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Talk Outline…Talk Outline…
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Workstations Workstations 
SUN UltraSparc 2:SUN UltraSparc 2:

UltraSparc 16kB L1, 512kB L2.

SGI Visual Workstation 540:SGI Visual Workstation 540:
Quad-Pentium III 32kB L1, 1024kB L2.

Dell Precision:Dell Precision:

Dual-Pentium III 32kB L1 512kB L2.

IBM ThinkPad 600:IBM ThinkPad 600:
Pentium II 32kB L1, 256kB L2.

Compaq Presario:Compaq Presario:
AMD K6-III 64kB L1, 256kB L2, 1024kB L3. 

How can we write portable code that runs efficiently 
on different multilevel caching architectures? 
How can we write portable code that runs efficiently 
on different multilevel caching architectures? 
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Intel ItaniumsIntel Itaniums

Matrix Multiplication (MM)Matrix Multiplication (MM)
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BLOCK-MULT (A,B,C,n)
1 for i ← 1 to n/s
2 do for j ← 1 to n/s
3 do for k ← 1 to n/s
4 do ORD-MULT (Aik,Bkj,Cij,s)

BLOCK-MULT (A,B,C,n)
1 for i ← 1 to n/s
2 do for j ← 1 to n/s
3 do for k ← 1 to n/s
4 do ORD-MULT (Aik,Bkj,Cij,s)

CacheCache--Aware MMAware MM

s

s

n

n
[HK81]
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BLOCK-MULT (A,B,C,n)
1 for i ← 1 to n/s
2 do for j ← 1 to n/s
3 do for k ← 1 to n/s
4 do ORD-MULT (Aik,Bkj,Cij,s)

BLOCK-MULT (A,B,C,n)
1 for i ← 1 to n/s
2 do for j ← 1 to n/s
3 do for k ← 1 to n/s
4 do ORD-MULT (Aik,Bkj,Cij,s)

Oracle?!

CacheCache--Aware MMAware MM
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• Tune s so that Aik, Bkj, and Cij
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• If n > s, then

• Optimal [HK81].
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TwoTwo--Level CacheLevel Cache
n

n

s

s
t

ThreeThree--Level CacheLevel Cache

BLOCK-MULT (A,B,C,n)
1 for i1

← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do ORD-MULT (Aik,Bkj,Cij,s)

BLOCK-MULT (A,B,C,n)
1 for i1

← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do ORD-MULT (Aik

,Bkj
,Cij

,s)

BLOCK-MULT (A,B,C,n)
1 for i1

← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do for i2

← 1 to s /t
5 do for j2 ← 1 to s /t
6 do for k2

← 1 to s /t
7 do ORD-MULT (Aik

,Bkj
,Cij

,t)

BLOCK-MULT (A,B,C,n)
1 for i1 ← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do for i2

← 1 to s /t
5 do for j2

← 1 to s /t
6 do for k2

← 1 to s /t
7 do ORD-MULT (Aik,Bkj,Cij,t)

BLOCK-MULT (A,B,C,n)
1 for i1

← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do for i2

← 1 to s /t
5 do for j2 ← 1 to s /t
6 do for k2

← 1 to s /t
7 do for i3

← 1 to t /u
8 do for j3

← 1 to t /u
9 do for k3

← 1 to t /u
10 do ORD-MULT (Aik

,Bkj
,Cij

,u)

BLOCK-MULT (A,B,C,n)
1 for i1 ← 1 to n/s
2 do for j1

← 1 to n/s
3 do for k1

← 1 to n/s
4 do for i2

← 1 to s /t
5 do for j2

← 1 to s /t
6 do for k2

← 1 to s /t
7 do for i3

← 1 to t /u
8 do for j3

← 1 to t /u
9 do for k3

← 1 to t /u
10 do ORD-MULT (Aik,Bkj,Cij,u)

One voodoo parameter per caching level!One parameter per caching level!

8 multiplications of (n/2) × (n/2) matrices.
1 addition of n × n matrices.

Divide and conquer on n × n matrices.

=

=

×

+

Recursive Matrix MultiplicationRecursive Matrix Multiplication

C11 C12

C21 C22

A11 A12

A21 A22

A11B11 A11B12

A21B11 A21B12

B11 B12

B21 B22

A12B21 A12B22

A22B21 A22B22
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�(n3)-Matrix Multiplication  (n,n) Matrix Multiplication  (n,n) × (n,n) (n,n) 

450-MHz AMD K6-III processor with 32kB L1-cache, 
64kB L2-cache, and 1MB L3-cache.
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Experiments: MMExperiments: MM

Linux Athlon 1Ghz/1Gb/g++ -O3
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Experiments: MMExperiments: MM

Linux/Itanium/2GB/g++ -O3
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loop Base = 32 bytes Base = 16384 bytes

Recursive TransposeRecursive Transpose

A B

C D

AT BT

CT DT

1. Partition matrix in 4 
submatrices A, B, C, and D

2. Recursively transpose A.

3. Recursively transpose and 
swap B and C.

4. Recursively transpose D.

1. Partition matrix in 4 
submatrices A, B, C, and D

2. Recursively transpose A.

3. Recursively transpose and 
swap B and C.

4. Recursively transpose D.

�(n2 / L) cache misses, which is optimal. Used as a 
subroutine in our optimal cache-oblivious FFT [HK81].
�(n2 / L) cache misses, which is optimal. Used as a 
subroutine in our optimal cache-oblivious FFT [HK81].
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Recursive TransposeRecursive Transpose
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�(n2 / L) cache misses, which is optimal. Used as a 
subroutine in our optimal cache-oblivious FFT [HK81].
�(n2 / L) cache misses, which is optimal. Used as a 
subroutine in our optimal cache-oblivious FFT [HK81].
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Code: The Code: The InPlaceInPlace LoopLoop

Code : Co TransposeCode : Co Transpose
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Experiments: MTExperiments: MT

Notebook, Windows 2k/512Mb/PIII 1GHz/g++ -O3

0

2

4

6

8

10

12

400 500 750 1000 1250 1500 1750 2000 2250 2500 2750 3000 3250 3500 3750 4000 4250 4500 4750 5000 6000 7000 8000 8250

N

T
im

e 
in

 S
ec

o
n

d
s

loop co_transpose

Experiments: MTExperiments: MT

Notebook, Windows 2k/512Mb/PIII 1GHz/g++ -O3

0

1

2

3

4

5

6

7

8

1000 2000 3000 4000 5000 6000 7000 8000 8250

N

T
im

e 
in

 s
ec

o
n

d
s

loop co_transpose



10

Experiments: MTExperiments: MT

Linux Athlon 1Ghz/1Gb/g++ -O3

0

2

4

6

8

10

12

14

16

18

1000 2000 3000 4000 5000 6000 7000 8000 9000

N

T
im

e 
in

 S
ec

o
n

ds

loop co_transpose
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Experiments: MTExperiments: MT

Linux Athlon 1Ghz/1Gb/g++ -O3/ Size = N x (P =1000)
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What went Wrong?What went Wrong?

Blocking!Blocking!

And the loop was InPlace!
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Experiments: MTExperiments: MT

Linux Athlon 1Ghz/1Gb/g++ -O3/ Size = N x N
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Did we miss something?Did we miss something?
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Did we miss something?Did we miss something?
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Static SearchesStatic Searches
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Example of Van Example of Van EmdeEmde BoasBoas
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Theoretical Guarantees?Theoretical Guarantees?

Cache Complexity Q(n) 9��������

Work Complexity W(n) 9
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In Practice??In Practice??
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In Practice IIIn Practice II
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In Practice!In Practice!
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(Cache oblivious Practical Matrix operation results)
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Talk outline…Talk outline…
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(M,B) Ideal Cache Model(M,B) Ideal Cache Model

(Z,L) Ideal Cache Model(Z,L) Ideal Cache Model

PP

cache
main 
memory

LZ/L Cache Lines

Features:
• Two-level hierarchy.
• Cache of size Z.
• Cache-line length L.
• Fully associative.
• Optimal, omniscient 

replacement.

Measures:
•Work W.
•Cache misses Q.

Measures:
•Work W.
•Cache misses Q.

)( 2LZ Ω=

Q
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Assumptions?Assumptions?

� ��=�'�	����������,

��		�������"����
���

Optimal Cache Replacement “No Asymptotic loss”

Fully-associative LRU can be used instead of optimal 
replacement with no asymptotic loss of performance 
[ST85].

Fully-associative LRU caches can be maintained in 
ordinary memory with constant slowdown in 
expected performance.

Cache ObliviousnessCache Obliviousness

• Cache-oblivious algorithms naturally tune 
for 
� varying cache sizes.
� multiple levels of cache.

When a subproblem fits into a given level of cache, no 
further cache misses are incurred beyond those 
required to bring the subproblem itself into the cache.

• An optimal cache-oblivious algorithm can 
be made to run optimally in the HMM 
[AACN87] and SUMH [VN93] models
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COCO--Sorting!Sorting!
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Harold’s slide picture Harold’s slide picture 
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Funnel Sort: kFunnel Sort: k--MergerMerger
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Bound on the number of cache misses. 
Agarwal and Vitter show that there is an 
Bound on the number of cache misses. 

))(log(
L

n

L

n

L

ZΩ



24

Distribution SortDistribution Sort
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Recursive Sorting of Recursive Sorting of SubarraysSubarrays

n input elements, partitioned 
into contiguous 
subarrays of size       :

n
n

Recursively 
sorted arrays:

Order:

© Harald Prokop 18 Oct 99   18
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n
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Order:
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Distribution StepDistribution Step

Recursively 
sorted arrays:

Order:

Distribute
step

Buckets:

?

Pivots:

© Harald Prokop 18 Oct 99   19

Distribution StepDistribution Step

Recursively 
sorted arrays:

Order:

Distribute
step

Buckets:

?

Pivots:

The Distribution StepThe Distribution Step
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The Recursive Bucketing usedThe Recursive Bucketing used

SubArray1SubArray1 ��)"���,(

Buffer 2Buffer 2BufferBuffer #

SubArray2SubArray2

Buffer 1Buffer 1

Recursive Sorting of BucketsRecursive Sorting of Buckets

After distribution step:

Recursively sort each bucket.

© Harald Prokop 18 Oct 99   27

Recursive Sorting of BucketsRecursive Sorting of Buckets

After distribution step:

Recursively sort each bucket.
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Some Analysis nowSome Analysis now
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Randomized CO Sorting

COCO--Sorting ExperimentsSorting Experiments
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In Practice: 2 Pass COIn Practice: 2 Pass CO--DissortDissort
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Two Levels of RecursionTwo Levels of Recursion
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What went Wrong?What went Wrong?

What went Wrong?What went Wrong?

Assumptions!Assumptions!
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Is the model Is the model oversimplifiedoversimplified??

"��������'��, (Not fully associative)

���
	�������"	���������
( Asymptotics hides disasters! )

D
�������������(Instruction Caches)

�=���(not tall)

��
�����
�,�(Coherence misses: Xeon)

8�
	�����
��5�	��,�(4Gb Limit)

��	��
	�����!���(Can increse I/O speed)

:��������������������
( Causes misses even if problem fits into cache )

4
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�PracticePractice

Elaborated HereElaborated HereElaborated Here

What did I learn from it?What did I learn from it?
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Known Optimal ResultsKnown Optimal Results

K Matrix Multiplication
• Matrix Transpose
• n-point FFT
• LUP Decomposition
• Sorting
• Searching

Results KnownResults Known
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Results KnownResults Known
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New ResultNew Result
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PublicationsPublications

Book : Algorithms for Memory Hierarchies 

ChapterChapter: Cache Oblivious Algorithms: Cache Oblivious Algorithms

(Editors Meyer et.al.)

Cache Oblivious Voronoi diagramsCache Oblivious Voronoi diagrams

(with Edgar Ramos, In Progress)

Minimum Enclosing BallsMinimum Enclosing Balls

(with Joe Mitchell, Alper Yildirim)

(in Alenex 03) < Also cache oblivious >

Other IntroductionsOther Introductions

Chapter by 

Eric Eric DemaineDemaine
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