T T e

BT T T T T

NI T T T
T T
NN [ T TS
EREET T T T T TS
EFTEETT T T T T e
T T 1T TS
ERTT T T T T T T T

Order:

EEFTTT T T

24



Distribution Step

Recursively
sorted arrays:

FETT [T T[T
T T T T
FT T[T

ENFT T T T T
0 B R B B Y

%

i

PR T

FTT T
ERFETT 77 [ e

%

i

Distribute
step

Buckets: Pivots:

T Y G o
(I T I
0 Y A

(T TTTIT T T
(T T I
T I

N EEpIDODODODODDDED@EM

|

Order:

e Distribution Step

# Has to distribute subarrays into
buckets B, B,, B3...Bq

¥ Not In-Place

# Similar to recursive Sample-Sort
without doing Binary Search on pivots

25
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he Recursive Bucketing used—

Recursive Sorting of Buckets

After distribution step:

|
0 Y Y Y |

(T T I T T

T Y Y 0
T T O Y I I M
T Y Y Y I A

T 1 A Y Y
0
N s o
1 o o

Recursively sort each bucket.

26
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ome Analysis now

# Matrix Transposition
# Matrix Multiplication(Strassen)
¥ Column Sort O

S
42\”?}(/ -

alk outline. ..

O Motivation (Searching BBT)
[0 The Model
[ CO-Sorting
O Funnel Sort
[0 Distribution Sort
00 Some Analysis
0 CO-Sorting Experiments

27



Randomized CO Sorting

Algorithm 9.7.1 procedure Sort(A4)

Requu"e An input array A of Size N

SOt Wk =

=1

: Partition A into v/ N sub arrays of size \/ N. Recursively sort each subarray.

R — ComputeSplitters(A, vN)

Sort(R) recursively. R = {ro,r1,....v 5}

Calculate counts ¢; such that ¢; = [{z |z € Aand r, <2 < rip1}]

e vy = |A| = Zici.

Distribute A into buckets Bo, Bi,...B| & where last element of each bucket
is 7, except the last bucket. For 1hn= last bucket, the last element is maximum
element of A. Note that |Bi| = ¢i.

Recursively sort each B;

: Copy sorted huckets back to A.

NS

Ny V‘\é}(,

“O-Sorting Experiments

# Results for a 2-Pass Distribution Sort
# Does not use Bucket Splitting
# Uses a CO-Counting Phase

# Uses random sampling for splitters
(That makes the implementation slightly suboptimal)

28



Practice: 2 Pass CO-Dissort———

CO-Distribution Sort

25

20 /
, /
—e— Series1
—=— Series2

seconds

10

14 15 16 17 18 19 20 21 22 23 24

2"x doubles

Base = 2714 = 16384

D

oes this imply anything?*

If you have 1Gb of Memory O
You can sort, I/0 efficiently,

1000 Gigabytes [

just using one level of Recursion.




wo Levels of Recursion

CO-Distribution Sort

25

. /

%) /
el
g 15
& —e— Series1
£ / / —=— Series2
o 10
E //
=

5 J

0 N - : . . . .

15 16 17 18 19 20 21 22 23 24 25
2"x doubles
Base = 2710 = 1024
A e

alk outline. ..

[J Motivation
O Matrix Multiplication/Transposition
[0 Static Searches in Bal. Bin. Trees

[0 The Model

[0 CO-Sorting

[0 Some Analysis

0 CO-Sorting Experiments

0 Is the model an oversimplification ?

30



What went Wrong?

What went Wrong?

Assumptions!

31



the model oversimplified? g

Bl

g’\” o~

g ASSOCiGTiViTy (Not fully associative)
¥ Complicated Algorithms

(Asymptotics hides disasters! )
¥ Unified Caches (Instruction Caches)

¥ TLB (not tall)

¥ COHCUI"PCHCY (Coherence misses: Xeon)
¥ Replacement Policy (4Gb Limit)

w Mul‘riple disks (Canincrese1/0 speed)
¥ Write Through Caches

( Causes misses even if problem fits into cache )

hat did I learn from it? |

S
! Scans

2 D&C, Red &
 Blocking | #
# Inline jug
¥ Local acc

F 5:}%2:,'2: ¥ Belive n]

algorithn ¥ Believe
results.

¥ Ignore

(Optimd

platfory :

the wa to g.

¥ more than one CO
optimal algorithm is
available and only one

is good among them.

32



o g",\;g(/
nown Optimal Results .
* Matrix Multiplication
* Matrix Transpose
* n-point FFT
e LUP Decomposition
* Sorting
* Searching
S
LA D) gz;g/
ults Known
Priority Q O(llogM ﬂ)
(Ins/Del/Del Min) B & B
List Ranking O(sort(V))
Tree Algos O(sort(V))
Directed E
BFS/DFS OtVrgllon:V+sort(E)
Undirected BFS O(V + sort(E))
MSF O(sort(E) +log,log,V)

33



ew Result

-
esults Known
Array Reversal O(scan(V))
LU Decomposition NN
0 pOIIO o1 + 3 +BN)
FFT O(sort(V))
B-Trees
(Insertions/Del)* O(log )
Tree Layout OPT O(log(B))
Convex Hulls in 3D O(sort(N))
| B
\ o8l

-

Cache oblivious ( With Edgar Ramos,UIUC )
Voronoi Diagrams in 2D/3D.

Applications:

Delaunay Triangulations
Curve/Surface Reconstruction

Meshing
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ublications

¥ Book : Algorithms for Memory Hierarchies
Chapter: Cache Oblivious Algorithms
(Editors Meyer et.al.)
¥ Cache Oblivious Voronoi diagrams
(with Edgar Ramos, In Progress)
¥ Minimum Enclosing Balls
(with Joe Mitchell, Alper Yildirim)
(in Alenex 03) < Also cache oblivious >

ther Introductions

# Chapter by
Eric Demaine
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