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Abstract

This thesis deals with problems at the intersection of computational geometry,
optimization, graphics, and machine learning. Geometric clustering is one such prob-
lem we explore. We develop fast approximation algorithms for clustering problems
like the k-center problem and minimum enclosing ellipsoid problem based on the idea
of core sets. We also explore an application of the 1-center problem to recognition of
people based on their hand outlines.

Another problem we consider in this thesis is how to reconstruct curves and sur-
faces from given sample points. We show implementations of algorithms that can
handle noise for reconstructing curves in two dimensions. Based on Delaunay trian-
gulations, we develop a surface reconstructor for a given set of sample points in three
dimensions.

When dealing with massive data sets, it is important to consider the effect of
memory hierarchies on algorithms. We explore this problem in our research on cache
oblivious algorithms. We develop a practical cache oblivious algorithm to compute
Delaunay triangulations of large point sets. We end the thesis with another opti-
mization problem of approximately finding large empty convex bodies inside closed

objects under various assumptions.
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CHAPTER I

Introduction

73 //emy/ there i no aﬂf//@wm:e/ Between té/eozy/ M{//o/wfﬂke/,
(But in /o/maf{km there is.”

YOGI BERRA

@ne of the most exciting consequences of the rapid growth in both theoretical and prac-
tical techniques in various areas of computer science is the ability to cluster huge amounts
of data. In this thesis we are mainly interested in clusterings that are geometric. One of the
most interesting applications of geometric clustering is the ability to create 3D models for
a virtual world from pictures. This thesis deals wiftustering and Reconstructingpint

sets in spaces and their applications. We also look at a new model that helps in the analysis
of algorithms when the data is huge.

Traditionally, theoretical computer science relies on making assumptions that do not
generally hold in the real world. For instance, the performance of algorithms on real data
vS. worst case analysis, the assumption that all memory operations are unit cost, noise in
the input, degeneracies, importance of exact solution to optimization problems are issues

that need attention. Addressing some of these issues is the focus of this thesis. The work on



CHAPTERI: Introduction 4

core sets illustrates why column generation methods perform well in optimization, both the-
oretically and experimentally. We give simple surface and curve-reconstruction algorithms
that areprovably fastand could handle noise in the data. The work on cache oblivious
algorithms shows why certain ways to analyze algorithms compared to the RAM model of
analysis is better for practical purposes. The thesis also has a chapter on the design of a
classifier for biometric and other applications. We use this classifier for identifying people
using the outline of their hand. The classifier is based on our research in clustering.

We now give a short introduction to the different chapters in the thesis.

1.1 Core Sets/Column Generation

Clustering is an important task in computer science, scientific research and massive-data-
set applications. Finding clusters in data has many applications including pattern recog-
nition and machine learning. Minimum enclosing balls (MEBs) and minimum volume
ellipsoids (MVES) of point sets are two measures of clustering that have been widely used
in both theory and practice. Both of these problems are easy to solve in lower dimen-
sions, but as the dimension of the data grows, these problems become hard to solve. High-
dimensional data also poses other interesting questions for clustering data.

We study the MEB problem for sets of points or balls in higher dimensions. Us-
ing techniques of second-order cone programming eoré-sets we develop(1l+ €)-
approximation algorithms that perform well in practice, especially for very high dimen-
sions, in addition to having provable guarantees. Our algorithm, which is simple to imple-
ment, results in fast computation of nearly optimal solutions for point sets in much higher
dimension than previously computable using exact techniques. Moreover, we show that

one can cleverly pickO(1/¢) points from the input, compute an approximate solution for
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Figure 1: Example of approximate 5-center clustering of US Cities.

this set and get a guarantegid+ €)-approximation for the entire input. This is the set of
points known as aore-set

We improve the first order algorithm of Khachiyan for computing MVEs of a given set
of points and extended it. We also develop methods to solve both these problems faster
than was known before and also implement our algorithms. Our research showed that the
minimum volume ellipsoid problem can also be solved approximately by choosing a few
points of the input cleverly and solving a sequence of subproblems instead of solving the
whole problem. We generalize our methods for the MEB/MVE problems, to solve the

minimum enclosing ball of ellipsoids and minimum volume ellipsoids of ellipsoids.
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The result on minimum enclosing balls also improves the previous approximation re-
sults fork-center clustering in the geometric setting (for an example, see figu&ubse-

guently, we also apply the MEB algorithm to cluster features for biometric applications.

1.2 Curve and Surface Reconstruction

The problem of curve and surface reconstruction has applications in computer graphics,
computer vision, image processing, speech recognition and reverse engineering. Most
provable reconstruction algorithms prior to my research assumed that there was no noise in
the data set for reconstruction. This assumption is a major problem when one tries to apply
the provable reconstruction algorithms to 'real’ data.

Along with my collaborators, we developed a very simple algorithm to reconstruct
curves from sample points when there was no noise. We then extended this simple curve
reconstruction algorithm to handle noise in the data. | also report on my implementations
of curve and surface reconstructors in this thesis (see fiarel 3).

| also maintain aveb portal on curve and surface reconstruction which is ranked

highly on search engines and is frequently visited by people in academia and industry.

1.3 Cache Oblivious Algorithms

The cache oblivious model is a simple and elegant model to design algorithms that perform
well in hierarchical memory models ubiquitous on current systems. Analyzing and design-
ing algorithms and data structures in this model involves not only an asymptotic analysis
of the number of steps executed in terms of the input size, but also the movement of data

optimally among the different levels of the memory hierarchy.

Lhttp://www.compgeom.com/www.sites.html
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Figure 2: Example of Curve Reconstruction with Noise.

Delaunay triangulations are ubiquitous in computational geometry and have applica-
tions in computer graphics, vision, geographic information systems, robotics and other
areas. We designed a cache oblivious Delaunay triangulation algorithm that can triangulate
huge sets of points. We also implemented and experimented with different cache oblivious

algorithms, such as sorting and matrix manipulation routines.

1.4 Biometrics

Biometric recognition systems find applications in security systems of varying require-

ments. In this work, we discuss the issues and challenges in the design of a hand outline
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Figure 3: Example of a reconstructed surface.

based recognition system (see figdréor an example of a hand outline). Our system is
easier to use, cheaper to build and more accurate than previous systems. In this project
we do extensive tests on more than 700 images collected from 70 people. Classification,
verification and identification of the input images is done using a geometric classifier. We
achieve more than 99% success rate in verification and identification. We design and use
a novel minimum enclosing ball classifier which performs well for hand recognition and

could be of interest for other applications.

1.5 Finding Large Empty Convex Bodies

The last chapter of the thesis involves finding convex inner approximations of two and three

dimensional shapes. Convex inner approximations function as efficient occluders as they
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Figure 4. Left: A scanned image of a hand. Right: Hand outline extracted from the image
scanned.

reduce the complexity of the shape being approximated by a considerable factor. These
occluders can be used to speed up rendering by removing large amounts of data that will
not be visible in the final display.

The general problem of finding a large convex body inside a shape is a non-convex
optimization problem. Hence in this chapter we consider variations of this problem in two

and three dimensions which are susceptible to approximation algorithms.
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Approximate 1-Center

“’éf// exact science i dominated Ky/ the idea ?/ afﬂwx[maﬁﬁm i

BERTRAND RUSSELL

@this chapter, we study the minimum enclosing ball (MEB) problem for sets of
points or balls in high dimensions. This problem is also known as the 1-center problem.
Using techniques of second-order cone programming and “core-sets”, we will develop a
(1+ €)-approximation algorithm that performs well in practice, especially for very high
dimensions, in addition to having provable guarantees. We will prove the existence of core-
sets of sizeO(1/¢) , improving the previous bound 00©(1/¢?) , and study empirically

how the core-set size grows with dimension. We will see that our algorithm, which is
simple to implement, results in fast computation of nearly optimal solutions for point sets
in much higher dimension than previously computable using exact techniques.

In the MEB problem we are asked to compute a ball of minimum radius enclosing a
given set of objects (points, balls, etc)tf. The MEB problem arises in a number of
important applications, often requiring that it be solved in relatively high dimensions. Ap-
plications of MEB computation include gap tolerant classifid& [n Machine Learning,
tuning Support Vector Machine parametesg][ Support Vector ClusteringD, 194, pre-

processing for fast farthest neighbor query approximatidif[ k-center clustering47],

10
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testing of clustering]0], computing dense regions of an unknown distributi®$| [ solving
the approximate 1-cylinder problemq], computation of spatial hierarchies (e.g., sphere
trees [L14]), and other applications3[].

In this chapter, we give improved time bounds for approximation algorithms for the
MEB problem in which the given set of objects consists of points or balls in high dimen-
sions. We prove a time bound cﬁ(“?d + 3715 Iog%) , Which is based on an improved bound
of O(1/€) on the size of “core-sets” as well as the use of second-order cone programming
(SOCP) for solving subproblems. We have performed an experimental investigation to de-
termine how the core-set size tends to behave in practice for a variety of input distributions.
We show that substantially larger instances, both in terms of the numife@nput points
and the dimensiod, of the MEB problem can be solvéd + ¢)-approximately, with very
small values ot > 0, compared with the best known implementations of exact solvers. (We
note that, since the original appearance of our paper in ALENB¥[ Fischer, Gartner
and Kutz [L23 have announced significantly improved results with a new exact solver.) We
also demonstrate that the sizes of the core-sets tend to be much smaller than the worst-case

theoretical upper bounds.

Preliminaries. Throughout this chapteB will be either a set of points iiR? or a set of
balls. We len = |S.

We let B¢, denote a ball of radius centered at point RY. Given an input set
S={ps,..., pn} Of nobjects inRY, theminimum enclosing ball ME@) of Sis the unique
minimum-radius ball containin®. (Uniqueness follows from results 082, 200: if B;
andB, are distinct minimum enclosing balls f& then one can construct a smaller ball
containingB; N B, and therefore containing) The centerc*, of MEB(S) is often called

the 1-centerof S, since it is the point ofR? that minimizes the maximum distance to
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points inS. We letr* denote the radius of MEE). A ball B¢ (1), is said to bg(1+ ¢)-
approximation of MEBS) if r <r* andSC B (14¢)-

Givene > 0, asubseX C S is said to be as-core-se(or core-sef of Sif B (1,6 O S
whereB¢ = MEB(X); in other words X is a core-set if an expansion by factdr+ €) of
its MEB containsS. SinceX C S <r*; thus, the balB 1), is a(1+ ¢)-approximation

of MEB(S).

Related work. For small (fixed) dimensiod, the MEB problem can be solved i®(n)
time for n points using the fact that it is an LP-type proble@2,[141]. One of the best
implementable solutions to compute the MEB exactly in moderately high dimensions is
given by Gartner and Schonhefr(J1]; the largest instance they solve is in dimensiba
300 forn = 10,000 points (in about 20 minutes on their platform).

In comparison, the largest instance we sblvél + ¢)-approximately is in dimension
d = 1500 forn = 100,000 points, withe = 10~3. Other implementations of exact solvers
to which we compare our method include the algorithm of Gartb@d[and the algorithm
of the CGAL? library (based on the algorithm of WelZ1§7]). For large dimensions, our
approximation algorithm is found to be much faster than these exact solvers. We are not
aware of other implementations of polynomial-time approximation schemes for the MEB
problem.

Very recently, in a paper that appeared after the conference publication of our pa-
per [L32, Fischer, Gartner and KutZ223 gave a very fast algorithm to compute exact

minimum enclosing balls of point sets in high dimensions. Their method is similar to the

1This instance took less than 17 minutes to solve.
2http://www.cgal.org (Version 2.4)
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simplex method for solving the MEB probleriq1, 123. The current version of our im-
plementation (improved after conference publication) seems to be competitive with their
implementation for moderately small valueseof(see figurer.)

Badoiu et al. 7] introduced the notion of core-sets and their use in approximation algo-
rithms for high-dimensional clustering problems. In particular, they give é@g + glm Iog%) -
time (1 -+ ¢)-approximation algorithm based on their upper bounddi/e?) on the size
of core-sets; the upper bound on the core-set size is remarkable in that it does not depend
ond. In comparison, our time bound (Theor&i2.1) is O (%’ + ng5 Iog%).

Independent of our work, the MEB problem in high dimensions has been recently stud-
ied by Zhou et al.200. The authors consider two approaches, one based on reformulation
as an unconstrained convex optimization problem and another based on a second-order
cone programming (SOCP) formulation. Xu et dl9§ perform a comparison of four
algorithms (including a randomized algorithm) for the computation of the minimum en-
closing circle of circles in the planeal = 2). Both studies reveal that solving the MEB
problem using a direct SOCP formulation suffers from memory problems as the dimen-
sion, d, and the number of points, increase. Our approach in this chapter is to apply
core-sets, in combination with SOCP, to design practical approximation algorithms for the
MEB problem.

In parallel with our work, Bidoiu and Clarksord] independently obtained a@(1/¢)
bound on the size of core-sets. Most recent@dBiu and Clarksondf] have obtained an
upper bound of 1/e] and shown that it is worst-case tight.

The proof of the tightness employs a lower bound construction, plating points at
the vertices of a regular simplex in dimenside= |1/¢]|. Thus, the lower bound is based

on havingd > |1/¢].
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In the experiments reported here, however, almost always the dimedsatsfies
d< % and we find that, on a wide variety of input sets, the core-set size is smaller than
min{1/e,d + 1}; see figures8 and10. (Note that core-sets of size at mast 1 always

exist for anye > 0, sinced + 1 points suffice to determine a ballRf'.)

2.1 SOCP Formulation

The minimum enclosing ball (MEB) problem can be formulated as a second-order cone
programming (SOCP) problem. SOCP is a class of convex optimization problems in which
a linear function is minimized over an affine subset of products of second-order cones (also

known as “Lorenz cones”, or “quadratic cones”), defined as
K={(c,x) e R ||x|| < o}.

SOCP therefore can be viewed as an extension of linear programming in which the non-
negative orthant is replaced by the product of second-order cones. Linear programming
is a special case of SOCP since each non-negativity constraint is equivalent to a one-
dimensional second-order cone constraint. As with the nonnegative orkhasia full-
dimensional, convex cone R%*1; howeverK is not polyhedral fod > 2.

Recently, SOCP has received a lot of attention from the optimization community due to
its applications in a wide variety of areas (see, eI37[9]) and due also to the existence
of very efficient interior-point algorithms to solve this class of optimization problems.

The MEB problem for an input s&= {Bg, ;, i = 1,...,n} of nballs can be formulated

as an SOCP problem as

rgirnr, st Jlc—ci||+ri<ri=1,...,n, Q)
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wherec € RY andr € R are the decision variables corresponding to the center and the radius
of the MEB, respectively. Note that the formulation reduces to the usual MEB problem for
pointsetsifri=0fori=1,...,n.

When applied to the nonlinear convex optimization probld ihterior-point algo-
rithms generate a sequence of interior feasible squt@o'hssk), k=0,1,2,... that con-
verges to(c*,r*) in the limit, whereBg« := MEB(S). Note that an interior feasible
solution (c¥,r¥) for (1) — i.e., a feasible solution that strictly satisfies all the inequalities
— geometrically corresponds to a b8k « that strictly contains all the balls i&. Con-
sequently, interior-point algorithms converge to MEBthrough a sequence of strictly
enclosing balls.

Given any relative erroy > 0, interior-point algorithms compute an interior feasible
solution(cX, r¥) such that

= < y(r®—r) 2

in O(y/nlog(1/7y)) iterations, where? is the radius of the initial strictly enclosing ball
from which the algorithm is initiatedl48 149, 162. In the context of the MEB problem,
one can easily find an initial enclosing ball with= O(r*) , as the following lemma shows.
This result will then be used to establish that a particular choigeyiélds a solution that

is a(1+ o6)-approximation of MEBS).

Lemma2.1.1Let S= {B,,, i =1,...,n} be a given set of n balls. One can compute a

\/ié-approximation to the diameter of S i@(nd) time.

Proof. If Sis viewed as an infinite collection of pointskf!, the statement simply follows
from the algorithm of Becidjlu and Kalantari $6] for the case of a finite point set. Pick

anyp € S find a pointq € Sthat is furthest fronp; find a pointq’ € Sthat is furthest from
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g; output the paifq,q). It is easy to see that the same method applies to the case in which
Sis a set of balls, yielding again %-approximation. (Principal component analysis can

be used to obtain the same approximation ratio for points but does not readily generalize
to the case of balls.) Note that the furthest point in eachBal| € Sfrom a given point

p € Scan be computed iD(d) time, yielding an overall time complexity od(nd) .

We now use Lemma@.1.1to construct an initial ball enclosin§. Let A denote the
diameter ofSand(q,q’) € Sdenote the two points that yield the diameter approximation.

LetD :=||g—d||- The following inequalities easily follow.

1 1
—r"< —_A<D<AL2r*, 3
V3 T V3 T T T ©

wherer* is the radius of MEBS). It follows from (3) that
r* <v/3D < 2V3r", (4)

Consequently, the ball centeredafor ) with radiusrg := 2D (or any radius strictly
greater tharD) strictly enclosesS, andrg < 4r*. In conjunction with @), it follows that
interior-point methods compute an enclosing &kl .« in polynomial time with the prop-
erty that

rK < r (14 3y). (5)

For any givens > 0, if we sety := §/3, it follows that we get 41+ &)-approximation of
MEB(S) in O(y/nlog(1/6)) iterations.

The major work at each iteration of interior-point algorithms is the solution of a linear
system involving a(d + 1) x (d + 1) symmetric and positive definite matrix (see, e.g.,
[9]). For the MEB problem, the matrix in question can be computed u$iigd?) basic

arithmetic operations (flops), and its Cholesky factorization can be carried oQfd)
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flops. Therefore, the overall complexity of computinfla+ 6 )-approximation of MEBS)
with an interior-point method i€ (,/nd?(n4-d)log(1/8)) . In practice, we stress that the
number of iterations seems to &(1) or very weakly dependent an(see, for instance,
the computational results with SDPT3 ibdH).

The worst-case complexity estimate reveals that the direct application of interior-point
algorithms is not computationally feasible for large-scale instances of the MEB problem
due to excessive memory requirements.2@(, the largest instance solved by an interior-
point solver consists of 1000 points in 2000 dimensions and requires over 13 hours on their
platform. However, large-scale instances can still be handled by an interior-point algorithm
if the number of point$ can somehow be decreased. This can be achieved by a filtering
approach in which one eliminates points that are guaranteed to be in the interior of the
MEB or by selecting a subset of points and solving a smaller problem and iterating until
the computed MEB contains all the points. The latter approach is simply an extension of
the well-known cutting plane approach initially developed for solving large-scale linear
programs that have much fewer variables than constraints. The MEB problem formulated
as in (1) above precisely fits in this framework singe> d for instances of interest in this
chapter. Due to the nonlinearity of the inequalitiesl) the boundary of each constraint is
actually a nonlinear surface as opposed to a hyperplane. We therefore use the term “cutting
plane” loosely in this chapter.

We use the cutting plane approach to be able to solve large-scale MEB instances, dis-
covering a carefully selected subset of the constraints, corresponding to a core-set. The

success of such an approach depends on the following factors:

> Initialization: The quality of the initial core-set is crucial, since a good approxima-

tion leads to fewer updates. Furthermore, a small core-set with a good approximation
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yields MEB instances with relatively few points, which can efficiently be solved by

an interior-point algorithm.

> SubproblemsThe performance of a cutting plane approach is closely related to the
efficiency with which each subproblem can be solved. We use the state-of-the-art

interior-point solver SDPT3183 in our implementation.

> Core-set UpdatesAn effective approach should update the core-set in a way that

seeks to minimize the number of subsequent updates.

In the following section, we describe our algorithm in more detail.

2.2 The Algorithm

Algorithm 1 Outputs a1+ ¢)-approximation of MEBS) and anO(1/¢) -size core-set

Require: Input setSc RY of points/balls, parameterc (0,1)
1: X < {q,d'}, whereq,q € Sare given by the diameter approximation (Lem#na.1)

2. § — £2/163
3: loop
4:  LetBy s denote thg1+ &)-approximation to MEBX) returned by SOCP.
5 if SC Bc’,(l+8/2)r’ then
6: Returan’(HE/z)r/, X
7. else
8 p «— argmaxes||c’ — x|
9: endif
10: X< XUu{p}
11: end loop

Given a seBof n points or balls, our algorithm for approximating MEB begins with
computing an approximate minimum enclosing ball of a carefully chosen sibse®.

For our purposes, it suffices to obtain any constant factor approximation of the didmeter
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SO we choose to use the two points given by Len2xialas our initial core-seX (Step 1,
Algorithm 1).

Step 2 of our algorithm sets the parameieso that the final output is guaranteed to be
a(1+ ¢)-approximation of MEB(S), as we prove in Secti®s3.

The main loop (steps 3 to 11) first computes the approximate MEB of the current subset
X C S, using the SOCP solver. Step 5 checks ([fLa- € /2)-expansion of this ball contains
S. If this is the case, then the algorithm returns this expanded ball and the current core-set
as the solution; otherwise, the algorithm picks the furthest poil@ from the center of
the approximate minimum enclosing ball ¥f adds it toX, and repeats the loop. (The
rationale for using /2 in the expansion will be given in the next section.)

We establish the following results about our algorithm.

Theorem 2.2.1 Algorithm1 returns a(1+ €)-approximation to the MEB of a set of n balls
in d dimensions in tim® ("% + &7 (£ +d)log}), which isO (% + s log}), if d =
O(1/¢e) (asin [47)).

Theorem 2.2.2 Upon termination of Algorithm, X is a core-set of S and has si2él/¢).

2.3 Analysis of the Algorithm

In this section, we present a detailed analysis of AlgorithmWe begin with a basic
lemma which holds for both sets of points and balls. The proof for the case of points
(given in |47, 104)) requires only minor modification to apply to balls; we include it for

completeness.

Lemma 2.3.1 Let B, be the MEB of a set § RY of balls. Then any closed halfspace

containing ¢ contains at least one point in Br some i€ {1,...,n}, at distance r from c.
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Proof. We can assume th& # B for all i = 1...n, since otherwise the proof is trivial.
Let B be the set of points afj;B; that are at distance exactlyfrom c; by our assumption,
P is a discrete set of at mostpoints.

Suppose, to the contrary, thetis a closed halfspace containiegthat contains no
point of B. Let 6 > 0 be the minimum distance betweBnandH, and letp < r be the
maximum distance froro to a point ofSNH. Pick a positive numbeg < min{§,r —p}.
Then, if we translate the balB; by a distancee in the direction of the outward normal
of H, the new ball By, will still contain U;jB; and none of the points of balls ofB; lie
on the boundary oBy ;. (Forp e UiBj\H, |[p—C|| <||p—c||, and forp € UiBiNH,
lp—C/|| <||p—c||+¢& <r.) Thus,B' can be shrunk, contradicting the optimality R, .
Hl

The following lemma, which is a modification of the result proved4id| | establishes

that each update of the core-set strictly increases the radius of the corresponding MEB.

Lemma 2.3.2 Let B, be the MEB of a set X RY of balls. Let gc RY be such that
d ¢ B (1+¢/3)r, for somee € (0,1). Then, the radius of MEB({q}) is at Ieast(1+ g—g) r.

Proof. Let By, = MEB(XU{q}). If ||c'—c|| < (¢/4)r then, by the triangle inequality,

we have|lg—Cc/|| > |lq—c||— || —c|| > (1+€/3)r — (¢/4)r = (1+ €/12)r; thus, the
radius,r’, of MEB(X U {q}) must be at leagtl + £/12)r > (14 £2/33)r, for e € (0,1). If

l|c —c|| > (¢/4)r, then letH be the halfspace whose bounding hyperplane passes through
c and is orthogonal tac, with ¢ ¢ H. By Lemma2.3.], there is a poinp € H in some

ball of X, with ||[p—c|| =r. Thus,

/ A 2 . 2 B 5 re\ 2 2
' > [|p—c|| = \/r2+[|¢' —cl[2—2r||c' —cl[cosd > [r2+ () > (143",
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where the equality follows from the law of cosines with= /c’cp > ©/2, and the last
inequality uses the assumption theak 1. Thus, in this case too we get that> (1+

£2/33)r, completing the proof. Hl

Next, we show that the fact that the interior-point algorithm of Secfidnreturns
only an approximation of the MEB does not jeopardize the asymptotic performance of
our algorithm. We begin with the following lemma, which allows us to constrain any
approximate MEB within a small shell that lies between a slightly smaller copy of the

(exact) MEB and a slightly larger copy of the (exact) MEB.

Lemma 2.3.3 Let B;; be the MEB of a set X2 RY of balls. Let B, be a(1+ §)-
approximation to the MEB. Thefi¢’ —c|| <r,/6(6 +2) and

Ber—flo—q| S Ber & Be,(148)r+jc—c-

Proof. Let H be the halfspace whose bounding hyperplane passes thmagt is or-
thogonal tocc, with ¢ ¢ H. By Lemma2.3.], there is a pointp € H in some ball
of X, with |[|[p—c|| =r. Sincep is in some ball ofX, andX C By ,, we know that

l|c—p|| <1’ < (14 8)r. Using the law of cosines,
I —c||>=]||c — p||>?—r?+2r||c —c||cosh <12 —r2 < §(6+2)r,

where@ = Zc'cp> m/2. Thus,||c —c|| <r/8(6 +2), as claimed.
Now, for anyx € Bg,_j¢—¢|» We know that|x—c|| <r —||c’—c]|, so, by the triangle

inequality and the fact that< r’ we get that
Ix=cl| < [x—c||+]|c'—cl[<r <Y,

implying thatx € By .. Thus,Be;_|jc—¢ € Be r-
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Similarly, for anyx € By 1, we know that|x—c’|| < r’, so, by the triangle inequality,
|Ix—cl| < [Ix=c||+ ]| —cl| < (1+8)r+]|c' —c]],

implying thatx € Be (1, 5)r+|i¢—¢|- ThUS,Be i € Be (14-8)r+||c—c||-

The following lemma establishes that a point outside of an expanded approximate MEB

is guaranteed to be outside of the appropriately expanded exact MEB.

Lemma 2.3.4 Let B;; be the MEB of a set X RY of balls. Let B, be a(1+ §)-
approximation of MEBX). If g & By (11¢/2), then d¢ B 11¢/3)r, provided thatd is

chosen so thad < £2/163

Proof. By Lemma2.3.3 Bc,(1+s/2)(r—\|c’—c\|) - Bc’,(1+s/2)r’ (SinceBC,erC’fCH - BC’,r’)- For

any pointq & By (14¢/2)r, then, we have
la—cll = (1+e/2)(r = || —cll) = (1+¢/2) (1 —1/5(2+3)).
using the fact, from Lemma.3.3 that||c' — ¢|| < r+/8(8 + 2). Thus,q & Be (1.¢/3)r if
(1+¢/2) (r—r 5(2+5))2(1+£/3)r,

i.e., provided that

€
Vo(2 <
0(2+8) =< 64 3¢’
ord <y/1+ (wa)z—l. Fore < 1, itis readily checked thaf/163< /1 + (ﬁ)z—l;

thus, it suffices to choos® < £2/163, as claimed.
We next show that Algorithm 1 correctly returngla+ €)-approximation of MERS).

Lemma 2.3.5 The ball returned by Algorithm 1 is @ + €)-approximation of MEBS).
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Proof. Algorithm 1 returns the baBy (1, ¢ /2, WhereBy . is a(1+ 6)-approximation of
Ber = MEB(X) returned by the SOCP algorithm for the ¥eC S,

We know by step 5 thaB C By (1,¢/2); thus, to show thaBy 1.,/ is a(1+€)-
approximation of MEBS), we have to show thatl + £/2)r’ is at most(1+ €) times the
radius of MERS). SinceX C S the radius of MEBS) is at least, the radius of MEBX);
thus, it suffices to show thédl +&/2)r' < (1+e¢)r.

By Lemma2.3.3 By v € B (146)r+(jc ||, SO
r'<(1+8)r+||c —c||.
Thus, it suffices to show that
(1+€/2)(1+8)r+(1+€/2)||c —c|| < (1+e)r,

or,

€
'—c||<|=—-6])r.
Ie/ ~dl| < (M )r
From Lemma2.3.3 we know that/|c’ —c|| <r,/8(8 +2). Then, using the assumption

thate < 1, we see that it suffices to show that

E £
< _§==-8.
Vo@D < 5g-8=5-5

This last inequality holds i < £2/(18+ 6¢), which certainly holds with our choice of

8 = €2/163 in Algorithm 1.

Lemma 2.3.6 The set X returned by Algorithm 1 is arcore-set of S.

Proof. Let B, = MEB(X) be the MEB of the seX returned by the algorithm. We know,
by step 5, that at the conclusion of the algoritt8, By (1,¢ /), WhereBy 1 is a(1+6)-

approximation oB;; = MEB(X).
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In order to prove thaX is ane-core-set ofS, we must show thab C B (1) Since
SC By (11¢/2)r it suffices to show theBy (1,¢ /2y C B (14¢)r-
Now, by Lemma2.3.3 By (14¢/2)r" € B (14¢/2)((146)r+||c—c||)- ThUs, it suffices to show
that
(1+€/2) (1+8)r+]|c' —¢||) < (1+e)r.

Since, by Lemma.3.3 ||c —¢|| <r+/8(5 +2), ands < /5(5 + 2), it suffices that
(1+¢/2) (1+2/6(6+2)) <1+e,

or,

€
\/ 2) < .
00+2) = o gy
Sincee < 1, it suffices if§ is chosen so thay/5(5 +2) < €/6, which holds if6 < €2/73,
and therefore holds for our choice &= £2/163 in Algorithm 1. H]

We are now ready to prove Theore@2.1and2.2.2stated at the end of Secti@i2
First, we note that an upper bound 6f1/¢2) on the size of a core-set is straightforward:
By Lemma2.1.], the radius of MEBX) at the first iteration of the algorithm (wheti=
{g,q'}) is at least\/(21/3), whereA is the diameter 06. By Lemmas2.3.2and2.3.4 each
point added toX increases the radius of the corresponding minimum enclosing ball by at
Ieast%%. Since the radius of MEES) is less than the diameté, the loop will be
executedO(1/&?) times. We now show that a more careful analysis yields the improved
bound of Theoren2.2.2
Proof.[of Theorem2.2.3 Our proof is based on a careful analysis of the number of times
the loop (steps 3-11) is executed in Algorithm 1. Without loss of generality, we assume

thate = 1/2™. We will obtain an upper bound on the number of points addetlitoorder

to obtain a(1+ &)-approximation of MEBS), whereg; :=1/2' i=1,...,m.
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Note that, since each iteration adds a poinKtdhe radius of MEBX) monotonically
increases; thus, once the $eébecomes amj-core-set ofS, it remains argj-core-set. We
consider the iterations of the algorithm to be partitioned mtmunds We consider round
i to begin whenX first becomes am;_;-core-set ofS and to end wheiX first becomes
an g-core-set ofS. Note that a round may start and end at the same instant, since it may
be that wherX first becomes asg;_;-core-set, it also may become grcore-set (indeed,
it may be that MEBK) is now equal to MEB$)). Also note that our algorithm does not
determine exactly when the transitions occur between rounds, since we cofhpudg-
approximations of the MEB, not the exact MEB; however, the decomposition into rounds
as defined above is useful in the analysis of the algorithm.

Let X; denote the seX at the conclusion of rounidiand thus at the start of roumnd- 1),
let 7; denote the number of points 8fadded taX;_; during round (i.e., 7; is the number
of iterations in round), and letr; denote the radius of MEEX).

Consider an iteration of the algorithm during roundiet X be the current value of the
subset o5, and leB;; = MEB(X). The algorithm does not compusg, but does compute
By, a(1+4 &)-approximation oBc ;. The algorithm then selects a pome Sto be added
to X that maximizes the distance from the centgrof By . Since we know, by definition
of rounds, thak is notan g;-core-set until thendof roundi, it must be thap lies outside
of the ballBy (1, /2. (Otherwise, by Lemma.3.6 the current seX is ang-core-set,
sinced < €2/163< €?/163, meaning that the round is over.) Thus, by Lenth&4 we
know thatp must lie outside 0B (1, /3)r- Then, by Lemma.3.2 we know that the radius
of MEB(X) goes up by at least?/33 with the addition ofp to X. The radiug goes up
with each iteration of the rounigithus, at each iterationis bounded below by; 1. Since

the round starts with a se§_; whose MEB radius i$;_1 and ends with a seX; whose
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MEB radius isrj, with each iteration increasing the radius by at Ieasltei2/33, we know

that the total number; of iterations during roundobeys

r—ri—1 ri i A ) i i
<= —33(—1_-1)2 <33 —1)2 =33(2v/3-1)2,
= ri—162/33 (ri_l ) - (A/z\/é ( )

whereA is the diameter of the s& and we have used the facts thma A andrj_; >

A/2+/3. Finally, this implies that the total number of iterations over all rounds is
m
o =2+ 3 7= 02" = 0(3).
=

Proof.[of Theorem2.2.]] Since the size of the core-set 3(1/¢) , each call to our SOCP
solver takes timeO(\O'/—zE (% +d) Iog%) . We parse through the inp@(1/¢) times. Ateach
iteration, it takesO(nd) time to identify the furthest point. Therefore, the total running
time is O(% + Sds—fz (1 +d)logl) . Puttingd = O(1/¢), as in }7], we get a total time
bound of O(%¢ + s log ) .

Remark 1: The improved core-set bound of Theoréh?.2 gives, as an immediate
consequence, also improved time bounds over thosd ®ff¢r 2-center clustering (im-
proving 2(¥/¢*)dn to 20(/€)dn) and fork-center clustering (improving® (&/¢9109K) g
to 20((k/e)logk)gpy)

Remark 2:The time bound of Theoret2.1can be further reduced (@(%’ + 2 log? %)
by using a recent algorithm due to Har-Pelgdi(, which can compute @l + €)-approximation
to the minimum enclosing ball af points ind dimensions inO(%"logZ%) time. This is
slightly better than our running time and does not use SOCP.

Remark 3: The conference version of our papéBp had all the experiments done

with & set to O(g) instead of O(¢?) . For the purposes of experimentation, this is not
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really an issue, since in most cases settirgnywhere belove results in the same radius

and core-set, as we have found experimentally. However, from a theoretical perspective,
there was an oversight iri82, in that our analysis was based on the assumption that the
SOCP solver returned an exact MEB. We have addressed this issue here. We note that a
similar oversight apparently occurs in the first core-set papdr [n which the ellipsoid
algorithm is called with5 set to O(g) instead of O(e2) . A more careful analysis, such

as the approach we present here, is needed in order to guarantee that the algorkhm for
center clustering of{7] indeed yields 41+ €)-approximate solution, given that the convex

programming techniques give an inexact solution.

2.4 Implementation and Experiments

We have implemented Algorithm 1 and report below results of experimentation with it. For
comparison, we have also implemented a second algorithm, based on a variant of Algo-
rithm 1, which we devised in an attempt to improve the running time of Algorithm 1 in
practice. We refer to the (original) implementation of Algorithm 1 asphes implementa-
tion and refer to the variant as tii@st implementation

The fast implementation attempts to address the main bottleneck in Algorithm 1, which
we found to be the time spent in calls to the SOCP solver that computes the (approximate)
minimum enclosing ball of the s&t after each new point (the furthest outlier) is added.
With each iteration, this computation is performed from scratch. In an attempt to compute
the “easy” core-set points more quickly, and reduce the number of calls to the SOCP solver,
we developed our fast implementation based on a hybrid algorithm that combines our Al-
gorithm 1 with some ideas of@loiu and Clarksordfg]. In their simple gradient-descent

method, at each iteration the current center is shifted towards the furthest outlier, resulting
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in a sequence of centers that converge to the center of the minimum enclosingaoaiiu B

and Clarkson establish that a simple updating scheme retuihs- a)-approximation in
O(nd/€?) iterations. Ase decreases, the running time deteriorates (in practice), with the
1/&? term becoming quite significant. On the other hand, we find that our Algorithm 1 per-
forms well for smalle, even better than theoretical worst-case analysis suggests. Thus, in
order to maintain the advantages of both algorithms, in our fast implementation we first ap-
ply the algorithm of Badoiu and Clarkson for a prespecified number of iterations and record
the furthest outliers at each iteration; our experiments showdfis a good choice for

the number of these iterations. We then apply our Algorithm 1 as a second phase, using
the initial choice ofX to be the set of points that show up as furthest outliers irdig
iterations of the first phase. We note that some of the points may appear as furthest outliers
in more than one iteration of the first phase. This often means that the initial skzésof
smaller than the number of iterations in the first phase; Xg= 30 after the first phase of

85 iterations on the USPS data set (see figlye The fast implementation has the potential
advantage of obtaining quickly a fairly good approximation to the core set using a simple
algorithm (not based on an SOCP solver); then, only a few more iterations of Algorithm 1
(using an SOCP solver) are usually needed to complete the core-set computation.

Most of our code is written in Matlab. However, in order to enhance the performance,
some of the subroutines (e.g., computing the furthest outlier) were written in C and linked
to the Matlab code using mex files. Our software is fairly compact and is available on the
web® . The current implementation takes only point sets as input; extending it to input sets
of balls should be relatively straightforward.

For the SOCP component of the algorithm, we considered two leading SOCP solvers

3http://www.compgeom.com/meb/
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that are freely available: SeDuMiTH and SDPT3183. Experimentation showed SDPT3

to be superior to SeDuMi for use in our application, so our results here are reported using
SDPT3. We refer the reader to the web %itemaintained by Hans Mittelmann for an
independent benchmarking of a variety of optimization codes.

In an attempt to minimize the size of the core-set, our implementations find the furthest
outlier at each iteration. We should emphasize, however, that the running times of our algo-
rithms can be reduced by introducing random sampling at the outlier detection stage (see,
e.g., Pellegrini153), at the expense of slightly larger core-sets for large-scale problems.

Another desirable property of our implementation is that it is I/O-efficient if we assume
that we can solved(1/¢) -size subproblems in internal memory. (This was always the case
for our experiments, since the size of the core-set did not even apprgach firactice.)

With this assumption, the current implementation in the 1/0 model does at Gnost/Be)

I/Os, whereB denotes the disk block size, and the same bound also generalizes to the cache-
oblivious model §7]. We believe that with an efficient implementation (e.g., in C++) of

our algorithm, very large problems & 107,d ~ 10* ¢ ~ 107°) are tractable to solve in

practice on current state-of-the-art systems with sufficient memory and hard disk space.

Platform. All of the experimental results reported in this chapter were done on two plat-
forms. The main platform we used to do the experiments was a dual-processor Intel(R)
Xeon(TM) 2.66GHz system with 2GB RAM, running Windows XP/Matlab 6.5.0 Release
13. Unfortunately, Matlab is a single-threaded application, so was using only 1 CPU. Fig-
ures7-13 correspond to experiments on this platform.

Figures14 and 15 were generated from experiments done on a Pentium Ill 1GHz,

“http://plato.asu.edu/bench.html
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512MB notebook computer, running Windows 2000. All of the experiments in the con-
ference version of our papet32 were conducted also on this platform. Our new imple-
mentation, on the new platform (Xeon 2.66GHz), resulted in significantly different results
than were reported irBZ; thus, all of the results reported here (except Figdreand15)

are new, using the Xeon 2.66GHz platform. Figutdsand15 report comparison results

of our algorithm with two others; due to some software availability issues, we have not yet
been able to conduct the same comparison on the new platform, but we expect the relative

performances to be comparable.

Datasets. Most of our experiments were conducted on randomly generated point data,
according to various distributions. We also experimented with the USPS dataich is a
dataset of feature vectors extracted from handwritten characters, made available by the US
Postal service. The USPS data contains 7291 points in 256 dimensions and is a standard
data set used in the clustering and machine learning literature. For generating random point
data, we used Matlab to generate random matrices, naitd for uniformly distributed
data,randn for normally distributed data, anéindom for other specific distributions.

Specifically, we considered the following four classes of point data:

uniformly distributed within a unit cube;

uniformly distributed on the vertices of a unit cube;

normally distributed in space, with each coordinate chosen independently according

to a normal distribution with mean 0 and variance 1;

Poisson distributed, with each coordinate drawn from a Poisson distribution with

Shttp://www.kernel-machines.org/data/ups.mat.gz , 29MB
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parameteil = 1.

Methods for comparison. Bernd Gartner10Q provides a code on his web site that we
used for comparison. We also used the CGAL 2.4 implementation (based on Welzl's algo-
rithm with move-to-front for small instances and a heuristic for large instances). We were
not able to compile code available from David White’s web [JageWe were unable to
replicate the timings reported in the paper of Gartner and Schorlidir fince the version

of the implementation of their algorithm in CGAL 2.4 was not robust. While preparing this
chapter, a recently updated version of the implementation became available in the latest
release of CGAL; in future work, we will be conducting experiments for comparison with

it.

Fischer, Gartner and KutA23 recently presented a very fast exact method to solve
the MEB problem for points. A direct comparison of running times of their method to our
method does not seem appropriate, since we compute approximate solutions while they
compute exact solutions. Our implementation is in Matlab (which prevents us from doing
experiments on very large data sets in very high dimension), while their implementation
is in C++. A theoretical drawback of their simplex approach for solving MEBs is that
a polynomial running time cannot be guaranteed, although in practice they show that the
method is very fast, apparently much faster than the earlier implementation of our algorithm

reported in 132].

Experimental results. We begin with a comparison of the fast implementation of Algo-
rithm 1 with the pure implementation of Algorithm 1. In figurggnd6 we show how the

running times and the core-set sizes vary with the dimensiom forl0* points that are

Shttp://vision.ucsd.edu/~dwhite
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normally distributed (with meap = 0 and variances = 1) ande = 0.001. Note that the
fast implementation generates core-sets of essentially the same size as the pure implemen-
tation, but does so much more quickly.

In figure 7 we show how the running time of our fast implementation of Algorithm 1
varies with dimension, fon points that are normally distributed (with mean= 0 and
variances = 1) ande = 0.001. The plot shows two choices f n = 10* and 10. Cor-
responding to the same experiment, also with the fast implementation, &gli@vs how
the core-set size varies with dimension.

In figures9 and10 we show how the running time and the core-set size varies with di-
mension for each of the four distributionsmf= 10* input points, withe = 0.001. Notable
are the timings for points randomly chosen from the vertices of a hypercube; this distribu-
tion of cospherical points represented the most time-consuming instances for the algorithm.
While we do not fully understand the non-monotone behavior with respect to dimension in
this case, it seems to be related to the similar phenomenon observed and discussed (briefly)
in[123.

We note that, while the core-set size is seen to increase somewhat with dimension, the
observed size of the core-set in all of our experiments is substantially less than the worst-
case (dimension-independent) theoretical upper bound¢f/e) . The upper bound,
[1/€], of [45] is 1000 (for our choice of = 0.001), while the core-set sizes experimentally
are observed to be in the range 30-170.

Figuresl1landi12 plot the running times and core-set sizes, as a function ¢f19g),
for points that correspond to feature vectors extracted from handwritten characters, pro-

vided by the USPS. For comparison, we also plot the results for normally distributed points
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of the same dimensiom = 256. On the USPS data, the core-set size increases approxi-
mately logarithmically in Y&, as compared with the theoretical linear upper boGrd/ ¢)

. Note that the fast implementation always returns a core-set of size 30, even though it runs
for 85 iterations. We also noted that the fast implementation did not add any points to the
core-set in the second phase; all 30 points were inserted during the first phase.

In figure 13 we show timing results for low dimensiond & 2,3), as a function of
log, o, for n normally distributed points. Plots are shown with two choices @f = 10~3
ande = 107%); however, the running times are essentially independent of the choice of
In all of these experiments, the core-set size was always less than 10. This suggests that
approximate 2-center clusterings may be computed in t2*°n) for low dimensions. It
would be interesting to see if this result can lead to a truly practical method for approximate
2-center clustering in low dimensions; such a method may have applications in constructing
effective hierarchies of bounding spheres.

Figurel4shows a timing comparison between our algorithm, the CGAL 2.4 implemen-
tation, and Bernd Gartner’s code available from his website. (The experiments are done on
a Pentium Il 1GHz, 512MB notebook computer, running Windows 2000.) Both of these
codes assume that the dimension of the input point set is fixed, and each has a threshold
dimension beyond which the computation time is seen to increase sharply.

In figure 15 we compare the running times, as a function of dimension, of our pure
implementation (using = 0.001) with the simple method of&loiu and Clarksor4f]

(based on Claim 3.1 in that paper), using three choices (@f= 0.1,0.05,0.03). These
experiments are done on a setro&= 1000 points that are normally distributed & 0,
o =1). (The experiments are done on a Pentium Il 1GHz, 512MB notebook computer,

running Windows 2000.) Note that fer= 0.03, the Badoiu-Clarkson algorithm is already
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very slow compared to Algorithm 1. We have not yet implemented the main algorithm
proposed in46], which has a slightly lower running time@(nd/e + (1/¢)°) ) than our
Algorithm 1, but it seems that whenis small, its running time may suffer because of the
base case solver (the simple method, based on Claim 3.1, which we tested). We suspect that
the improved algorithm suggested by Har-Peleti] (Remark 2, Sectior.3) is a better
candidate for implementation.

Finally, we remark that in all of our experiments, we 8et €2, ignoring the constant
that we derived in the theoretical analysis. In justification of this choice, we verified first
experimentally that varying had little or no effect: Running times varied only slightly,
and core-set sizes and MEB radii did not change at all. For instance @000 points
in dimensiond = 500, withe = 0.001, we varied from 1073 to 10~° for two different
distributions of input points. For a set of points generated from a normal distribution, for
all choices o, the core-set size was 75, the radius was 24.094 and the running time varied
from 81328 seconds to 8322 seconds. For a set of points generated randomly from the
vertices of a hypercube, the core-set size and the radius were again constant for all choices
of &, while the running time varied from 694 to 66964 seconds. (Note that actually it
took less time to compute usiry= 102 than usings = 10-3.) In fact, we have not yet
found a point set on which settiry= €2 instead ofs = £ made any change in either the
core-set size or the MEB radius. This suggests that our theoretical analysis justifying the

choice ofd to guarantee &l + ¢)-approximation is in fact overly conservative.
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Figure 5: Running time (in seconds) as a function of dimensionyfer 10* input points
that are normally distributedy(= 0, c = 1). For comparison, we plot both the pure imple-
mentation (“Algorithm 1”) and the fast implementation. Heres 0.001.
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Figure 6: Core-set size as a function of dimension, for= 10* input points that are
normally distributed g = 0, c = 1). For comparison, we plot both the pure implementation

(“Algorithm 1”) and the fast implementation. Here= 0.001.
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Figure 7. Running time (in seconds) of the fast implementation of Algorithm 1 as a
function of dimension, for two choices of(n = 10%, n= 10°). Here,e = 0.001, and the
input points are normally distributegt = 0,0 = 1).
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Figure 8: Core-set size as a function of dimension, for two choices(of= 10%, n= 10°).
Here,e = 0.001, and the input points are normally distributed=¢ 0,6 = 1). The fast
implementation of Algorithm 1 was used in this experiment.
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Figure 9: Running time (in seconds) of the fast implementation of Algorithm 1 as a
function of dimension, fon = 10* input points from each of four distributions: uniform,
normal, Poisson, and random vertices of a cube. Here0.001.
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Core-set size for the fast implementation of Algorithm 1 as a function of

dimension, forn = 10* input points from each of four distributions: uniform, normal,
Poisson, and random vertices of a cube. Here,0.001.
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Figure 11: Running time (in seconds) of the fast implementation of Algorithm 1 as a
function of log,(1/¢), for input points that are normally distributed & 0,6 = 1) in di-
mensiond = 256 and for input points from the USPS. For the normally distributed points,

the fast implementation is used. For the USPS data, we plot results both for the pure imple-
mentation (indicated by “USPS”) and for the fast implementation (indicated b$PS").

The USPS data contains 7291 points in 256 dimensions and is a standard data set, based on
digitized hand-written characters, used in the clustering and machine learning literature.
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Figure 12: Core-set size as a function of lgd/¢), for input points that are normally
distributed {1t = 0,06 = 1) in dimensiond = 256 and for input points from the USPS.

For the normally distributed points, the fast implementation is used. For the USPS data,
we plot results both for the pure implementation (indicated by “USPS”) and for the fast
implementation (indicated by USPS”).
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Figure 13: Running time (in seconds) of the fast implementation of Algorithm 1 as a func-
tion of log;on for ninput points that are normally distributed & 0,0 = 1) in dimensions

d =2 andd = 3. For each choice af, plots are shown for two choices ofle = 103 and

€ =107%), but they are essentially identical, with no discernible difference. In every case,
the core-set size was less than 10.
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Figure 14: Timing comparison, as a function of dimension, foe= 1000 points that are
normally distributed g = 0,0 = 1). We compare thpure implementationf Algorithm 1
with CGAL 2.4 and with Bernd Gértner’s code. Heee= 10, These experiments were
done on a Pentium Il 1GHz, 512MB notebook computer, running Windows 2000.
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Figure 15: Timing comparison, as a function of dimension, foe= 1000 points that are
normally distributed g = 0,6 = 1). We compare thpure implementationf Algorithm 1
(usinge = 0.001) with the simple method of&loiu and Clarkson (BC), using three choices
of € (¢ =0.1,0.05,0.03). These experiments were done on a Pentium Il 1GHz, 512MB
notebook computer, running Windows 2000. Aapproaches zero, the performance of the

BC algorithm degrades substantially.
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2.5 k-center clustering

We also implemented a simp{& + €)-approximation algorithm fok-center clustering for
fixed d andk and report experimental results here. Although the theoretical bounds on
the running time are hopeless for-le approximatingk-center clusters, we note that for
dimensions 2 and ¥-center is practical foe > 0.01 andk < 4.

The running time of our implementation i@(zwdn) . Thek-center algorithm is
based upon exhaustive enumeration of the core sets. The algorithm works for balls and
constant complexity polytope¥representation). It can be extended to work with ellipses
and non convex polygons. It works in higher dimensions though due to the increase of core
set size as the dimension goes high, its almost infeasible to corkjoaeters for higher
dimensions as opposed to 1-center. The algorithm we present here is extremely easy to
code.

Before we move on to the algorithm, let’s look at an easy instance of the problem and
analyze its running time. For the 5-center clustering of German cities shown in figure
the number of cities is = 15112, = 0.01 and the dimension is 2. Hence the number of
atomic operations required to solve this problem is of the ordere dn ~ 0(2°00) |
which clearly seems to be hopeless to solve. Note that this problem is considerably harder
than solving the Traveling Salesman Problem approximately for this point set.

Algorithm 2 works by exhaustively coloring the core sektoolors and checking which
coloring produces the beg&tcenter clustering. It is incremental in nature and adds the
furthest point from the currektcenter clustering in each stepif Line 4). If the addition
of the pointp is contained in the ¥ ¢ expansion of the current clustering, the algorithm
terminates. Otherwise, we explore the tree by adding each of thek balls. We prune

the tree by maintaining a upper bound on the radius of the clustering and pruning out the
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Figure 16: An example of 4-center clustering in 3D fer= 0.01.

a7
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Algorithm 2 Outputs a1+ €)-approximation ok-center ofSand an O(1/¢) -size core-
set.
Require: Input: SERY, .7 = {My,..., M}, B={By,...,B}, >0

1: o < Radius of 2-factor approximation for the problem instance.

2: Mo— M, Bo— B

3: loop

4:  p+« pointg € Sfurthest from#.
5. if pe(1+¢€)%then
6: Return.Zy, %,
7. else
8: M — SortB; using distance fronp.
9: for j=1tokdo
10: If dist(p, ;) > o continue
11: Putpin M;j corresponding tar;
12: Call k-center with.7, 4.
13: end for
14: o — Min Radii of the above loop.
15: Return the# , % corresponding t@.
16:  end if

17: end loop
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(a) American Cities (b) Cat and Cactus (c) German Cities

Figure 17: Examples of k-center clustering in 2D and 3D for k =5 and k € 4, 0.01.

branches of the tree that need not be explored (line 10). The upper bound is updated as the
algorithm progresses to better solutions (line 14).

To our knowledge, this is the first implementation of approximatenter clustering
that could solve such big instancesks€enter clustering in practice. The running times
for the algorithm in reality are still dismal and far from what we would like to have. For
instance some of the data sets we solved in 3D (see for example Iiguran for almost a
week on an Intel Itanium system (the system was running many other processes, and hence
reporting timing is not meaningful). It seems that there is big difference in solving 2D
problems from 3D problems fde-center clustering. Since the core set size grows in 3D,

the running times are considerably higher for 3D problems than for 2D problems.
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2.6 Future Work

There are many interesting theoretical and practical problems that are motivated by our

investigations.

1. Several problems deserve experimental study. Are there practical methods for com-
puting an MEB with outliers? Can one practically compute approximate solutions for
2-center and-center problems in high dimensions? Are there coresets for support
vector machines? How efficiently can one compute approximate minimum-volume
enclosing ellipsoids? Are there core-sets for ellipsoids of size less@hdn (we
answer some of the questions on ellipsoids partially in the next chapter)? Does di-
mension reduction12q help us to solve high-dimensional problems in practice?
Can one use “warm start” strategid®[] to improve running times by giving a good
starting point at every iteration? How does the improved algorithm, with running
time O (”?d + 8—14I092%>, suggested by Har-Peledd in remark 2 of sectior2.3

compare with our implementations based on algorithm 1?

2. For which LP-type problems can one prove the existence of dimension-independent
core-sets? What are the tightest core-set bounds one can prove for various distribu-

tions of points, withd < 1/¢?

"This question was partially answered in Kowalczyk’§ who showed that there are core sets of

2
size O (%) In (g)) for support vector machines. It is not very hard to improve the core set size to
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2.7 Software

The software for computing approximate minimum enclosing balls is available for down-

load from

http://www.compgeom.com/meb/


http://www.compgeom.com/meb/

CHAPTER I I I

Minimum Volume Ellipsoids

“(%N/u*ﬁ no doubt has a certain (Ifzjoea//'ﬂy u'ﬂ%o/fkifl/ w{ﬁ?ué y/m&e;
but one look at a /mz%/y/ e/%/'oae showlil have convinced even the most
/njf/dto'(’@/ 9/ astronomers that the ﬂeyﬂaﬂé simpleeity 9/ the circle is akin to
the vacant smile % (W¢é{& u%mx// ( 6}3ﬂ¢4we¢/ to what an ellipse can
tell us, a circle has /wtl@'ﬂy to say. "

E. T. BELL

@mputing the minimum volume enclosing ellipsoid (MVEE) of a given point set
7 ={p,...,p"} C RY, denoted by MVEE), also known as the Léwner ellipsoid for
< plays an important role in several diverse applications such as optimal d&giya$Jd,
computational geometryl B8 58, 27], convex optimization 109, computer graphicsdg,
39|, pattern recognition]03, and statistics I7(. Variations of this problem such as
MVEE with outliers [L45 have many other application64, 121, 129,.

In this chapter we study the problem of computingla+ €)-approximationto the
minimum volume enclosing ellipsoid of a given point set = {p%, p?,...,p"} C RC.
Based on a simple, initial volume approximation method, we propose a modification of

Khachiyan’s first-order algorithm. Our analysis leads to a slightly improved complexity

52
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bound ofO(nd3/¢) operations foe € (0,1). As a byproduct, our algorithm returns a core
setZ” C . with the property that the minimum volume enclosing ellipsoidZfprovides
a good approximation to that o¥. Furthermore, the size o™ depends only on the di-
mensiond ande, but not on the number of points In particular, our results imply that
|.2°| = O(d?/¢) for £ € (0,1).

A (full-dimensional) ellipsoidég ¢ in RY is specified by al x d symmetric positive

definite matrixQ and a centec € RY and is defined as
Soc={xeRY: (x—c)TQ(x—c) < 1}. (6)

The volume of an ellipsoidq ¢, denoted by vokq ¢, is given by volégc =1 detQ2,
wheren is the volume of the unit ball iiR9 [109.

F. John 19 proved that MVEE.¥) satisfies

%MVEE(J”) C conv(.¥’) € MVEE(.¥'), (7)

where cony.”’) denotes the convex hull o#” and the ellipsoid on the left-hand side is
obtained by scaling MVEEY') around its center by a factor of/d. Therefore, if.” is
viewed as the set of vertices of a full-dimensional polytogeC RY, then MVEH.¥)
yields a rounded approximation oP.

Givene > 0, an ellipsoidsy ¢ is said to be 41+ €)-approximation to MVEEY) if
égc2, Volége< (1+¢)vol MVEE(Y). (8)

Several algorithms have been developed for the MVEE problem. These algorithms can
be categorized as first-order algorithmis8(, 181, 170, 124, second-order interior-point
algorithms [L48 176, and a combination of the twbp4. For small dimensionsl, the

MVEE problem can be solved i@(d°@n) operations using randomizefi42, 188 1] or
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deterministic p8 algorithms. A fastimplementation is also available in the CGAL libtary

for solving the problem in two dimension89]. Khachiyan and Todd1[25 established a
linear-time reduction of the MVEE problem to the problem of computing a maximum vol-
ume inscribed ellipsoid (MVIE) in a polytope described by a finite number of inequalities.
Therefore, the MVEE problem can also be solved using the algorithms developed for the
MVIE problem [125 147, 198 20, 199. Since the MVEE problem can be formulated as
a maximum determinant problem, more general algorithms of Vandenberghe &86hl. [
and Toh 182 can be applied.

In contrast to the previous results, we mainly focus on the instances of the MVEE
problem with|.’| = n>> d, which is satisfied by several applications such as data mining
and clustering. In particular, our goal is to compute a small suliset . such that
Z provides a good approximation of. For a point set”, we say that?” C . is an
g-core set (or a core set) far’ [47, 46, 137 if there exists an ellipsoidg ¢ C RY such
that . C &g and g is a (1+ €)-approximation to MVEEZ"). It follows from this

definition that a core se®” satisfies
vol MVEE(Z") <vol MVEE(.¥) <vol &g ¢ < (1+¢)vol MVEE(Z") < (1+¢)vol MVEE(.Y),

which implies thatég ¢ is simultaneously &1+ €)-approximation to MVEE2Z") and
MVEE(.%).

The identification of small core sets is an important step towards solving larger prob-
lems. Recently, core sets have received significant attention and small core set results have
been established for several geometric optimization problems such as the minimum enclos-

ing ball problem .32 and related clustering problem&1, 46, 50, 2]. Small core set results

http://www.cgal.org
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form a basis for developing practical algorithms for large-scale problems since many geo-
metric optimization problems can be solved efficiently for small input sets. In particular,
the MVEE problem for an input set oh points inRY can be solved i©(m>°log(m/e))
arithmetic operationslp4], which is the best known complexity resultdfis not fixed.

In this chapter, we propose a maodification of Khachiyan’s first-order algorift#d,[

which computes &1+ €)-approximation to MVEEY) in
®(n,d,e) =0 (ncl2 ([(1+8)<2/d+1> — 114 logd + |og|ogn)) 9)

operations. Based on a simple initial volume approximation algorithm, our modification

yields a complexity bound of
=(n,d,e):= 0 (nd2 ([(1+ g)@/d+l) _q-1 |ogd)) (10)

arithmetic operations, which reduce® py O(nd?loglogn). In particular, our algorithm
terminates ir0(nd®/¢) operations foe € (0, 1]. As a byproduct, we establish the existence

of ane-core set2” C .¥ such that
2| :o(d[(1+s)2/d+1—1]—1+d|ogd), (11)

independent of, the number of points i”. In particular,|.2"| = O(d?/e) for & € (0,1].

We remark that any ellipsoid iRY is determined by at most(d + 1) /2 points, which
implies that, in theory, there always exists a core set of €ig?) for any £ > 0. In
comparison, our algorithm can efficiently compute a core’sesatisfying (L1).

The chapter is organized as follows. We define notation in the next section. In Sec-
tion 3.2, we review formulations of the MVEE problem as an optimization problem. Sec-

tion 3.3is devoted to a deterministic volume approximation algorithm that will be the basis
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for our algorithm. In Sectio3.4, we review Khachiyan'’s first-order algorithm and its anal-
ysis and propose a new interpretation. We present our modification and establish a slightly
improved complexity bound. As a byproduct, our algorithm returns a core set whose size

is independent af. Section3.5concludes the chapter with future research directions.

3.1 Notation

Vectors will be denoted by lower-case Roman letters. For a vegtor denotes theth
component. Inequalities on vectors will apply to each componetill be reserved for

the vector of ones in the appropriate dimension, which will be clear from the cormext.

is the jth unit vector. For a vectan, U will denote the diagonal matrix whose entries are
given by components af. Upper-case Roman letters will be reserved for matrices. The
identity matrix will be denoted by. tracéU ) will denote the sum of the diagonal entries

of U. For a finite set of vectorg’, sparf?’) denotes the linear subspace spanned’by
Functions and operators will be denoted by upper-case Greek letters. Scalars except for
n andd will be represented by lower-case Greek letters unless they represent components
of a vector or a sequence of scalars, vectors or matricgsandk will be reserved for
indexing purposes. Upper-case script letters will be used for all other objects such as sets,

polytopes, and ellipsoids.

3.2 Formulations

In this section, we discuss formulations of the MVEE problem as an optimization problem.
Throughout the rest of this chapter, we make the following assumption, which guarantees

that the minimum volume enclosing ellipsoid is full-dimensional.

Assumption 3.2.1 The affine hull of p,..., p" is RY.
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The MVEE problem can be formulated as an optimization problem in several different
ways (see, e.g.l[76). We consider two formulations in this section.

Given a set” C RY of npointsp?, ..., p", we define a “lifting” of.7 to R4*+1 via
/. 1 n i . P ;
S ={£q,...,£q"}, where ¢ = , i=1....n (12)

It follows from the results of125 14§ that
MVEE(.¥) = MVEE(") N, (13)

where
A= {xe R x4, =1} (14)
Since.” is centrally symmetric, MVEEY”) is centered at the origin. This observation

gives rise to the following convex optimization problem to compute MV.EE), whose

solution can be used to compute MVEE) via (13):

(P(-#)) miny —log detM
s.t. ()"™Md <1, i=1,...,n,

M e R(E+Dx(@d+1) s symmetric and positive definite,

whereM e R(@+1)x(d+1) js the decision variable. A positive definite mathix € R(A+1)x(d+1)

is optimal for(P()) along with Lagrange multipliers € R" if and only if

- (M) +N(Z) = 0o (15a)
zZ(1-(d)'M*d) = 0, i=1,..,n, (15b)
()Y'™M*q < 1, i=1,...,n, (15¢)

z > 0, (15d)
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wherell : R" — R(@+1)*(d+1) s 3 linear operator given by
N@):=3 zd(@)". (16)
2
The Lagrangian dual diP(.¥)) is equivalent to

(D(”)) max, logdet(u)
st. eu=1,

u>0,

whereu € R" is the decision variable. Sin¢®(.#)) is a concave maximization problem,
u* € R"is an optimal solution (along with dual solutiogse R" andA* € R) if and only

if the following optimality conditions are satisfied:

@)'Nw) g +s = A% i=1...n, (18a)
eyt = 1, (18b)
u's = 0, i=1,...,n (18c)

together withu* > 0 ands* > 0. Multiplying both sides of18g) by u" and summing up for
i=1,...,nyields

n

_;ui* qi(qi)T] ) —tracgl) =d+1,

_iui*(qi)Tl'l(u*)lqi - trace(l‘l(u*)1

which impliesA* = d + 1 by (18b) and (L8c). Consequently,

1

_ s\ —1
= m”(u ) (19)

M*:

is a feasible solution fofP(.#)) and satisfies the optimality conditions5] for (P(.¥))
together withz* := (d + 1)u*.



CHAPTERIIL: Minimum Volume Ellipsoids 59

It follows from (13) and (L9) that an optimal solution* for (D(.¥)) can be used to

compute MVEE.¥) as follows:

MVEE(&’):{XERd:<d—il)[xT eyt | <1 (20)
1

Let P € R9*" be the matrix whosih column is given byp'. By (16), we have

) PU*PT Pu* | Pu PU*PT — Pu*(Pu")T 0 | 0
u - =
(Pu)T 1 0 1 0 1 (Pu)T 1
(21)

Inverting both sides inA1) yields

» I o|| (PUPT—Pu(PH)T) ™t 0| |I —Pu
N = . (22)
—(Pu)T 1 0 1 0O 1
Substituting 22) in (20), we obtain
MVEE(.Y) = &g ¢ i= {x € R%: (x—¢*)TQ*(x— ¢*) < 1}, (23)
where
Q= % (PU*PT —Pu (Pu)T) *, ¢ :=Pu. (24)

This establishes the following result.

Lemma 3.2.1 Let u* € R" be an optimal solution ofD(.#)) and let P RY*" be the
matrix whose ith column is given by. @hen, MVEEY) = &g+ ¢+, where @ € R%*9 and

c* € RY are given by 24). Furthermore,
d 1 .
logvol MVEE.¥) = logn + > logd + > logdet(u®), (25)

wheren is the volume of the unit ball iR9,
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Proof. We only need to prove2b). Note that vol MVEE.) = n det(Q*)‘%, whereQ* is

defined as in44). Therefore,
d 1 *pl T
logvol MVEE(.¥) = logn + 5 logd + 5 logdet(PU*P" —Pu*(Pu*)").  (26)

By (21), logdet(u*) = logde{PU*PT — Pu*(Pu*)T), establishingZ5).

3.3 Initial Volume Approximation

Given.” = {pt,...,p"} C RY, we present a simple deterministic algorithm that identifies
a subsetZ C . of size at most @ such that vol MVEEZ)) is a provable approximation

to vol MVEE(.Y).

Algorithm 3 Volume approximation algorithm
Require: Input set of points” = {p!,...,p"} C RY
1: If n< 2d, thenZy «+— .. Return.
2. §— {0}, Zo—0,i 0.
3: While R9\ W £ 0 do
4: loop
5. i« i+1. Pick an arbitrary directiob’ € RY in the orthogonal complement &f.
6
7
8
9

.....

.....

W — spar{¥,{p# — p*}).
: end loop

Lemma 3.3.1 Algorithm 3 terminates in @nd?) time with a subse®, C .7 with | 20| <
2d such that
vol MVEE.¥) < d%vol MVEE 2p). (27)



CHAPTERIIL: Minimum Volume Ellipsoids 61

Proof. If n < 2d, then the result trivially holds. Far> 2d, the proof is based on the results
of [35, 139. At stepk of Algorithm 3, W is given by the span df linearly independent
vectors by AssumptioB.2.1 Hence, upon terminatiot! = RY. It follows that|.25| = 2d.
Note that each step requir€§nd) operations, giving an overall running time ©fnd?) at
the end ol steps. It follows from the results o8%] that vol cony.#) < d! vol conv(.2p).

Combining this inequality with4), we have

1
4@ vol MVEE(.¥) < vol con\.¥) < d! vol conv(Zp) < d! vol MVEE (20),

which implies that vol MVEE.¥) < d!d%ol MVEE(2p) < d®d MVEE(.20).

3.4 A First-Order Algorithm

In this section, we present a modification of Khachiyan’s first-order algorithm for approx-
imating the minimum volume enclosing ellipsoid of a given sét= {p!,..., p"} C RC.
Our modification leads to a slightly improved complexity bound. As a byproduct, our anal-
ysis establishes the existence of a core®et . whose size depends only dnande,

but not onn, the number of points.
3.4.1 Khachiyan’'s Algorithm Revisited

Khachiyan’s first-order algorithmip4] can be interpreted in several different ways (e.g. barycen-
tric coordinate descentlP4], conditional gradient methodlf€]). In this chapter, we
present our interpretation of this algorithm.

For a set of points” C RY, consider the nonlinear optimization problgid(.)).
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Given a feasible solution' € R", consider the following linearization ¢D(.#)) atu':

n H—
(LP) max S v (d)TN(u) 'ek, st elv=1 v>o0.
veRN =1

Since the feasible region ¢LP;) is the unit simplex irR", the optimal solutiorv* is the

unit vectore;j, where

j :=arg max ()T (u) g’ (28)
Let
K= max (@) T (u) =gk, (29)
=1,...n

The next iterates*? is given by a convex combination of andej, i.e., u+! := (1
Bu + B'ej, where' is the maximizer of the following one-dimensional optimization
problem [L24):

K= (d+1)
(d+1)(x'—-1)

B':=arg ma?logdeﬂ((l—ﬁ)u%ﬁej): (30)

Be[0.1]
The algorithm continues in an iterative manner starting with. Consequently, Khachiyan’s
first-order method can be viewed as a sequential linear programming algorithm for the non-
linear optimization problerd(.%).

Upon termination, the algorithm returns an ellipséiglc with the property that
S Cége, VOl &pe < (1+¢) vol MVEE(Y), (31)

wheree > 0.

Below, we outline Khachiyan'’s algorithm.

3.4.2 Analysis of Khachiyan’s Algorithm

Khachiyan proved the following complexity result.
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Algorithm 4 Khachiyan'’s first-order algorithm

Require: Input set of points” = {pt,...,p"} CRY,e >0
1 i« 0,u%« (1/n)e

2: While not converged
3: loop . _
4. jeargmax_y . n(q)TM(U) 1K, & — maxcy n(af)TM(u) 1ok,
5 ﬁ - K—(d+1)
. (d+1)(x-1)
6: Ul (1-B)u+Bej,i—i+1.
7: end loop

Theorem 3.4.1 (Khachiyan (1996))Lete > 0. Algorithm4 returns an ellipsoid§g ¢ that
satisfies the conditions ir8{) in ®(n,d, ) operations, where is defined by ). In par-

ticular, if € € (0,1), Algorithm4 terminates after @nd?(d/e + loglogn)) operations.

In this section, we present our interpretation of the analysis of Algorithhet .’ C
RY+1 denote the lifting of the point se¥’ C RY given by (L2). It follows from (13) that
MVEE (.#) can be recovered from MVEE”"). Furthermore, if the ellipsoid’ C R4+ is
a(1+ ¢)-approximation of MVEE.#"), then& := &N.# C RY is a(1+ €)-approximation
of MVEE(.¥), where# is given by (4) [125 14§. Therefore, we analyze Algorithah
for .’ C R9+1,

At iterationi, we define a “trial” ellipsoids™ := &y o € R4+2 (cf. (19)), where

M = d—iln(ui)l, i=0,12,.... (32)

Note that one can define a corresponding ellipgBid= bgd C RY via (24):

Q= % (PUPT — (PU)(PU)T) !, ¢i=Pd, i=012,... (33)

Furthermore, by32), vol &' = 1’ det(M)~1/2 = n’(d + 1)@+D/2detr1(u')¥/2, wheren’ is

the volume of the unit ball iflR9*+1, Therefore,

logvol &' = Iogn'+dizllog(d+1)+%logdetﬂ(ui), i=0,1,2,.... (34)
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Similarly to 25), we have
i d 1 i .
logvol & :Iogn+§Iogd+§Iogdelﬂ(u), 1=012,..., (35)

which, together with 34), implies that log vol&' and logvol&' differ by a constant that
depends only od.
Letu* denote the optimal solution 0D (.#)). Sinceu' is a feasible solution aiD(.¥)),

it follows from (34) and (L9) that
vol &' <vol MVEE(."), i=0,1,2,.... (36)
We define
g:=min{v>0:() "M () <1+v,k=1,...,n}, i=012,... (37)

so that’ C \/1+ ¢ & & can be viewed as a quality measure of iteiat€ombining

(36) and 37), we obtain
vol & < Vol MVEE(.?") < (1+¢&) 3D/ 2v0l &' i=0,1,2,.... (38)
Taking logarithms in8), it follows from (34) that
vi<v*<(d+1log(l+¢g)+vi, 1=012..., (39)

wherev; denotes the objective function value corresponding to the feasible soliitain
(D(¥)), i.e.,
vi :=logdet(u"), i=0,1,2,..., (40)

andv* denotes the optimal value 6D(.¥)).

By (37) and @2),

K= max @)TNW = d+1)(1+g), i=012,... (41)
=1..,n
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so that
: K —(d+1) & .
b= . = — = 42
B=dginw—p w1 ~0L2 (42)
The next iteratei ! is defined as
U= (1- B + Bley, (43)

wherej andp' are given by 28) and B0), respectively. Sincél(u) is linear, we obtain
MU = @-pHnu) +'N(eg) =NW) [(1-H1 +NW)N(ey)].  (44)
Arguing similarly to Lemma 3 of124], we have

logdetr(u'*1) = logdetr(u')+dlog(1—B') +log(1+&),

— logdet(u') —dlog <1+ ﬁ) +log(1+¢),

> logdet(u') — %—F'Og(l—f—gi), i=012,...,
|

log2— 3 >0 ifg>1,

> logdet(u') + (45)

€2 if & < 1.

which implies that the objective function value strictly increases at each iteration.
Note that
n

k0= max ()TN() e < Y () TN(W) L = ntraceN(e) M1(e) = n(d+1).
=1,..., n &1

By (41), it follows that
eg<n-1 (46)
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The following inequalities follow from39), (45), and @6):

Vo > —oo, (47a)
g:=v—vi < (d+1)log(l+¢g), i=0,1,..., (47b)
& .
Vo — Y D> ) — — =
T :=Vit1—Vv; > log(1+¢g) Tre’ i=01,..., (47¢c)
oo=Vv'—vy < (d+1)logn. (47d)

Khachiyan’s analysis of Algorithm (see Lemma 4 in1[24]) consists of two stages. In
the first stage, an upper bound is derived on the smallest ikdexh thate, < 1. Using

(47b and @70, Khachiyan establishes that
k= 0(dlogédy), (48)

which implies thak = O(d(logd + loglogn)) by (47d).
The second stage of Khachiyan’s analysis consists of bounding the number of iterations
to halveg assumingg < 1. Khachiyan shows that it take3(d/u) iterations to obtain

g < uforanyu € (0,1). It follows from (38) that Algorithm4 needs to run until
&< (1+e)?41_1 (49)

in order to obtain 1+ €)-approximation to MVEEY).

Combining the two parts together with the fact that each iteration can be performed
in O(nd) operations via updatin@(ui)_l using @4) yields the complexity result of The-
orem3.4.1 If £ € (0,1), then(1+¢)%(@*+D _1 = O(e/d), proving the second part of
Theorem3.4.1

3.4.3 A Different Interpretation of Khachiyan’s Algorithm

Our presentation of the analysis of Khachiyan’'s algorithm gives rise to another interpre-

tation. Consider the trial ellipsoid’ C RY corresponding tal' defined by 83). By (22),
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(@)Ut =d(p-c)TQ(p ~¢) +1, k=1...n (50)
At each iteration, it follows from41) that the algorithm computes the farthest pgimt

from the current trial ellipsoi&” using its ellipsoidal norm. By4?3) and @3), the center

c'*1 of the next trial ellipsoids’ 1 := &1 441 is shifted towardsp!, i.e.,

¢t =(1-p)c+B'p. (51)
Similarly, by 33),
(@)t =d(PUPT — (Pu)(PU)") =d Z u(p*—¢)(p—c)T,
where we usedf_, ux = 1 andPu = c'. By (43), it follows that
(@)t =(1-p)Q) +dB(p! —c)(p' —c)T, (52)
which implies that the next trial ellipsoid is obtained by “expanding” the current trial ellip-
soid towardsp!. In particular, ifp! —c' coincides with one of the axes éf (i.e., one of
the eigenvectors dd'), then&' 1 is simply obtained by expandin§' along that axis and
shrinking it along the remaining axes.
Therefore, Khachiyan’s algorithm implicitly generates a sequence of ellipsoids with

the property that the next ellipsoid in the sequence is given by shifting and expanding the

current ellipsoid towards the farthest outlier.
3.4.4 A Modification

In this subsection, we present a modification of Khachiyan’s first-order algorithm described

in Section3.4.1 Our algorithm leads to a slightly improved complexity bound.

The following theorem gives a complexity bound for Algoritam
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Algorithm 5 Outputs a1+ ¢)-approximation of MVEE{)
Require: Input set of points” = {p’,...,p"} CRY e € (0,1)
1: Run Algorithm3 on .~ to get outputZo.
2: Letu® € R"be such thatf§ = 1/| 2o| for p! € 25 andu? = 0 otherwise.

3: Run Algorithm4 on . starting withu.

Theorem 3.4.2Lete > 0. Algorithm5 returns a(1+ €)-approximation of MVEEY) in
=(n,d, ) operations, wheré& is defined by 10). In particular, if € € (0,1), Algorithm5

terminates after (nd®/¢) operations.

Proof. By Lemma3.3.1, Algorithm 3 returns 2o C . of size at most @ in O(nd?)
operations. Letig; € RI#ol denote the restriction af° to its positive components. Since
Uz, coincides with the initial iterate in Algorithr applied to(D(Zy)), it follows from
(47d) that

logdetf(u,) —logdet(u®) = O(dlogd), (53)

whereu, € R" denotes the vector whose restriction to its component€inyields the
optimal solution of D(.2p)).
By Lemma3.3.1, vol MVEE(.%”) < d®vol MVEE(Zp). Taking logarithms on both

sides, it follows from 85) that
logdet1(u*) —logdet(u,) = O(dlogd), (54)
whereu* denotes the optimal solution gb(.#)). By (53) and 64), we obtain
logdet(u*) —logdet(u®) = O(dlogd).

Sincew’ is used as an initial iterate in Algorithd it follows from (47d) and @8) that

Algorithm 5 requiresO(dlogd) iterations to obtain an iteratéwith & < 1. Combining this
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result with the second part of the analysis of Algorithmve obtain the desired complexity

result. Hl

3.4.5 A Core Set Result

In this subsection, we establish that, upon termination, our algorithm produces a core set

Z C . whose size depends only drande, but not onn.

Theorem 3.4.3Lete > 0. Foragiven set” = {pt,...,p"} C RY of n points, let (i denote
the final iterate returned by Algorithfapplied to.7. Let 2 := {p‘ e .7 : uli >0, k=

1,...,n}. Then,Z is ane-core set of. Furthermore,
12| = O(d[(1+¢€)%9t —1]71 +- dlogd). (55)
In particular, if & € (0,1), then| 2| = O(d?/e).

Proof. We first prove §5). Note that® in Algorithm 5 has at most@ positive components

and at each iteration, at most one component becomes positive. Therefore,
|27|<2d+0 (dlogd+d[(l+ £)2/d+1 _ 1]—1) o) <d[(l+ £)2/d+1 _ 1]—1+d|ogd) .

Let £ C R¥* denote the trial ellipsoid correspondingub defined via 82) and let

&= (1+¢)Yd+1£% By (49),
conM(2”) C con\.”') C &, (56)
where2” and.””” denote the liting of2” and.# to R%*1, respectively. By$8), we have
vol &7 <vol MVEE(.%") < (1+¢€) vol &' = vol &, (57)

which implies that vol¢ < (1+ £)vol MVEE(.%").
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Letu’,- € R | be the restriction ofi to its positive components. Note tha. is a fea-
sible solution of(D(.2")). Furthermore, the trial ellipsoid corresponding@ coincides

with &° by (32). Therefore, arguing similarly td¢), we obtain

1 . .
—— vol & =vol &' < vol MVEE(2"), (58)
1+¢

which, together with%7), implies that
vol MVEE(.2"") < vol MVEE(.7") <vol & < (1+&)vol MVEE(2") < (1+¢)vol MVEE(.7").

Since lifting preserves the approximation factor, it follows frase)( (57), and £8) that
the ellipsoid& := &N .#, where s is defined by {4), is simultaneously 41 + ¢)-
approximation to MVEE.2") and to MVEE.”). Therefore, 2" is ane-core set of”.

Remark 1: The size of the core se2” in Theorem3.4.3depends only oml ande
and is independent af. In several applications with > d, our algorithm finds 41+ ¢)-
approximation in linear time in and returns a core set whose size is independentDie
identification of such a small set may play an important role in applications such as data

classification.

Remark 2: The proof of Theoren3.4.3can be applied to Khachiyan’s algorithm (i.e.,
Algorithm 4) as well and a core set can similarly be defined upon termination. However,
Algorithm 4 uses an initial iterate all of whose components are positive. Therefore, for
instances witm > d, Algorithm 4 will return . itself as a trivial core set. The reduction
in the size of the core set is a consequence of using Algor&onobtain an initial iterate

with a provably better lower bound on the optimal valu¢df.v)).



CHAPTERIIL: Minimum Volume Ellipsoids 71

Remark 3: Algorithm 5 does not lead to an improvement of the currently best
known complexity result of Khachiyan in Ref. 17 for the minimum volume enclosing ellip-
soid problem. The complexity results of the algorithms preceding Khachiyan’s work (see
Refs. 37, 18, 23) depend on Id®y/r), wherer andR denote the radii of two balls inscribed
in and circumscribing the convex hull of the given point set, respectively. In particular,
Nesterov and Nemirovskii in Ref. 18 develop an interior-point algorithm that computes a
(1+ &)-approximation to the minimum volume enclosing ellipsoid of a set pbints in
RY in O(n®®log(Rn/re)) operations. Khachiyan’s algorithm calls Algorithhwith & = 1,
whose solution is used to obtain two balls wir < 2d, in O(nd?(logd + loglogn))
operations and then uses the approximate solution as a warm-start in the interior-point al-
gorithm, thereby reducing the overall complexity@n>°log(n/¢)) operations. The use
of Algorithm 5 instead of Algorithm4 in Khachiyan’s algorithm would only reduce the
complexity of the first stage 1@(nd?logd) without having any effect on the complexity of

the second stage, which determines the overall complexity.

3.5 Conclusions

In this chapter, we proposed and analyzed a first-order algorithm to compute an approxi-
mate minimum volume enclosing ellipsoid of a given seh gbints inRY. We established
that our algorithm returns a core set whose size depends ordyamil . Especially for
instances of the MVEE problem with>> d, our algorithm is capable of efficiently com-
puting a small subset which provides a good representation of the input point set.

This chapter is an addition to the recent thread of works on core sets for several geomet-
ric optimization problems132, 47, 46, 50, 2] and introduces, for the first time, the notion

of core sets for minimum volume enclosing ellipsoids.
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Since most applications of the MVEE problem have relatively small dimertsande
is usually fixed, our algorithm has a complexity bound with the desirable property that its
dependence on the number of points linear.

On the other hand, it is well-known that first-order algorithms suffer from slow con-
vergence in practice — especially for smaller valueg.oSeveral interior-point methods
developed for the MVEE problem perform well in practice and can achieve higher accu-
racy in reasonable timé p5 176, 199. For instances of the MVEE problem with>> d,

Sun and Freundl[7§ propose and implement a practical column generation approach us-
ing an interior-point algorithm to solve each subproblem. Motivated by the core set result
established in this chapter and the encouraging computational results based on a core set
result for the minimum enclosing ball probledd2, we intend to work on a column gener-

ation algorithm for the minimum volume enclosing ellipsoid problem with an emphasis on

obtaining an upper bound on the number of columns generated to obtain a desired accuracy.

3.6 Future Work

For future work, we intend to explore practical implementations based on the idea of core
sets. We report some preliminary results in figilBe There are several interesting prob-
lems associated with core sets. For instance, does there exist an input set of points that
provides a lower bound on the size of core sets? Can one establish similar core set results
for other geometric optimization problems? Does there exist a unifying framework for core

sets in general? We intend to pursue these research problems in the near future.
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Figure 18: Preliminary results on the computation of core sets for the MVE problem. The
implementation was done in MATLAB.
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Reconstruction
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HENRY TIMROD

mproblem of curve and surface reconstruction from a given finite set of points has
applications in computer graphics, computer vision, image processing, speech recognition
and reverse engineering. In this chapter we describe a curve and surface reconstructor that
takes unorganized points as input and outputs a piecewise-linear curve/surface interpolating
the input point set.
Problem StatemenGiven a finite set of points, calleshmple pointsa shape reconstruc-
tion algorithm returns an approximation to the sample points. If the points are sampled
from a curve and we want to output a reconstructed curve, the problem is known as the
curve reconstruction problem. Surface reconstruction is analogous to curve reconstruction
but here we want to output a manifold of some given higher dimension.

Our curve reconstructor is based on a provable reconstruction algorithm that is able
to handle noiseq9, 154. The implementation is based on an algorithm to reconstruct a
smooth closed curve from noisy samples. Our noise model assumes that the samples are

obtained by first drawing points on the curve according to a locally uniform distribution,

74
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followed by a uniform perturbation in the normal directions. Our reconstruction is faithful
with probability approaching 1 as the sampling density increases. We expect that our ap-
proach can lead to provable algorithms that apply under less restrictive noise models and
for handling non-smooth features.

We call our surface reconstruct&eviver. The algorithm used in the designRéviver
is simple, fast, and provable. It first constructs a Delaunay triangulation of the input and
then extracts the surface provably, assuming the sampling is dense. The theoretical frame-
work provided by the pioneering work in surface reconstruction by Amenta and Hrn[

is used in the design d&eviver's algorithm.

Figure 19: A point set with 55k points reconstructed by Reviver in less than one minute.
This dataset has “sharp edges” and “borders.”

We also maintain aveb portal on curve and surface reconstruction, which is ranked

highly on search engines and is frequently visited by people in academia and industry.

Lhttp://www.compgeom.com/www.sites.html


 http://www.compgeom.com/www.sites.html
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Figure 20: A point set with 30k points reconstructed by Reviver in 45 seconds. This dataset
has “sharp edges” and “borders.”

4.1 Curve Reconstruction

The combinatorial curve reconstruction problem has recently been extensively studied by
computational geometers and has many applications, including image interpretation, sur-
face reconstruction from contours, and terrain reconstruction in geographic analysis. The
input to this problem consists of sample points on a collectdnpf unknown disjoint
smooth closed curves. The problem calls for computing a set of polygonal curves that are
provably faithful, meaning that, as the sampling density increases, the polygonal curves
should converge tM.

Amenta et al. 19 obtained the first provable results on this problem. They proposed a
2D crustalgorithm whose output is provably faithful to reconstruct a set of disjoint smooth
closed curves. They prove that the reconstruction is faithful if the input satisfies the

samplingcondition for anyr < 0.252. For each point € M, thelocal feature size (x)
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at x is defined as the distance froxto the medial axis oM. For O<r < 1, a setS of
samples is am-sampling ofM if, for any pointx € M, there exists a sampke S such
that||s— x|| <r- f(x) [19]. The algorithm by Amenta et al. invokes the computation of
a Voronoi diagram or Delaunay triangulation twice. Gold and Snoeyiok][simplified

the algorithm and invoke the computation of a Voronoi diagram or Delaunay triangulation
only once. Later, Dey and Kumar 3] proposed theNN-crustalgorithm for this problem.
This algorithm is simple and proceeds as follows. For each saipl§, connectsto its
nearest neighbor i8. Then, if a samplais incident on only one edge connects to the
closest sample among all sampiesuch thasumakes an obtuse angle wighThe output
curve is faithful for anyr <1/3[73].

Dey, Mehlhorn, and Ramos{] proposed aconservative-crusalgorithm to handle
curves with endpoints. Funke and Ram®8|[proposed an algorithm to handle curves that
may have sharp corners and endpoints. Dey and Weiiger§] also described algorithms
and implementation for handling sharp corners. Gied€g][discovered that the traveling
salesperson tour through the samples is a faithful reconstruction, but this approach can-
not handle more than one curve. Althaus and Mehlh&fj $howed that such a traveling
salesperson tour can be constructed in polynomial time. Although the TSP-based approach
handles corners naturally, it can only reconstruct a single curve. All other previously men-
tioned methods reconstruct a set of disjoint curves as well.

Noise often arises in collecting the input samples, e.g. when the input samples are
obtained from 2D images by scanning. The noisy samples are typically classified into two
types. The first type are samples that cluster arddnidut they generally do not lie on
M. The second type are outliers that lie relatively far frivn To date, no combinatorial

algorithm is known, that can compute a faithful reconstruction in the presence of noise. In
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the paper with Cheng et.ab9, 154, we propose a method that can handle noise of the
first type for a set of disjoint smooth closed curves. We assume that the input does not
contain outliers. Proving a deterministic result seems difficult as arbitrary noisy samples
can collaborate to form patterns to fool any reconstruction algorithm. Instead, we assumed
a particular model of noise distribution and proved that our reconstruction is faithful with
probability approaching 1 as the number of samples increases. For simplicity and notational
convenience, we will assume that mify f(X) = 1 and thatM consists of a single smooth
closed curve, although our algorithm works whdrcontains more than one curve.

In our model, a sample is generated by drawing a point fkbniollowed by randomly

perturbing the point in the normal direction. Let= |}, +A.dx. The drawing of points

f(x)

from M follows the probability density functio%. That is, the probability of drawing
a point from a curve segmentis equal tofn ﬁdxdivided byL. A point p drawn fromM
is then perturbed in the normal direction. The perturbation is uniformly distributed within
an interval that hag as the midpoint, width &, and aligns with the normal direction pt
The distribution of each sample is independently identidas the noise amplitude and we
assume tha < 1/(9p?), wherep > 4, is a constant chosen a priori by our algorithm. We
assume throughout this chapter that 0. We emphasize that the value®dis unknown to
our algorithm. Although the perturbation along the normal direction is restrictive, it isolates
the effect of noise from the distribution of samplesMnThis facilitates an initial study of
curve reconstruction in the presence of noise. Note thatifl, then the perturbed points
from different parts oM will “mix up” at some place and it seems very difficult to estimate
the unknown curvé/ around such a neighborhood.

We proved that our algorithm returns a reconstruction that is faithful with a probability

In®n

of at least - O (n_Q(fmax_l)) , Wheren is the number of input samples, is an arbitrary
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positive constant, anflhax = maxem f(X). Our algorithm works for noisy samples from

a collection of disjoint smooth closed curves. The novelty of our algorithm is a method to
cluster samples so that each cluster comes from a relatively flat portidn ©his allows

us to estimate points that lie closeNd We believe that this clustering approach will also

be useful for less restrictive noise models and recognizing non-smooth features. We also
expect that this clustering approach can be generalized to 3D for surface reconstruction

problems.
4.1.1 The Algorithm

We only highlight the key ideas here. The reader is referred.$d][for details. Our
algorithm works by growing a disk neighborhood around each sampt#il the samples
inside the disk fit in a strip whose width is small relative to the radius of the disk. The
final disk is thecoarse neighborhoodf p denoted bycoarsé p). coarsé p) provides a first
estimate of the curve locally and of its normal. A better estimation is possible. We shrink
coarsép) by a certain factor. We take a slab bounded by two parallel tangent lines of
the shrunkertoarsé p). The slab is theefined neighborhoodf p denoted byrefined p).

We rotaterefined p) aroundp to minimize the spread of the samplesr@fined p) along

the direction ofrefined p). The final orientation ofefined p) provides a good normal
estimation and it also allows us to estimateeater pointclose toM in place ofp.

Next, we decimate the center points as follows. We scan the center points in decreasing
order of the widths of their corresponding refined neighborhoods. When we add the current
center pointp* to the decimated set, we delete the other center points that are too close to
p*. Finally, we can run any reconstruction algorithm that is correct for a noise free sampling

on the remaining center points. For example, the NN-Crust algorithm by Dey and Kumar
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[73].
In the following, we give a more detailed version of the algorithm. hée the total

number of input samples. Lei > 0 andp > 4 be two predefined constants.
Point Estimation: For each samplg we estimate a point as follows.

Coarse neighborhood: Let D be the disk that is centered sand contains Ih"®n
samples. Letnitial (s) be the disk centered atwith radius/radiugD). We
initialize coarsés) = initial (s) and compute an infinite strigtrip(s) of mini-
mum width that contains all samples insicarses). We growcoarsé€s) and

radiugcoarsds))

maintainstrip(s) until ~Width(strip(s)) = P- The final diskcoarsés) is thecoarse

neighborhoodf s.

Refined neighborhood: LetNs be a direction perpendicular to the long sidswip(s).

Therefined neighborhood refinég) is the slab that contairsin the middle,

parallel toNs, and has width equal to mfr/radiuginitial (s)), radiugcoars€s)) /3}.
We enclose the samples igfineds) by two parallel lines that are orthogo-
nal toNs. These two lines form a rectangtectanglés) with the boundary
lines ofrefineds). We rotaterefined's) aroundsin the clockwise and counter-
clockwise directions and maintamectanglés) . The range of the rotation is
[0,7/10]. Within this range, we positionefineds) such that the height of
rectanglé€s) in the directionNs is minimized. We return the center poisit

of the finalrectanglé€s).

Pruning: We sort the center points in decreasing order of widtrefineds)). Then we

scan the sorted list and select a subset of center points: when we select the current
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center poins®, we delete all center points from the sorted list such thds* — u*|| <

width(refined's))/3.

Output: We run the NN-crust algorithm on the selected center points and return the output

curve.
4.1.2 A Crude Implementation

We report here on a preliminary implementation of the above algorithm. We made some
changes to the above algorithm mostly due to ease of implementation. We do not estimate
the refined neighborhood, but only use the coarse neighborhood in our code. It seems that,
in practice, a coarse neighborhood could already give good results.

In the implementation, we find the line that minimizes the sum of the distances to the
points, instead of solving the optimization problem that minimizes the width. We can solve
this optimization problem using the eigenvectors of the covariance matri. ¥ A, are
the two eigenvectors of the covariance matrix, then wessgl(s) = ﬁ and we use this
definition ofstrip(s) to reach the coarse neighborhoodsof

The current implementation does not include the pruning step. Therefore, for each
sample point, the center of the coarse neighborhood is fed to the reconstruction algorithm
at the next stage. This makes the output look jaggy, instead of being smooth.

Once the centers of the coarse neighborhood are estimated, we feed them to the re-
construction algorithm in the second stage. Instead of using the NN-Crust algorithm, we
just output an approximate TSP of the input point set (see figlirand 22 for example
outputs). We compute the TSP approximation using the concorde TSP solver (available

at http://www.math.princeton.edu/tsp/concorde.NtmiVe believe that implementing the

pruning step of the algorithm should considerably improve the output as compared to the


http://www.math.princeton.edu/tsp/concorde.html

CHAPTERIV: Reconstruction 82

Figure 21: An example reconstruction. Note the jaggedness of the reconstruction.

results of this crude implementation.

4.2 Surface Reconstruction

In this section we look at the algorithm and its implementation that goes into our surface
reconstructor. For the case of surface reconstruction we willMige denote a closed
smooth manifold irfR3. The algorithm can easily be generalized to the case in wiich

a collection of disjoint, smooth, closed manifolds. The input to the problem is, as in curve
reconstruction, a set of sample points, now given as a sampling of the maviifaMe use

the following additional definitions:

[0 A sliver is a tetrahedron that is the convex hull of four points obtained, e.g., by
picking a (fourth) point on the circumcircle of three points (in three dimensions) and

perturbing it slightly out of the plane of the circle. The dihedral angles of a sliver are
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Figure 22: An example reconstruction of a noisy dataset. Note that the output is acceptable
at sharp turns even though the algorithm is not guaranteed to work with non-smooth curves.
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arbitrarily close to © and 180; see figure23.

0 The equatorial sphere Sis the smallest sphere passing through the vertices of a

trianglet in R3. We define theshrunk equatorial spheras a slight contraction of the
equatorial sphere. More formally, a shrunk equatorial sphere for a trinisglefined

as the spher& with center at the circumcenter bnd radius equal to % € times

the circumradius. Here is a positive real number that is a functionrofvherer is

the parameter defining tlresampling of the smooth manifold. The use of a shrunk
equatorial sphere was first suggested in a theoretical result by Amenta and.Ghoi [
We encountered the notion while examining a sliver inGlaetusdataset. We are not
aware of any prior practical work in surface reconstruction that makes use of shrunk
equatorial spheres. We will refer to a shrunk equatorial sphere test as a test for a
trianglet that returns true if and only & is empty of sample points. This test can

be done inO(1) time, assuming that one has access to pointers to the two tetrahedra
incident on each side of the triangle of the Delaunay tetrahedralization of the input
point set. Algorithnm6 preprocesses the triangles of the Delaunay triangulation of the
input points to create a subset of the triangles from which the surface is extracted.

This subset of triangles passes the shrunk equatorial sphere test.

Algorithm 6 The shrunk equatorial sphere test@n

Require: A Delaunay tetrahedralizatio@ of P

1

2
3
4.
5
6
7

TS$=9¢

. for Each trianglé € 27 do

if empty§§) then
Ts =Tgut
end if

: end for

ReturnT¢
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%

Figure 23: Example of a Sliver Tetrahedron

The basic algorithm is very similar to a minimum spanning tree (MST) algorithm. Of
course, the minimum spanning treeRA is not a surface but a set of edges, which is quite
sparse 113. Reviverstarts by creating the Delaunay tetrahedralization of the input point
set. We will denote the set of triangles in the Delaunay tetrahedralizatianybyReviver
takes as input a “good” triangle, used as a seed triamgléhat is in the output surface
reconstructed. We will see later how to select this first trianBkeviverat every instant of
the construction of the surface maintains two sets, dsevnsisting of good triangles and
another seTg consisting of the triangles to be considered for inclusiofdnTs is always
maintained with a correct orientation. The 3gts initialized by the input triangleTS is
initialized by computing the Delaunay triangulationof the input point set, filtering the
triangles inZ using Algorithm6 and then removingtg} from the output. After this step,
we greedily add triangles @ from TS. Note that this is very similar to greedy algorithms

used in constructing minimum spanning trees. Another interpretation of this computation



CHAPTERIV: Reconstruction 86

is thatRevivercomputes the minimum spanning tree (MST) of the dual ofréstricted
Delaunay triangulationwhich is defined as the dual of the restricted Voronoi diagram.

Each “baré ” edge of Ts is maintained in a priority queue. The weight of a bare
edgee is calculated in the following manner. Let Ts be a triangle that includes and
let C; be its circumcenter. Lét be the triangle incident oain TS whose circumcentey
minimizes the distanciCy/|. We initializewe with |GCy/|. If there are slivers found on a
candidate triangle, the weight of the bare edge is increased by a large constant. Hence the
bare edges that have slivers incident on them are processed later compared to the other bare
edges ofTs. Intuitively, this makes the front explore the areas where it is safest to go.

Similar to the MST approach we include the triantjle TS incident on the bare edge

e with the least weight in the priority queue if and only if:

Figure 24: Forbidden region of

0 t’ andt do not make a dihedral angle of less th%ﬁ (see figure24).

2A bare edge ofs is an edge on which there is only one triangle frégincident.
3This is a generalization to the curve reconstruction idea of Dey and Kufar [
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O If in the normal direction of, t’ has a sliver incident on it, select the next triangle in

the following manner.

» Go to the next triangle towards the normat twhich makes a sliver angle with

t’. Let this triangle b&’ now.

» Repeat the previous steptifstill has a sliver incident on it towards the normal

tot.

O If conditionsJ and are satisfied, check th#tdoes not create a non-manifold at

each of its three vertices with trianglesTig

Once an edge is popped off the priority queue and a triangle is includgglan that
edge, all triangles incident on that edgeTiare deleted. This manifold enforcement step
also maked¢$ smaller as the front grows and hence makes it faster to search for triangles
that might be candidates for inclusion in the froReviverenforces that all edges iz have
only two triangles incident on them and every vertexXigthas no non-manifold triangle
incident on it. This also reduces the chances of a triangle getting selected that is incident
on a vertex through which a manifold is already passingsinFor instance in theyria®
dataset, the vertex manifold condition helps reconstruct the border triangles perfectly (see
figure 20).

One non-trivial task has been ignored in the previous description: How do we select
the first (seed) triangle? We could devise a complicated approach using poles to select the
first triangle. Alternatively, we could do the following: Select a triangle that has one vertex
on the convex hull. For doing this, the topmost vertex could be chosen in the point set

and then, since the shortest edge incident on it has to be in the reconstruction, we could

4Courtesy of Claudio Rocchini
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reduce the problem to choosing a triangle onftreof this edge (i.e., among all triangles
passing the shrunk equatorial sphere test incident on this edge). The smallest circumradius
triangle could be selected if there were no slivers incident on it; otherwise, we could pick
the triangle that was on top of this sliver system.

We did not implement either of these more complicated metho&einver. Instead,
we simply pick the triangle with the maximum sumatoordinates among those triangles
that pass the shrunk equatorial sphere test. This choice worked for all point sets we con-
sidered. For a non-smooth manifold this is not guaranteed to work, although for a smooth
manifold, it seems that this will almost always work. Here is the intuition of why:t lbet
the first triangle we picked and let it be a wrong triangle. L& the top most vertex of
this triangle. Since the surface passing througdhsmooth, it has to be a maximum since
the surface is not allowed to go above this vertex in all directions. Assuming our sampled
surface is a smooth surface, consider its projection on a plane that passes thrthegh
centroid oft, and the normal of. Since the surface is smooth, it will have to go inside the
triangle’s circumsphere in this direction. If an adversary makes it small enough to elude it

from the constraining factar, it will be necessary to reduce the feature size. at

4.3 How does MST Help?

Let us now turn our attention to the very heartRéviver, the minimum spanning tree
(MST). The MST has been used by reconstruction researchers for quite some time, in
various ways [43 113. In this section we explain why we used the MST of the dual of
the triangles that are in the reconstruction.

The answer depends on two other questions:

*x How does one handle slivers?
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Algorithm 7 Reviver's Main Algorithm: A SimpleAdvancing FroniAdaptation

Require: TS of P and a seed trianglg

1

PR R R RRPR R R R R

20:
21:
22.

© NI RE®®DN

Priority QueueQ < edge float >
TS =TS\ {tg}
Advancing Front7 =tg
Calculate costs; for all edges ofy
Push the edges < tg into Q with costc;
while Q.notempty()do
Pop the minimum cost edgefrom Q
if 3t’ onethat can be added t& then
Run conditiong], 00 andO ont’
Correct Orientation off
F=F Ut
Enforcee to be a Manifold
if ' completes an umbrella anthen
Remove alt € T incident onv
end if
Let E be the new set of exposed edges
if € € E has a candidate triangleen
Q.push€,Costf))
end if
end if
end while
Return.
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* How does one do reconstruction when the input is not theoretically what it should

be?

We try to give the intuition behind why MST helps for both the questions described
above.

In Algorithm 6 the first loop (Lines 2-6) filters all triangles based on encroachment of
their shrunk equatorial spheresWhat happens when a triangle is part of a circle lying
in 3D that has its vertices slightly perturbed and can afford to pass through itself lots of
slivers? This can also be visualized as intersection of a small sphere centered on a smooth
closed manifold and the manifold itself and the points sampled on the periphery of the
intersecting "wavy" disc. In this case, the shrunk equatorial sphere is not encroached for
any of the triangles since the sampling is assumed to be good and the other side of the
surface is far away. Remember that if the front encounters a sliver sitting on it, then it
does not process them until it has no other triangles to process (Because the weights of the
triangles that have slivers incident on them is chosen to be very high). That means the front
avoids slivers, as long as it can. What happens when it cannot avoid it? It picks an edge,
and goes on the topmost triangle of the slivers sitting at one place. Let us see what happens
in this situation.

Lett be the new triangle selected and added to the front at the commoreedde
manifold enforcement at vertices and edges of the front mean® thiéitonly have two
triangles incident on it now. Look at the other triangles of the sliver system: Their cir-
cumcenters almost coincide with the circumcentdr. &ince we use the MST to pick new
triangles, the triangle that can be chosen are the only ones that are incidenexposed
edges. In other words: until an upper umbrella of triangles is constructed by the algorithm

to cover a sliver, it can not pick a triangle from the boundary of the sliver to inside and
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hence forming a non-manifold that needs backtracking to form a manifold as was done in
Amenta and Bernl[g).

If there are multiple slivers overlapping on the surface in such a way that their circum-
centers are different but their circumspheres overlap, MST still helps to form an umbrella
over the union of these slivers in a consistent fashion.

As far as the second question is concerned, there are many datasets in this chapter
in which an algorithm designed for only smooth surfaces would never have a chance to
work. Experimentally, we found out that the MST helps in getting a better reconstruction
compared to without using it, especially for sharp edges. When the algorithm does not
know where to go next, it tries to apply a greedy strategy, and picks the one that is nearest
to the front since proximity is always the prime criterion for any reconstruction algorithm.
The MST favors the front propagation to be in the direction of low curvature in the data if
the sampling is somewhat uniform. It also helps to avoid ambiguous situations encountered

when trying to propagate the front across sharp edges (as for example in the dataset Lyria).

4.4 Provability

Theorem 4.4.11f there are no slivers in the Delaunay tetrahedralization of P, Reviver

outputs the correct reconstruction.

Lemma 4.4.1 (Walk) If e is a common edge of two trianglestp in the reconstruction,
that & has no slivers incident on them, therhias the smallest circumradius among trian-

gles incident on & T¢ that are not in the forbidden region of on e.

Conjecture: Let {y be a good triangle given to us by an oracle. Th&nhalways adds

correct triangles, even in case of slivers.
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Figure 25: Eithert’ lies on a sliver, or there is no ambiguity in choosthghent is known

Intuition: We use induction here. Since the base case is correct, we assume that the
current.# is correct. Lett be the new triangle added on edgelf it is not a part of a

sliver system, then it is correct by the Walk lemma. Otherwise, it is the topmost triangle
of a sliver system on the edge Once one triangle from a sliver system is placed into the
setTs, the circumcenters of the other triangles lefTgof the sliver system are very close

to the picked triangle (in terms of the circumcenter distance). Hence, the front covers the
umbrella on the sliver system before it picks any contradicting triangle to the umbrella for
the sliver system.

Theoretically, the only thing we can guarantee about reviver is that it can reconstruct
point sets where the advancing frofit never encounters a sliver (this can be proved using
lemmas from 1.8]). Practically we have engineer&eviverto work on slivers.

Also note that not even one dataset that is reported to be reconstrudiaviverhere,
follows the sampling criterion of Amenta and Bet#8] although it forms the backbone of

how Reviverwas designed.
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4.5 Implementation

Revivertakes as input, unorganized pointsRA reading the input as an array fddat ~ s.

It works internally with double precisionRevivercan also filter triangles based upon an

o value B5]. This is convenient when the input sampling is not good enough. The tri-
angles can be filtered using anvalue until good triangles are there in the set of output
triangles and then the usual algorithm can be appliedviverprovides options to stop

the reconstruction after the-Hull computation or to continue the algorithm after the
hull computation. Sometimes tlglrunk equatorial sphertest with a goodx value is a

good approximation to the mesh desired and no further computation is required. This is

especially true for uniform dense samplings.

Figure 26: Torso: Almost entirely made up of slivers!

Making Qhull work for reconstruction took quite a bit of time in our implementation.
A few times, Qhull gave problems when there

were many cocircularities in the input. For instance, Thesodataset is almost totally
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made up of cocircular points (see fig@®.. This makes Qhull take a long time to compute
the Delaunay triangulation. We used Qhull with an implementation of our own joggle
function that converts every float to double by joggling an extra 8 bits in the mantissa of the
double after moving the points to their centroid and scaling them. Qhull was also instructed
to check the convexity at each vertex using Theoption. This takes considerably more
time in some cases than using (usual) Qhull on these point sets, especially Torshe
The implementation also shifts the entire point set to the mean of the coordinates before
processing and scales them into a unit cube. This is done so that the valioe thfe shrunk
equatorial sphere test can be chosen as a constant, as opposed to choosing a different value
for different scales. The movement to mean also frees up valuable bits from the input most
of the time so that computations can be performed more accurately.
Currently,Reviversupports output in DXF, VRML, POV and OFF formats and works
on Linux, Windows NT and Irix Platforms. Its source code is a mixture % Cand C.
Until the shrunk equatorial sphere test, almost all steps that are time-intensive are written
in C, except for those cases in which we use LEDA to perform exact arithmetic. After that
most of the code is in € . We did this because the major bottleneck in speed was getting
the triangles after the shrunk equatorial sphere test. The advancing front algorithm works

very fast and uses LEDA's fast implementation of priority queues.
4.5.1 Equatorial Sphere Encroachment

The problem of deciding whether a point is inside a equatorial sphere of a triasgjeite
a common problem in mesh generation and computer graphics. There are codes available

from various sources on the wed 83] for calculating the center of such a Sphere. Both
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of these codes do not solve the encroachment problem eXactiJhis problem can be
solved trivially by computing the center first and then checking the distance of the vertex
that needs to be checked for encroachment from the computed center. The shrunk equatorial
sphere test just needs to multiply the radius of an equatorial sphere-layahd run the
usual equatorial sphere test on this sphere.

Reviveruses a floating point filter system to do this test. In the worst case it uses

LEDA's exact arithmetic to do the test.

Figure 27: Cactus: This point set has sharp turns.

4.6 Future Work

The main bottleneck in reconstruction is using the Delaunay triangulation. The Qhull im-
plementation may be slower than Jonathan Shewchuk’s pyramid code, which is not yet

published. We wrot&eviverin such a way that the Delaunay triangulator and the surface

SRecently Jonathan Shewchuk suggested that adding one line to his code could have removed the division
by zero that we were getting when we tried to use his code for circumcenter computation.
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Figure 28: A reconstruction of a Head point set.

Figure 29: A reconstruction of a Pear point set.
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Figure 30: A reconstruction of a Epcot point set.

Figure 31: A reconstruction of a Fist point set.
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Figure 32: A reconstruction of a Hyper dataset.

Figure 33: The Stanford Bunny reconstructed.
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Figure 34: Cat DatasetRevivercannot reconstruct this dataset properly because it has
sharp edges that are in a 'V’ shape forming an angle of lessghaihis happens especially
near the eyes and tail portions.

Point Set| Points| Time in Sec
Hands | 54698 58
Cactus | 3337 25
Head | 12770 35
Lyria | 29970 45
Pear 891 3
Epcot 770 1
Fist 16384 30
Torso | 12947 392

Hyper | 8525 20
Bunny | 35947 35
Cat 7340 12

Table 1: Timings for reconstructions. The—filter was switched off when taking the
timings. The value o that was used to construct the shrunk equatorial sphere was set
to 2x 107° in all these reconstuctions. The value for the sliver angle used in all these
reconstructions was,.
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extractor are two completely separate modules. Can the Delaunay triangulation be avoided
totally by a practical algorithm, yet keeping it provable in some sense?

In Reviverwe implemented a small perturbation module that perturbs all points after
reading them. This helps breaking up degeneracies in the input point set although it of
course does not guarantee the removal of gratuitous slivers. As mentioned bi¥ers,
pose a major challenge to surface reconstructors. If there were no slivers in a 3D Delaunay
tetrahedralization, surface reconstruction would much easier, at least for smooth closed
surfaces sampled densely. Is there a practical algorithm that can remove slivers from a
Delaunay tetrahedralization by giving them a small perturbation while not taking too much
time to do this?

Another important question is whether recent theoretical results can be turned into prac-

tical solutions for reconstruction without compromising speed and output quality.
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Cache Oblivious Algorithms
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@ream machine would be fast and would never run out of memory. Since an infinite
sized memory was never built, one has to settle for various trade-offs in speed, size, and
cost. In both the past and the present, hardware suppliers seem to have agreed on the fact
that these parameters are well optimized by building what is called a memory hierarchy.
Memory hierarchies optimize the three factors mentioned above by being cheap to build,
trying to be as fast as the fastest memory present in the hierarchy and being almost as cheap
as the slowest level of memory. The hierarchy inherently makes use of the assumption that
the access pattern of the memory thasality in it and can be exploited to speed up the
accesses.

The locality in memory access is often categorized into two different types, code reusing
recently accessed locatiorierfipora) and code referencing data items that are close to re-

cently accessed data itenspétial) [111]. Caches use both temporal and spatial locality to

101
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improve speed. Surprisingly many things can be categorized as caches, for example, regis-
ters, L1, L2, TLB, Memory, Disk, Tape etc. The whole memory hierarchy can be viewed as
levelsof caches, each transferring data to its adjacent levels in atomic units bhitEd
When data that is needed by a process is in the cacbaclee hitoccurs. Acache miss
occurs when data can not be supplied. Cache misses can be very costly in terms of speed.
Cache misses can be reduced by designing algorithms that use locality of memory access.

The Random Access Mod@RAM) in which we do analysis of algorithms today does
not take into account differences in speeds of random access of memory depending upon
the locality of accessg[/]. Although there exist models which can deal with multi-level
memory hierarchies, they are quite complicated to 6s&,[12, 11, 6, 112 166, 167]. It
seems there is a trade-off between the accuracy of the model and the ease of use. Most
algorithmic work has been done in the RAM model which models a 'flat” memory with
uniform access times. The external memory model is a two level memory model, in the
context of memory and disk. The 'ideal’ cache oblivious model is a step towards simplify-
ing the analysis of algorithms in light of the fact that local accesses in memory are cheaper
than non-local ones in the whole memory hierarchy (and not just two-levels of memory).
It helps take into account the whole memory hierarchy and the speed differences hidden
therein.

In the external memory model, algorithm design is focused on a particular level of
memory (usually the disk) which is the bottleneck for the running time of the algorithm
in practice. Recall that in the external memory model, processing works almost as in the
RAM model, except that there are ori¥y words of internal memory that can be accessed
quickly. The remaining memory can only be accessed using 1/Os that Biowatiguous

words between external and internal memory. The 1/0O complexity of an algorithm amounts
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to counting the number of I/Os needed.

The cache oblivious model was proposeddii| [and since then has been used in more
than 30 papers already. It is becoming popular among researchers in external memory
algorithms, parallel algorithms, data structures, and other related fields. This model was
born out of the necessity to capture the hierarchical nature of memory organization. (For
instance the Intel Itanium has 7 levels in its memory hierarchy). Although there have been
other attempts to capture this hierarchical information the cache oblivious model seems
to be one of the most simple and elegant ones. The cache oblivious model is a two level
model (like the 8] model that has been used in the other chapters so far) but with the
assumption that the parametéisB are unknown to the algorithm (see figusg). It can
work efficiently on most machines with multi-level cache hierarchies. Note that in the
present volume, all external memory algorithms that have been dealt with yet, need the
programmer/user to specii,B.

This chapter is intended as an introduction to the design and analysis of cache oblivious
algorithms, both in theory and practice.

Chapter Outline: We introduce the cache oblivious model in sectiénl In sec-
tion 5.2 we elaborate some commonly used design tools that are used to design cache
oblivious algorithms. In sectioh.3we choose matrix transposition as an example to learn
the practical issues in cache oblivious algorithm design. We study the cache oblivious
analysis of Strassen’s algorithm in secti@4. Section5.5 discusses a method to speed
up searching in balanced binary search trees both in theory and practice. In Segtin
theoretically optimal, randomized cache oblivious sorting algorithm along with the running
times of an implementation is presented. In seciohwe enumerate some practicalities

not caught by the model. Sectidn8 presents some of the best known bounds of other
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cache oblivious algorithms. Finally we conclude the chapter by presenting some related

open problems in sectidn 9.

5.1 The Model

The ideal cache oblivious memory model is a two level memory model. We will assume
that the faster level had size and the slower level always transfBmwords of data together

to the faster level. These two levels could represent the memory and the disk, memory and
the cache, or any two consecutive levels of the memory hierarchy (see 3guren this
chapter,M and B can be assumed to be the sizes of any two consecutive levels of the
memory hierarchy subject to some assumptions about them (For instance the inclusion
property which we will see soon). We will assume that the processor can access the faster
level of memory which has sizd. If the processor references something from the second
level of memory, an I/O fault occurs arRlwords are fetched into the faster level of the
memory. We will refer to dlockas the minimum unit that can be present or absent from a
level in the two level memory hierarchy. We will uBeto denote the size of lblockas in

the external memory model. If the faster level of the memory is full fes full), a block

gets evicted to make space.

The ideal cache oblivious memory model enables us to reason about a two level memory
model like the external memory model but prove results about a multilevel memory model.
Compared with the external memory model it seems surprising that without any memory
specific parametrization, or in other words, without specifying the paramsteBs an
algorithm can be efficient for the whole memory hierarchy, nevertheless it is possible. The
model is built upon some basic assumptions which we enumerate next.

Assumptions: The following four assumptions are key to the model.
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Figure 35: The ideal cache oblivious model.
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Optimal replacement The replacement policyefers to the policy chosen to replace a
block when a cache miss occurs and the cache is full. In most hardware, this is
implemented as FIFO, LRU or Random. The model assumes that the cache line cho-
sen for replacement is the one that is accessed furthest in the future. The strategy is

calledoptimal off-line replacemerstrategy.

2 levels of memory There are certain assumptions in the model regarding the two levels
of memory chosen. They should follow tiveclusion propertywhich says that data
cannot be present at levelinless it is present at levek 1. In most systems, the
inclusion property holds. Another assumption is that the size of ileféhe memory

hierarchy is strictly smaller than level- 1.

Full associativity When a block of data is fetched from the slower level of the memory, it

can reside in any part of the faster level.

Automatic replacement When a block is to be brought in the faster level of the memory,
it is automatically done by the OS/hardware and the algorithm designer does not
have to care about it while designing the algorithm. Note that we could access single
blocks for reading and writing in the external memory model, which is not allowed

in the cache oblivious model.

We will now examine each of the assumptions individually. First we consider the op-
timal replacement policy. The most commonly used replacement policy is leRidt(re-
cently usell In [97] the following lemma, whose proof is omitted here, was proved using

aresult of L72.

Lemma5.1.1 (P7]) An algorithm that causes@n,M,B) cache misses on a problem of

size n using aM,B)-ideal cache incurs @\,M,B) < 2Q*(n,%,B) cache misses on a
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(M,B) cache that uses LRU, FIFO replacement. This is only true for algorithms which

follow a regularity condition.

An algorithm whose cache complexity satisfies the condi@om M, B) < O(Q(n,2M, B))
is calledregular (All algorithms presented in this chapter are regular). Intuitively, algo-
rithms that slow down by a constant factor when memy i6 reduced to half, are called
regular. It immediately follows from the above lemma that if an algorithm whose number
of cache misses satisfies the regularity condition d@@sM,B) cache misses with opti-
mal replacement then this algorithm would ma&&Q(n,M, B)) cache misses on a cache
with LRU or FIFO replacement.

The automatic replacement and full associativity assumption can be implemented in
software by using LRU implementation based on hashing. It was show®ThtHat a
fully associative LRU replacement policy can be implemented in O(1) expected time using
O(%) records of size O(B) in ordinary memory. Note that, the above description about the
cache oblivious model also proves that any optimal cache oblivious algorithm can also be
optimally implemented in the external memory model.

We now turn our attention to multi-level ideal caches. We assume that all the levels
of this cache hierarchy follow the inclusion property and are managed by an optimal re-
placement strategy. Thus on each level, an optimal cache oblivious algorithm will incur an
asymptotically optimal number of cache misses. From Lerfrhd, this becomes true for
cache hierarchies maintained by LRU and FIFO replacement strategies.

Apart from not knowing the values &, B explicitly, some cache oblivious algorithms
(for example optimal sorting algorithms) requiréadl cacheassumption. The tall cache
assumption states thad = Q(B?) which is usually true in practice. It is notable that

regular optimal cache oblivious algorithms are also optimal in SUMH §nd HMM [5]
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models. Recently, compiler support for cache oblivious type algorithms have also been

looked into [L89, 196].

5.2 Algorithm design tools

In cache oblivious algorithm design some algorithm design techniques are used ubiqui-
tously. One of them is acanof an array which is laid out in contiguous memory. Irrespec-
tive of B, a scan takes at mostt[§ | I/Os. The argument is trivial and very similar to the
external memory scan algorithm. The difference is that in the cache oblivious setting the
buffer of sizeB is not explicitly maintained in memory. In the assumptions of the model,

B is the size of the data that is always fetched from level 2 memory to level 1 memory.
The scan does not touch the level 2 memory until its ready to evict the last loaded buffer
of sizeB already in level 1. Hence, the total number of times the scan algorithm will force
the CPU to bring buffers from the level 2 memory to level 1 memory is upper bounded by
1+ [B]. Itis easy to show that the scan of an array will at most load ¥ | buffers from

level 2.
5.2.1 Main Tool: Divide and conquer

Chances are that the reader is already an expert in divide and conquer algorithms. This
paradigm of algorithm design is used heavily in both parallel and external memory algo-
rithms. It should not come as a surprise to the reader that cache oblivious algorithms make
heavy use of this paradigm and lot of seemingly simple algorithms that were based on
this paradigm are already cache oblivious! For instance, Strassen’s matrix multiplication,
quicksort, mergesort, closest pai7], convex hulls 5], median selectiond/] are all al-

gorithms that are cache oblivious, though not all of them are optimal in this model. This
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means that they might be cache oblivious but can be modified to make fewer cache misses
than they do in the current form. In the section on matrix multiplication we will see that
Strassen’s matrix multiplication algorithm is already optimal in the cache oblivious sense.
Why does divide and conquer help in general for cache oblivious algorithms? Divide
and conquer algorithms split the instance of the problem to be solved into several sub prob-
lems such that each of the sub problems can be solved independently. Since the algorithm
recurses on the sub problems, at some point of time, the sub problems fit Msadel
subsequent recursion, fits the sub problems Bitéor instance let us analyze the average
number of cache misses in a randomized quicksort algorithm. This algorithm is quite cache

friendly if not cache optimal and is described in Section 8.36Gf.[

Lemma 5.2.1 Randomized version of quicksort incurs an expected numige(®tog, (§))

cache misses.

Proof. Choosing a random pivot makes at most one cache miss. Splitting the input set
into two output sets, such that the elements of one are all less than the pivot and the other
greater than or equal to the pivot makes at mos$1 + %) cache misses by Exerci8e.

As soon as the size of the recursion fits i#pthere are no more cache misses for
that subproblem@(B) = O(1)). Hence the average cache complexity of a randomized
quicksort algorithm can be given by the following recurrence (which is very similar to the

average case analysis presentedin)f

CORCURIIER Y 59)
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which can be silnplified to
N)= z H+0(1 N 60
Q(N) N 2 71Q(I)+ ( —l——E) (60)

which solves toO(% log, %) [108. A similar analysis also shows that mergesort does

O (§log, §) cache misses.

As we said earlier, the number of cache misses randomized quicksort makes is not
optimal. The sorting lower bound in the cache oblivious model is also the same as the
external memory model. We will see later in the chapter a sorting algorithm that does
sorting inO (% logu %) cache misses.

We now will analyze another cache oblivious algorithm that is also optimaim#udan
findingas given in §7] (Section 10.3). The recurrence for finding the mediah @ntities

is given by:

Q(N):Q(%) +Q(%+6) +O<1+g)

Solving which we getQ(N) = O (1+ §). Note that agaiQ(B) = O(1) so the recur-
sion stops adding cost to cache misses when the instance of the problem becomes smaller

thanB.
5.2.2 Randomization

Two basic tools that are almost always used in randomized algorithms are selection and
permutation. Permuting a set or an array randomly can be done exactly the way distribution
sort (see sectiob.6) is done, except, that when comparing two objects, the outcome is
defined by a random coin. We don’t know of a simple way to do randomized shuffling

cache obliviously yet. The same sorting lower bounds hold for shuffling too.
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Random subset selection is a more interesting problem. In this section we describe how
one could pick a random subset of siZefrom an array of sizen without incurring too
many cache misses. This could be done in work complegitn®) and cache complexity
O (min(1+n¢, §)). Use algorithm S of Knuthl[30, Sec 3.4.2 wittN = n,n = n¢.

By using the Hyper-Geometric distribution, a method mentioned as an exercise in
Knuth’s book is cache oblivious for sampling without replacement. We can sample with or
without replacement k objects from n objects by incurring almost optimal number of cache
faults.

This seems to be faster than linearly scanning the whole input array if the array is very
big and in practice, this method looks quite promising. For instance we could gentrate 2
random numbers in sorted order for= 23%in .2 seconds on a 1GHz Laptop without any
effort to optimize the code.

Another method good for practical implementations is to generateumbers in an
array ranging from 1n, sort the array and then pick the unique elements using a linear
scan. Another very simple method to choose random samples is the use of Bernoulli trials.

In section5.6we use sampling with replacement. This kind of sampling appears waste-
ful, but we use it here to keep the analysis clean. Sampling without replacement would

result in a marginally sharper analysis, at the cost of complicating the analysis.
5.2.3 Amortization

This technique of analysis can be used to show that the average cost of an operation is
small, even though a single operation might take a long time to complete. It guarantees
average performance of an operation in the worst case. Amortized analysis is helpful in

gaining an insight of the design of a particular data structure or algoréimn [
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In this section we take an example to illustrate how amortization could help in design
and analysis of a cache oblivious data structure called the packed memory str@2ture [
This structure can help one maintain a dynamic van Emde Boas layout (s&dijoof
a strongly weight balanced search tr&2][ This structure can also be used as a cache
oblivious linked list data structure and has been used to design dynamic dictioda&ties [
Our description mostly follows32].

In the packed memory problem, also known as ordered file maintenance problem, we
want to storeN elements in an array of siz8| = O(N) . Note that/A| is notN butcN for
somec > 1.

We are supposed to design a data structure that supports inserts and deletes without
doing too many cache misses and without taking too much time. The inserts in this structure
are similar to linked list inserts, they also come with a pointer to the element after which the
element needs to be inserted. Another constraint of the structure is the density constraint,
any set ofk contiguous elements are stored in a contiguous arrayOk) . It is not
hard to imagine that to create such a structure, one should cleverly maintain gaps between
elements such that inserts and deletes don’t do too much damage in running time or locality
of operation. Roughly speaking, when a sub-array becomes too full or too empty, one
could evenly redistribute the elements in a larger sub-array. The sub-array sizes range from
O(logN) to N and are powers of two.

Let us first define some terms that we will need in the design. The density of a sub-
arrayu, denoted byd(u) is equal to the number of elements stored in the sub-array divided
by the size of the sub-array. Associated with each sub-array is a density threshold. This
thresholding is very similar tal[L5 except that 2] also uses a lower bound threshold. So

this means thad(u) for each sub-array is bounded between an interval depending on the
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height of the nodel in the tree. We will describe the data structure as a conceptual tree on
the arrayA. Let the arrayA be split into logA| size sub arrays. These sub arrays will form

the leaves of a tree on whose nodes we will maintain density thresholds. Let the root node
be at height zero, then leaf nodes are at height logpd=ach node maintains a upper and
lower bound thresholds on the density. As soon as a node is discovered whosediensity
violates the thresholds, it is “fixed” so that the density lies again between the thresholds.
The bounds for node densitidéu) are (1, px) wherek is the height of the node. 7 and

Pk are arithmetic progressions, = 79+ kdé andpx = po — ké’ where

0 < Proglogn < Po < 70 < Toglogn = 1

_ ToglogN — 70
loglogN
/ _ PloglogN — 0
loglogN
We will only describe insertions here, deletions are very similar and in fact easier than

insertions. When a elemertneeds to be inserted, first the leaf that needs to contain it is
located. If insertingk in the leaf does not interfere with the density threshold upper and
lower bounds we are done. If not, then we walk up the tress from the leaf and locate the
first node whose density threshold bounds are not violated. At this point, this netbals

anced Re-balancing means redistributing all the elements in the sub-array corresponding
to the node, evenly in the entire space available to the node. This also makes sure that
the densities of the children of the rebalanced node respect their upper and lower bounds
(Because thresholds become more relaxed down the tree).

We will now see how amortized analysis will help us prove that each insertion can

log®N
B

be done in O(log?N) amortized time and <1+ > amortized memory transfers.

Suppose noda has depth and was rebalanced, i.p; < d(u) < 7. Some child ofu, say
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v has violated its bounds for the density thresholds. Noteghat d(v) < 7. Foru to
overflow again, we need at leaszdu) (1,1 — 7l) inserts, wherasizgu) denotes the total
number of elements that can be stored in nod&he number of elements touched while
re-balancingu is siz€u). Thus the average work done per insertion in the node

sizdu) 2 2loglogN

28 (11=7) ~ (r2=7)  Togegn 15~ OUA) = O0gN)

This shows the amortized number of array positions touched per insertion of an element

X into each nodai of the tree. Each time we insextinto A, we insert it into 10gA|
different nodes, hence total number of array positions touche(d(lsgzN) . Each time
we perform an insertion, we only sc#@nto the left and to the right, to decide how big a

sub-array we should re-balance (Note that this means we always touch contiguous memory

2
locations). Thus the amortized number of memory locations tOUCh@((]S-}- 'OgBN>. A

similar analysis shows that in the same time bound, we could do deletions.

5.3 Matrix transposition

Matrix transposition is a fundamental operation in linear algebra and in fast Fourier trans-
forms and has applications in numerical analysis, image processing and graphics. The

simplest hack for transposing\ax N square matrix in €+ could be:

for i = 0; i < N; i++)
for (j = i+1; j < N; j++)
swap(A[i][il, ADIT)

In C++ matrices are stored in “row-major” storage, i.e. the rightmost dimension varies

the fastest. In the above case, the number of cache misses the code coul®@¢’js.
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The optimal cache oblivious matrix transposition ma®gsl + NFZ) cache misses. Before
we go into the divide and conquer based algorithm for matrix transposition that is cache

oblivious, let us see some experimental results (see figfyr&7, 38, 40, 41 and 42).

®
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N

——loop —=-co_transpose

Figure 36: Experiments with simple for loop and a cache oblivious matrix transposition
subroutine on a Windows NT running on 1GHz/512MB RAM notebook, compiled with
g++.

Figure 39 shows the C/€+ code for cache oblivious matrix transposition. The code

takes as input a sub-matrix given twy) — (X+ delxy+dely) in the input matrixl and
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Figure 37: Same experiment as in figud® but now compiler hasO3 flag set.
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\—o— loop —=- co_transpose

Figure 38: Same experiment as in figuB6 but now on a Linux machine, with Athlon
1GHz processor and 512MB RAM.



CHAPTER V: Cache Oblivious Algorithms 118

void transpose(int x, int delx, int y, int dely,
ElementType I[N][P], ElementType O[P][N]){
/I Base Case of recursion
/I Should be tailored for specific machines if one wants
/I this code to perform better.
if((delx == 1) && (dely == 1)) {
Olyllx] = IIXIlyl;
return;
}
/I Divide the transposition into two sub transposition
/[ problems, depending upon which side of the matrix is
/I bigger.
if(delx >= dely){
int xmid = delx / 2;
transpose(x,xmid,y,dely,l,0);
transpose(x+xmid,delx-xmid,y,dely,l,0);
return;

}

/I Similarly cut from ymid into two subproblems

Figure 39: Function for cache oblivious matrix transposition.

transposes it to the output mati® ElementType ! can be any element type , for
instancdong .

The code works by divide and conquer, dividing the bigger side of the matrix in the
middle and recursing. We also compared matrix transposition code for a géheral

matrix (using two for loops) with the cache oblivious code (see figdrand41).

Lemma 5.3.1 For an Nx N input matrix, the above code causes at nﬁbéﬂ.—i- Né) cache

misses.

LIn all our experimentsElementType was set tdong .
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Figure 40: Atranspose for al x P matrix where® = 100. Experiments on Linux machine
as in figure38.
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Figure 41: Same experiment as in figud® but nowP = 1000.
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Figure 42: The graph compares a simple for loop implementation with a blocked cache
oblivious implementation. In the blocked cache oblivious implementation, we stop the
recursion when the problem size becomes less than a certain block size and then use the
simple for loop implementation inside the block. Note that using different block sizes has
little effect on the running time. This experiment was done on the cygwin platform used
earlier.
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Proof. Let the input be a matrix dfl x P size. There are four cases:
Case ImaxN,P} < aB In this case,

QIN.P) < 5 +0(1)

Case IIN < aB < P In this case,
O(1+N) if 28 <P<aB
Q(N,P) < (61)
2Q(N,P/2)+0(1) N<aB<P

Case Il P < aB < N Analogous to Case Ill.

Case IV min{N,P} > aB

Q(N,P) << 2Q(N,P/2)+0(1) P>N (62)

2Q(N/2,P)+0(1) N>P

\

The above recurrence solves@oN, P) = O (1+1F).

There is a simpler way to visualize the above mess. Once the recursion makes the
matrix small enough such thataxN,P) < aB < B+/M (herep is a suitable constant), or
such that the sub-matrix (or the block) we need to transpose fits in memory, the number of
I/O faults is equal to the scan of the elements in the sub-matrix. A packing argument of
these not so small sub-matrices (blocks) in the large input matrix shows that we do not do

too many 1/O faults compared to a linear scan of all the elements.

Remark: Note that the timings of this algorithm are not so impressive except fitfure

The algorithm given here is not the best for matrix transposition. If the reader is interested
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in practicality of matrix transposition, excellent references &8 189. Also note that if

one expands the base case (instead of moving single elements around, one moves multiple
elements) the performance improves. Changing the environment (OS, Processor etc.) has
a significant impact on performance of cache oblivious algorithms (implemented without
any kind of blocking). The experimental results reported here do not match the results of
[53]. Their implementation of cache oblivious matrix transposition always ran faster than
their naive implementation, which was not the case for us. This could occur because of
more than one reasons, one of them being use of loop unrolling directives to the compiler
while optimization, function call overheads because we recurse down to the base case of
size 1, whereas one could stop the recursion at some other constant size to speed the code
up.

Figure42 shows the effect of using blocked cache oblivious algorithm for matrix trans-
position. Note that in this case, the simple for loop algorithm is almost always outper-
formed. This comparison is not really fair. The cache oblivious algorithm gets to use
blocking whereas the naive for loop moves one element at a time. A careful implemen-
tation of a blocked version of the simple for loop might beat the blocked cache oblivious
transposition algorithm in practice (see the timings of Algorithm 2 and 558])[ The

same remark also applies to matrix multiplication (figd8.

5.4 Matrix multiplication

Matrix multiplication is one of the most studied computational problems: We are given two
matrices ofm x n andn x p and we want to compute the product matrixnok p size. In
this section we will us& = m= N although the results can easily be extended to the case

when they are not equal. Thus, we are given Nve N matricesx= (x; j), y= (¥i,j), and
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we wish to compute their produzti.e. there aré? outputs where thé, j)'th output is
N
Zj= ) Xk Ykj
K=1

In 1969, Strassen surprised the world by showing an upper bour@|(&f°%7) [174
using a divide and conquer algorithm. This bound was later improved and the best upper
bound today isO(N%376) [66]. We will use Strassen’s algorithm as given 87] for the
cache oblivious analysis.

The algorithm breaks the three matricey,z into four sub-matrices of siz% X %

rewriting the equatioz = xy as :

Now we have 8 subproblems (matrix multiplications) of s%& % and four additions
(which will lead us to aO(N3) algorithm). This can be done more cleverly by only solving
7 subproblems and doing more additions and subtractions but still keeping the number of
additions and subtraction a constant (s€&&] for more details). The recurrence for the

internal work now becomes :

T(N)=7T (g) O(N?)

which solves tdT (N) = O (N'97) = O(N%8%). The recurrence for the cache faults is:

0(1+N+1%) if N2 < oM )

_|_
7Q(5)+0 1+N§2) otherwise
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Ig7
B\f
ious matrix transposition routine that works very similar to the transposition routine in the

which solves t@Q(N) < O <N + N ) We also implemented a blocked cache obliv-
previous section. It breaks the largest of the three dimensions of the matrices to be multi-
plied (divides it by 2) and recurses till the block size is reached. Note that this algorithm is
not optimal and doe® (1—1— + \ﬁ> cache misses.

We also present here experiments of a simpler divide and conquer matrix multiplication

algorithm. The worst case of the |mplementat|o®|éN +N2+ The experimental

)
results are shown in figuré3. An excellent reference for practical matrix multiplication

results is 87].

5.5 Searching using Van Emde Boas layout

In this section we report a method to speed up simple binary searches on a balanced binary
tree. This method could be used to optimize or speed up any kind of search on a tree as long
as the tree is static and balanced. Itis easy to code, uses the fact that the memory consists of
a cache hierarchy, and could be exploited to speed up tree based search structures on most
current machines. Experimental results show that this method could speed up searches by
a factor of 5 or more in certain cases!

It turns out that a balanced binary tree has a very simple layout that is cache-oblivious.
By layout here, we mean the mapping of the nodes of a binary tree to the indices of an array
where the nodes are actually stored. For example figishows a layout of the tree in the
figure. The nodes should be stored in the bottom array in the order shown for searches to
be fast and use the cache hierarchy.

Given a complete binary tree, we describe a mapping from the nodes of the tree to

positions of an array in memory. Suppose the tred\hiisms and has height=logN + 1.
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Figure 43: Blocked cache oblivious matrix multiplication compared with simple for loop
based matrix multiplication. This experiment was done on an dual processor Intel Itanium
with 2Gb RAM. Only one processor was being used. Note that on this platform, the blocked
implementation consistently outperforms the simple loop code. The base case has little
effect for large size matrices.
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ACTUAL LAYOUT OF TREE IN MEMORY:

1,2,3,4,8,9,5,10, 11,6, 12, 13,7, 14, 15

Figure 44. An example of the Van Emde Boas layout using a balanced binary tree.
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Split the tree in the middle, at heighf2. This breaks the tree into a top recursive subtree
of height|h/2| and several bottom subtreBs, B, ..., B, of height[h/2]. There are/N
bottom recursive subtrees, each of siZB. The top subtree occupies the top part in the
array of allocated nodes, and then Bé are laid out. Every subtree is recursively laid
out.

Another way to see the algorithm is to run a breadth first search on the top node of the
tree and run it tillv/N nodes are in the BFS, see figut. The figure shows the run of
the algorithm for the first BFS when the tree size/il. Then the tree consists of the part
that is covered by the BFS and trees hanging out. BFS can now be recursively run on each
tree, including the covered part. Note that in the second level of recursion, the tree size is
v/N and the BFS will cover onlw% nodes since the same algorithm is run on each subtree
of v/N. The main idea behind the algorithm is to store recursive sub-trees in contiguous
blocks of memory.

Lets now try to analyze the number of cache misses when a search is performed. We
can conceptually stop the recursion at the level of detail where the size of the subtrees has
size< B. Since these subtrees are stored contiguously, they at most fit in two blocks. (A
block can not span three blocks of memory when stored) The height of these subtrees is
logB. A search path from root to leaf cross(é{'lg%) = O (loggN) subtrees. So the total
number of cache misses is bounded®ifogg N). It is not very hard to show that the Van
Emde Boas layout can be at most a constant factor of 4 away from an optimal layout (which

knows the parametd).



CHAPTER V: Cache Oblivious Algorithms 129

O

BFS Initialization nodes

/2

Figure 45: Another view of the algorithm in action.
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5.5.1 Experiments

We did a very simple experiment to see how in real life, this kind of layout would help. A
vector was sorted and a binary search tree was built on it. A query vector was generated
with random numbers and searched on this BST which was laid out in pre-order. Why we
chose pre-order compared to random layout was because most people code a BST in either
pre/post/in-order compared to randomly laying it which incidentally is very bad for cache
health.

Once this query was done, we laid the BST using Van Emde Boas Layout and gave
it the same query vector. Before timing both trees, we made sure that both had enough
gueries to begin with otherwise, the order of timing could also effect the search times.
(Because the one that is searched last, has some help from the cache). The code written
for this experimentation is below 300 lines. The results reported in figésnd47 used
cygwir? g++ version 295 with compiler optimizationO3 and was running on our laptop
with 1GHz processor, 512MB RAM and Windows 2000 as the Operating System. The
experiment reported in figuXB were done on a Itanium dual processor system with 2Gb
RAM. (Only one processor was being used)

Currently the code copies the entire array in which the tree exists into another array
when it makes the tree cache oblivious. This could also be done in the same array though
that would have complicated the implementation a bit. One way to do this is to maintain
pointers to and from the array of nodes to the tree structure, and swap nodes instead of
copying them into a new array. Another way could be to use a permutation table. We

chose to copy the whole tree into a new array just because this seemed to be the simplest

2Cygwin is a linux like environment which runs on windows. It's available frotp://www.
cygwin.org


http://www.cygwin.org
http://www.cygwin.org
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way to test the speed up given by cache oblivious layouts. For more detailed experimental
results on comparing searching in cache aware and cache oblivious search trees, the reader
is referred to 133. There is a big difference between the graphs reported here for searching
and in [L33. One of the reasons might be that the size of the nodes were fixed to be 4 bytes

in [133 whereas the experiments reported here use bigger size nodes.

Time in seconds

8 9 10 11 12 13 14 15 16 17 18
27x nodes

—e— General Search —#— Cache Oblivious

Figure 46: 32 byte tree nodes. All Timings are from internal memory. These experiments
were done on our Pl notebook.

5.6 Sorting

Sorting is a fundamental problem in computing. Sorting very large data sets is a key routine

in many external memory applications. We have already seen how to do optimal sorting in
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Figure 47: 256 byte tree nodes. All Timings are from internal memory. For bigger node
sizes, and trees that do not fit into internal memory, we expect the speed up to be more than
internal memory. These experiments were done on our PIII notebook.
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Figure 48: Similar to the last experiment, this experiment was performed on a Itanium
with 48 byte node sizes.
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the external memory model. In this section we outline some theory and experimentation

related to sorting in the cache oblivious model. Some excellent references for reading more

on the influence of caches on the performance of sorting &84, 150.

5.6.1 Randomized distribution sorting

There are two optimal sorting algorithms known, funnel sort and distribution sort. Funnel

sort is derived from merge sort and distribution sort is a generalization of quick sort. We

will see the analysis and implementation of a variant of distribution sort that is optimal

and easier to implement than the original distribution sort®f] [The original algorithm

uses median finding and is deterministic). The algorithm for randomized distribution sort

is presented in Algorithr8.

Algorithm 8 procedure Sort (A)

Require: An input arrayA of SizeN

1:

Partition A into\/N sub arrays of size/N. Recursively sort each sub-array.

R« Sample (A,/N)

Sort®) recursively.R= {ro,r1,....r g}

Calculate counts; such that; = |{x| x € Aandr; < X< ri11}|

Ci N = Al — Zic;.

DistributeAinto bucket$Bg, By, BN where last element of each bucketjisxcept
the last bucket. For the last bucket, the last element is maximum elemAnt\idte
that|Bi| = ¢;.

: Recursively sort each;

Copy sorted buckets back £

The sorting procedure assumes the presence of three extra functions which are cache

oblivious, choosing a random sample in Step 2, the counting in Step 4 and the distribution

in Step 6. The random sampling step in the algorithm is used to determine splitters for the

buckets, so we are in fact looking for splitters.

The functionSample (X,Kk) in step 2 takes as input an arrayand the size of the
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sample that it needs to return as output. A very similar sampling is needed in Sample
Sort [37] to select splitters. We will use the same algorithm here. What we need is a
random sample such that thgs do not vary too much frors/N with high probability. To
do this, draw a random sample 8f/N from A, sort the sample and then pick eggth
element from the sorted sample. B7], B is referred to as theversampling ratip the
more theB the greater the probability thets concentrate aroung'N.

The distribution and counting phases are quite analogous. Here is how we do distribu-

tion:

Algorithm 9 procedure Distribute (int i,int j,int m)
1: if m= 1then

2:  CopyElements (i,])

3: else

4. Distribute (i, ]j,m/2)

5:  Distribute  (i+m/2,j,m/2)

6: Distribute  (i,j+m/2,m/2)

7. Distribute  (i+m/2,j+m/2,m/2)
8: end if

In coding one would have to also take carenifs odd or even and appropriately apply
floor ceiling operations for the above code to work. In our code, we treated it by cases,
whenm was odd and whem was even, the rounding was different. Anyway, this is a
minor detail and can be easily figured out. In the base Cagg/Elements (i, j) copies
all elements from sub-arrayhat belong to buckeit If the functionCopyElements (i, j)
is replaced byCountElements (i, j) in Distibute (), the counting that is needed in
Step 4 of Algorithm8 can be performedCountElements () incrementsj’'s depending
upon how many elements of sub-aridie betweerrj andrj ;. Since these sub-arrays are
sorted, this only requires a linear scan.

Before we goto the analysis, lets see how the implementation works in practice. We
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report here two experiments where we compatre STL sort with our implementation. In

our implementation we found out that as we recurse more, the performance of our sorting
algorithm deteriorates. In the first graph in fig4r® Series 1 is the STL Sort and Series

2 is our sorting implementation. The recursion is only 1 level, i.e. after the problem size
becomes/N STL Sort is used. In figur&0 two levels of recursion are used. Note that
doing more levels of recursion degrades performance. At least for 1 level of recursion,
the randomized distribution sort is quite competitive and since these experiments are all
in-memory tests, it might be possible to beat STL Sort when the data size does not fit in

memory but we could not experiment with such large data sizes.

1\2Ba

Lets now peek at the analysis. For a good random sample,> av/N) < Ne (1-%)"2
(forsomea > 1, B > logN) [37]. This follows from Chernoff bound type arguments. Once
we know that the subproblems we are going to work on are bounded in size with high prob-

ability, the expected cache complexity follows the recurrence:

0(1+%) if N < aM
Q(N) < (64)
2vNQ(vN) +Q(vNlogN) +0 (1+8§)  otherwise
which solves taQ(n) < O (% logu %)
Columnsort is a sorting algorithm that has been shown to be practical for large in-

puts b4]. The cache complexity of columnsort can be defined by the following recurrence.

0(1+3§) if N <aMm
Q(n) = (65)
SN%Q<N%> +0(1+Y) otherwise

wherec« is a sufficiently small constant. Note that the recurrence above is very similar
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Figure 49: Two Pass cache oblivious distribution sort, one level of recursion.
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Figure 50: Two Pass cache oblivious distribution sort, two levels of recursion.
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to the recurrence of cache oblivious distribution s&id| [except for the fact that the con-
stant is 8 instead of 2. We note that, this recurrence does not solve to the optimal bound for

sorting in the cache oblivious model.

5.7 Is the model an oversimplification?

In theory, both the cache oblivious and the external memory models are nice to work with,
because of their simplicity. Lot of the work done in the external memory model has been
turned into practical results as well. Before one makes his hand “dirty” with implementing
an algorithm in the cache oblivious or the external memory model, one should be aware of
practical things that might become detrimental to the speed of the code but are not caught
in the theoretical setup.

Here we list a few practical glitches that are shared by both the cache oblivious and the
external memory model. The ones that are not shared are naredordingly. A reader
that wants to use these models to design practical algorithms and especially one who wants
to write code, should keep these issues in mind. Code written and algorithms designed
keeping the following things in mind, could be a lot faster than just directly coding an

algorithm that is optimal in either the cache oblivious or the external memory model.

TLB° TLBs are caches on page tables, are usually small with 128-256 entries and are like
just any other cache. They can be implemented as fully associative. The model does

not take into account TLB misses.

Concurrency The model does not talk about I/O and CPU concurrency, which automat-

ically looses it a 2x factor in terms of constants. The need for speed might drive

3A superscript '0’ means this issue only applies to the cache oblivious model.
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future uniprocessoisystems to diversify and look for alternative solutions in terms

of concurrency on a single chip, for instance the hyper-thre&dirigtroduced by

Intel in its latest Xeons is a glaring example. On these kind of systems and other
multiprocessor systemspherence missasight become an issue. This is hard to
capture in the cache oblivious model and for most algorithms that have been devised
in this model already, concurrency is still an open problem. A parallel cache oblivi-
ous model would be really welcome for practitioners who would like to apply cache

oblivious algorithms to multiprocessor systems.

Associativity® The assumption of the fully associative cache is not so nice. In reality
caches are either direct mappedkeway associative (typicallk = 2,4,8). If two
objects map to the same location in the cache and are referenced in temporal prox-
imity, the accesses will become costlier than they are assumed in the model (also
known as cache interference probletY§ ). Also, k—way set associative caches

are implemented by using more comparators.

Instruction/Unified Caches Does not deal with the issue of instruction caches. Rarely
executed, special case code disrupts locality. Loops with few iterations that call
other routines make loop locality hard to exploit and plenty of loopless code hampers
temporal locality. Issues related to instruction caches are not modeled in the cache
oblivious model.Unified cachege.g. the latest Intel Itanium chips L2 and L3 caches)
are used in some machines where instruction and data caches are merged(e.g. Intel

PIIl, Itaniums). These are another challenge to handle in the model.

40ne physical processor Intel Xeon MP forms two logical processors which share CPU computational
resources The software sees two CPUs and can distribute work load between them as a normal dual processor
system.
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Replacement Policy Current operating systems do not page more than 4Gb of memory
because of address space limitations. That means one would have to use legacy code
on these systems for paging. This problem makes portability of cache oblivious code
for big problems a myth! In the experiments reported in this chapter, we could not do
external memory experimentation because the OS did not allow us to allocate array
sizes of more than a GB or so. One can overcome this problem by writing one’s
own paging system over the OS to do experimentation of cache oblivious algorithms
on huge data sizes. But then its not so clear if writing a paging system is easier or
handling disks explicitly in an application. This problem does not exist on 64-bit

operating systems and should go away with time.

Multiple Disks® For “most” applications where data is huge and external memory algo-
rithms are required, using Multiple disks is an option to increase I/O efficiency. As
of now, the cache oblivious model does not handle this case, though it might not be

tough to introduce multiple disks in the model.

Write-through caches® L1 caches in many new CPUs is write through, i.e. it transmits a
written value to L2 cache immediatel94, 111]. Write through caches are simpler
to manage and can always discard cache data without any bookkeeping (Read misses
can not result in writes). With write through caches (e.g. DECStation 3100, Intel
Itanium), one can no longer argue that there are no misses once the problem size fits
into cache!Victim Cachesmplemented in HP and Alpha machines are caches that
are implemented as small buffers to reduce the effect of conflicts in set-associative

caches. There also should be kept in mind when designing code for these machines.

Complicated Algorithms® and Asymptotics For non-trivial problems the algorithms can
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become quite complicated and impractical, a glaring instance of which is sorting. The
speed by which different levels of memory differ in data transfer are constants! For
instance the speed difference between L1 and L2 caches on a typical Intel pentium
can be around 10. Using &d() notation for an algorithm that is trying to beat a
constant of 10, and sometimes not even talking about those constants while designing
algorithms can show up in practice. For instance there are “constants” involved in
simulating a fully associative cache on a k-way associative cache. Not using 1/0
concurrently with CPU can make an algorithm loose another constant. Can one really
afford to hide these constants in the design of a cache oblivious algorithm in real

code?

Despite these limitations the model does perform very well for some applicaé8ns [
133 95|, but might be outperformed by more coding effort combined with cache aware
algorithms 157,53, 133 95]. Here’s an intercept from an experimental paper by Chatterjee

and Sen%3).

Our major conclusion are as follows: Limited associativity in the mapping
from main memory addresses to cache sets can significantly degrade running
time; the limited number of TLB entries can easily lead to thrashing; the fan-
ciest optimal algorithms are not competitive on real machines even at fairly
large problem sizes unless cache miss penalties are quite high; low level per-
formance tuning “hacks”, such as register tiling and array alignment, can sig-

nificantly distort the effect of improved algorithms, ...
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5.8 Other Results

We present here problems, related bounds and references for more interested readers. Note
that in the tablesort() andscar() denote the number of cache misses of scan and sorting

functions done by an optimal cache oblivious implementation.

Data Structure/Algorithm  Cache Complexity =~ Operations

Array Reversal scan(N)

List Ranking B0] sort(N)

LU Decomposition184 © <1+ Ngz + %) OnN x N matrices

FFT [97] sort(N)

B-Trees B3, 42 Amortized O(loggN) Insertions/Deletions

Priority QueuesZ3, 41] 0) (% Iog% %) Insertions/Deletions/deletemin

5.9 Future Work

There are a lot of problems that still can be explored in this model both theoretically and
practically. Sorting strings in the cache oblivious model is still open. Optimal shortest
paths and minimum spanning forests still need to be explored in the model. Optimal simple
convex hull algorithms fod—dimensions is open.

One of the major open problems is to extensively evaluate how practical cache oblivious
algorithms really are. For instance, our sorting experiment results don’t look very promis-
ing. Is there a way to sort in the cache oblivious model that is at par with cache aware
sorting codes already available? (Toy experiments comparing quicksort with a modified
funnelsort or distribution sort don’t count!) Currently the only impressive code that might
back up "practicality” claims of cache oblivious algorithms is FFTI8)]] It looks like that

the practicality of FFTW is more about coding tricks (special purpose compiler) that give
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it its speed and practicality than the theory of cache obliviousness. Moreover, FFTW only
uses cache oblivious FFT for its base cases (Called codelets).

Matrix multiplication and transposition using blocked cache oblivious algorithms do
fairly well in comparison with cache aware/external memory algorithms. B-Trees also
seem to do well in this modeBB, 42]. Are there any other non-trivial optimal cache
oblivious algorithms and data structures that are really practical and come close to cache
aware algorithms, only time will tell!

For some applications, it might happen that there are more than one cache oblivious
algorithms available. And out of the few cache oblivious algorithms available, only one is
good in practice and the rest are not. For instance, for matrix transposition, there are at least
two cache oblivious algorithms coded i53. There is one coded in this chapter. Out of
these three algorithms only one really performs well in practice. In this way, cache oblivi-
ousness might be a necessary but not a sufficient condition for practical implementations.
Another example is FFTW, where a optimal cache oblivious algorithm is outperformed by
a slightly suboptimal cache oblivious algorithm. Is there a simple model that captures both

necessary and sufficient condition for practical results?
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I/O-Efficient Voronoi diagrams
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HENRY FORD

@this chapter we consider the problems of computing 2- and 3-d Voronoi diagrams
or Delaunay triangulations for large data sets efficiently. We describe a cache-oblivious
distribution data structure (buffer tree) that is the basis for the cache oblivious implemen-
tation of a random incremental construction for geometric problems. We then apply this to
the construction of 2- and 3-d Voronoi diagrams. We also describe a very simple variant
of the standard random incremental construction based on history dag, which has optimal
running time and is likely to be 1/0-efficient because the pattern of insertions is also local
(but we don’t have theoretical bounds). Finally, we describe a practical variant that we
implemented and present some experimental results.

Some applications — particularly surface reconstruction — require the computation of
Delaunay tetrahedralizations (or their dual 3-d Voronoi diagrams) for up to several million
points and more. For this data, even if the input can be stored in main memory, secondary
storage will be needed for the computation and final output. Therefore, there is consid-

erable interest in algorithms and actual implementations that are “I/O-efficient” or “cache

145
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efficient.” In this context, for the purpose of theoretical analysis, the most widely used
model of computationd] consists of a processing unit, an internal memory of 8izend

an (unbounded) external memory partitioned into blocks of Bjagith B < M. Each ac-

cess to the external memory transfers from/to the internal memory one bld&kemhs.

The goal is to design algorithms that take advantage of the block transfer and thus exhibit
locality in the reference to data. The complexity of an algorithm is then evaluated in this
model by providing bounds for the total number of disk accesses (I/0s) performed, and for
the number of internal operations executed (CPU cost). The 2-d case had been considered
previously in [LOG and in [68] in the cache-aware context. Both provide solutions with an
optimal numbeiO((N/B)logy g(N/B)) of I/Os, whereN is the number of sites. The 3-d
case is not explicitly handled i1 Qg nor [68]; however, the same approaches work (but the
latter one has an extra log factor in the 1/0 ca3tN?/B) logy /;8(N/B)) (since the size of

a 3-d Voronoi diagram can be quadratic in the number of SRéN?/B) is worst-case op-
timal; aiming for this worst-case bound, rather than an “output sensitive” bound, makes the
3-d problem somewhat unrealistically easy). Until recently, external memory algorithms
werecache-awarethat is, they made use of the paramefdrandB. More recently, the
concept ofcache-obliviouslgorithms was introduce®§]. It assumes a model also with

two levels of memory that uses an optimal replacement strategy to decide which block is
to be evicted from internal memory (that whose next access is furthest in the future). The
algorithms then do not need to know the valuedvbandB. Efficient algorithms have
been developed for this model (matrix transpose, FFT and sorting6|n B-trees B2);
dynamic dictionaries33, 43]) including some geometric problem4(. In this chapter,

we investigate the cache-oblivious implementation of 2-d and 3-d Voronoi diagrams and

also describe the implementation of a simplified version.
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Our Results. For elements with a linear ordering, we describe a cache-oblivious data
structure k-distributoror buffer tree) of siz@(k?) that distributeX = Q(k3) elements into

thek intervals pucket}determined bk given elementsd-splitter) usingO((X/B)logy, k+

k) I/0s. We extend this construction to the geometric case in which the buckets are more
general (for example, cells in an arrangement), and even further to the caweflaft list
computationin which each element goes to many buckets rather than to a single one (for
example, a line is distributed to the different cells it intersects). Then, we present a cache-
oblivious version of the 1/0 random incremental construction (RIC) present&@|inThis
unfortunately only leads to algorithms whose I/O cost is from optimal by a factgyNog
Though presented for Voronoi diagrams, the approach can be used for many other con-
structions where the usual RIC applies (in most cases with the same extra fagid\)log

We also present a variant of the usual RIC with history graph that has optimal running time
and is likely to be I/O-efficient because of the “clearly local” pattern in which the insertions
are performed; unfortunately, we do not have theoretical bounds to support this claim, nor
have yet performed experiments. To obtain optimal algorithms, we have to either use the
divide-and-conquer approach (for both the 2-d and 3-d cases), or a modification of the RIC
construction (3-d case). The 2-d case is more difficult and we have to resort to the same
“pruning” approach used previously in various parallel algoritheng.(161]) and in the
cache aware algorithm ilpg. We thus obtain algorithms for constructing Voronoi dia-
grams in 2- and 3-d space usi@g(N/B)log,, N) andO(N?/B) (expected) I/Os. We have
implemented a simplified version of the algorithm using a 2-level sampling.

Sampling: For concreteness we consider a seidites (in 2- or 3-d space) and fBrC S

let Vor(R) be the Voronoi diagram d®. Let.7 (R) be a canonical decomposition of V&).

For example, a bottom vertex triangulation for lower dimensional cells and then join these
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triangulations to the sites. p-sample Rrom Sis obtained by choosing evese Sinto R
independently with probabilityp. Alternatively, we say am-sample,to mean ap-sample

with p=r/[S. Let F(R) denote the expected size 6f(R). Theconflict list $, of A €

7 (R) is the set of those sitessc Sthat “conflict” with A, that is,sis closer to some point

in A than the site irR that “owns”A. (In 2-d, it is convenient to join triangles that share
the same Voronoi edge intodiamond since they share the same conflict list; similarly

in 3-d.) The main property of this sampling process that is relevant for the design and
analysis of our algorithms is the following bound on the expected total size of the conflict

lists [61, 62, 146. For any “well-behaved” functiog:

=0(9(1/p))-F(R). (66)

E[ S o(Sal)

AT (R)
Thus, in a strong sense, the average conflict list sig¥ 13 p), though deviations for indi-
vidual cells are possible. For 2- and 3-d Voronoi diagraf(®) = O(|R|®) = ©((p|S)P)

whereD = 1,2 respectively.

6.1 Cache-Oblivious Distribution

A basic building block in algorithms based on sampling is the distribution of elements
between buckets determined by the sample. In the case of sorting in a linear order, the
buckets are simply the intervals determined by the sample. In this section, we first describe
the basic building block, thk-distributorand then use it to implement a simple sampling
based sorting algorithm. In geometric constructions, the situation is more complicated and
will be described in the next section.

The k-distributor resembles themerger described by Friget al. [96] (which is also

nothing else than the van Emde Boas layout of a binary ti&€] [with buffers in the
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edges). It take&® elements and distributes between thatervals determined by k-
splitter. It is built recursively ofy/k-distributors as shown in Figur&l. It consists of a

top vk-distributor with itsv/k outputs connected t¢’k bottom+/k-distributors through
middle buffersf size X3 (implemented as circular queues). The recursion bottoms up for
k smaller than a sufficiently large const&pt and in this case it consists oflaasiq kg-ary
distributor. For the purpose of cache efficiency, it is important tHatlestributor be layed

out in consecutive memory positions (this is achieved using the van Emde Boas layout:
recursively lay out the first the top half of the tree followed by the sequence of the lower
subtrees). Thé&-distributor processes thé elements in the input as follows: the tqfk-
distributor is invokedk®2 times. Each time it is invoked®? elements are pushed down
the distributor into the middle buffers, and then for each middle buffer that has become

more than half full, the respective bottoyfk-distributor is activated.

K outputs

Figure 51: k-distributor: recursive definition and unfolded form.

The analysis of thé&-distributor follows closely (in fact, it is essentially equal to) that
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of the k-merger in P6]. The following lemma summarizes the construction (the proof

paraphrases that i9¢] and can be found in the appendix).

Lemma 6.1.1 A k-distributor has size (%) and, assuming 8< M, the number of I/O’s

performed during an invocation is(Ck3/B) logy, k+ k).

Alternatively, following {0] in their modification of thek-merger, one can unfold the
recursive construction, obtaining a tree whose nodes cokgaany branchings and whose
edges are buffers of size defined by the recursive layout: the edges in the middle level have
buffers of sizek®2, etc. Furthermore, the flow of data is modified as follows (as a result,

a buffer does not need to be a circular queue): an active basic distributor reads an element
from the input buffer and puts it in the appropriate output buffer as long as the input buffer is
not empty and neither of the output buffers is full; if an output buffer becomes full, then the
corresponding basic distributor is activated. The entire distributor is activated by activating
the basic distributor at the root node Furthermore, the information thas input buffer

(the overall input) has become empty needs to be propagated down, so that buffers that are
only partially full get processed.

The analysis then parallels that iaQ] for the k-merger. The overall tree is decom-
posed intobase treedy removing edges containingrge buffers. More precisely, re-
move edges in order of decreasing buffer size (so following the recursive definition of
the buffer size) until the resulting connected subtrees are of size atMyt for an
appropriate constart. Let k be the number of leaves in such subtree; so its size is
K < M/2 (so it fits in main memory). With the tall-cache assumpt&nh< M/2c,

k-B < (M/2c)1/2. (M/2c)}/?2 = M/2c and hence a base tree together with a buffer for

each of its leaves can be fit in memory. Thus, K-distributor is a base tree, the number
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of 1/Os for distributing thek® input elements i©(k3/B+ k). Otherwise, consider an acti-
vation of the rootv of a base tred,. Loading the tree and a block for each output buffer
requiresO(K°/B +K) I/Os and it will proces€(k’) elements from the input buffer ta
Furthermore, if an output buffer @f, becomes full and the corresponding node is activated,
the cost of possibly evictingj, out and again reloading it can be charged to the full output
buffer. Sincel_<2/B+R = O(RB/B), the required 1/0s can be accounted by chargifg tb
each element inserted into a large buffer. The previous argument fails for the last time a
buffer is filled because then it is not filled completely. This is fixed by char@tyB)

to each location in all the large buffers. Since this is bounded byktiistributor size,
this amounts t@®(k?/B). Sincek > (M/2c)Y4, then the number of large buffers on a path
from the root to a leaf from th&-distributor isO(logy, k). Thus, ak-distributor requires

O((k3/B)log,, k) I/Os.

This unfolded picture will be useful for us in the geometric setting where we have a
search tree which can then be easily augmented with buffers to obtain an efficient cache-
oblivious search structure. The bakidistributor leads to a simple sampling based sorting
algorithm (an alternative to the previous funnel and distribution sort algorithms described

in [96]) using expecte®((N/B)logy, N) I/Os.

6.2 Conflict List Computation

In the context of geometric algorithms that use sampling, the analog of distributing ele-
ments among the intervals is the computatioraiflict lists We continue to concentrate

on the specific case of Voronoi diagrams. We discuss in this section, two ways to compute
conflict lists. The first one — roundabout, but effective in some cases where the more direct

approach is not — is by a reduction to batch point location among hyperplanes; it can be
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handled by the distribution approach discussed in the previous Section. The second one is
more direct and extends the distribution approach in that an element does not go to a unique

bucket.
6.2.1 Batched Point Location among Hyperplanes

Let Sbe a set of sites iiR9~1 andR be a sample fron$. We want to compute the conflict
lists of the cells in the triangulatiofr (R) of Vor(R). For this, it is sufficient to compute the
conflict lists of the vertices of V@R). Lifting to the paraboloid irRY and point-hyperplane
duality transforms a site € Sto a pointp and a vertex of Vor(R) into a hyperplanén

in RY so thats conflicts withv iff p is aboveh. Thus, the conflict list problem translates
into a point location problem. There is a systematic way to do this for more complicated
structures throughnearization[195, 4, 140.

Thus, we are interested in the ability to answer efficiently simultaneous point location
queries in the arrangement of a sebf r hyperplanes ifRY. A simple way to reduce this
problem directly to the one-dimensional batched search problem is to use point location
among in aslab [77], but it is very space inefficient. (an infinite prism whose section is
a convex cell of constant complexity, so that the hyperplanes do not intersect inside the
prism) which is a one-dimensional search problem. The space requirement of this
data structure i@(rzd) This approach has been used before in parallel algorithms, see
e.g. [14]. A more space efficient solution is possible using divide-and-conquer based on

sampling directly to the hyperplanes. This results in a “hierarchical cutting’ [They

1 For completeness, we recall the inductive construction. dFer1, the problem is trivially the 1-d
batched search problem; fdr> 1, solve the point location problem recursively for the set of all {hle
pairwise hyperplane intersections projected axte= 0, then for each resulting cell ixy = 0, the point
location problems is now a one-dimensional searchdadimensional slab. The total size for this structure

is O(r2").
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can be made cache-oblivious using the scheme okdtlistributor in its unfolded form.
Letrg be a sufficiently large constant (its value will depend on the analysis). A hierarchical
cutting is constructed iteratively as follows. In the O-th iteration we start with an infinite
cell Ap and associated set,,. Fori > 0, we maintain a decompositich into cellsA,

each with the associated d&f, C H of hyperplanes intersecting it, so that,| < N/r}).

T; is obtained fromT;_1 by taking in eachA € T; with ]H‘A] > N/r{) a random sample

Ra C Hia of sizeO(rglogro), decomposing it (in a canonical form) into cells of constant
complexity, and then computing the conflict list for each cell (by brute force, checking each
h € H|5 against all the cells. This is repeated (an expected constant number of times) until
the size reduction by a factep is achieved. Thus, we obtain(& kp)-ary tree, where

ko = co(rologro)?, of depthD = ©(log,, r) and with a number of leavds= O(r%) (using

the “vertex-sensitive” argument irb§]; specifically, that the size of the triangulation is
proportional to the number of vertices in the sample plus the size of the sarfipleJo

this tree, we can apply the distribution tree construction of Se@ian The number of

2 To verify this, consideh € T;_1, and letv(H ,A) denote the number of vertices of the arrangemeht of
insideA. The expected number of vertices the arrangemeRwonsideA is (Crglogro/na)@v(H,A) where
Ny = [Hjal, and the expected number of vertices on the boundaty isfD(rologro)?~1. So we have, for

sufficiently large constam,
Crologrg d d1
Z () V(H,A) +D(rglogro)®~
AcTi_g A

Crologrg
N/

Crologro
N/rl)
/(i+1)d| d [ d-17

Cry 0g”ro+D(rologro)® | Ti—1|

i1
C”r(()'+ ¥logdro,

ITil

IN

IA

d
) S V(H,A)+ Y D(rologro)®!
AcTi g AcTi g

d
) .O(Nd)—FAEZiilD(rologro)d’1
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A

where we have used the fact thggtcr._, V(H,4) = O(NY).
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input elements iN = O(L3) = O(r3); in the edges of the middle level, we insert buffers

of size ©(L%?) = ©(r39/2), and so recursively with the top tree and the bottom trees.
The total size of the distribution tree is th@ir?®). AssumingM > B?, the total number

of 1/0s needed for the batched point locatioigN /B) logy, r +r%). For the conflict list
computation problem, the point location data structure must be complemented dy(&)list

of the conflicts for each leaf Since the size of the tree@(r29), this does not increase the
space requirement of the data structure. The complete conflict list computation consists of
the batched search and then writing out the conflictp:ahds in the leaf thenp conflicts

with eachh € L,. Thus, to obtain the lists of conflicts, the paigsh) for h € L, need to be
sorted according th (to bring together all conflicts of the sarhg So, the total I/O cost is

then
O((r?4/B) + (N/B)logy r + 1%+ (C/B)logy, r) = O((N/B)logy r +r%+ (C/B)logy )
whereC is the total number of conflicts determined.

6.2.2 Direct Approach

Let Rbe ap-sample from a set dfl sitesSwith p=r/N. The idea is also to use a hierarchi-

cal cutting for VokR). We concentrate on the 3-d case (the procedure also applies to the 2-d
case, but then the result is not good for use in an optimal algorithm). As befargbketin
appropriate constant, and [&f, Ty, ..., T} be the hierarchy of cuttings. The resulting depth
and number of leaves af@ = O(log,,r) andL = O(r?) (here again a “vertex-sensitive”

analysis is needed)?  We want to apply the distribution tree construction but taking

3 Though it is not essential, one can prove with a bit more effort this @) bound rather than a
weaker@(r2€) (and a similar analysis is needed later for the 3-d Voronoi diagram algorithm anyway). So,
considerA € Ti_1, and letv(S A) denote the number of Voronoi vertices determined by four sitasﬁinThe

expected number of vertices of (@, ) insideA is (Crologro/na)*v(S,A) whereny = |Sal, and the expected
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into account that an element in the input propagates into multiple buckets rather than into
a unique one. We use the same (corresponding) buffers sizes as before: For the middle
level, we insert buffers of siz®(L%2) = @(r3). The size of the tree is thed(r*) and

can be constructed usir@(r#/B) 1/0s. The analysis (similar to that for the unfoldied
distributor) then shows that the number of 1/0Os performed can be accounted by charging
O(1/B) to every element stored in large buffers. The latter is bounded(bylog,, r) plus

the total size of conflict lists corresponding to large buffers, which is dominated by those in
the last level: each of tHe= O(r?) leaf cells can have a conflict list size up@§(N /r)r?),

wheres is a small positive fraction, for a total @(Nrl+9). Thus, forN = ©(r®), the total

number of 1/0Os is
O((r*/B) + (N/B)logy r + (N/B)r+d 4 r2).

6.3 1/O-Efficient RIC

A variant of the random incremental construction performs the insertions in a small num-

ber of batches146. More precisely, it considers gradation of the setS by sampling

number of vertices on the boundary/ffs D(rglogrg). So we have, for sufficiently large constapt

4
Z {(Crologro> v(S,A)+D(roIogro)}
AcTi_g A
Crplogro

< (5 >4A§ilv(S”A”AeZHD(rologrO)

Crplogro
N/rh
C’ré(i+1> log*ro+ D(rologro)|Ti_1|

2it1
C”r0<”r Jlog?ro,

ITil
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4
) o/ )+ 5 Dirologro)
AcTi_g

IA
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where we have used the fact tfgt .t V(S A) = O(NZ(N/rifl)z) (this follows by the usual lifting to the

paraboloid inR*, because the number of vertices in tfw k)-levels of an arrange dfl hyperplanes is
O(N?k?) [61)).
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successively:

0CSHCSC...CH§51C85=S

(for convenience in the algorithm description, the resulting sets are numbered backwards).
Such gradation can be extracted from a random permutation by writing from left to right
the subsets determined by prefixes of the permutation. The construction then proceeds in
| rounds, addind? = S\ §_1 to .7 (S-1) to obtain.7(S). The case in whiclg_; is a
(1/2)-sample fromf§, and sd = logn, is convenient in the usual sequential random access
model. An 1/O-efficient and cache-aware variant was describe@8h fhere§_; is a
(1/u)-sample fron§ wherey = @(mY/P) (fori =1, a different probability is used and the

last round is also handled differently).
6.3.1 A Simple Variant: Local RIC

We describe a simple variant that is easily implementable and is “likely” to be 1/O-efficient,
though we do not have a proof.

We consider the now well-know RIC construction with history dag for Delaunay trian-
gulations in 2-d or tetrahedralizations in 3-d. The random permutation that determines the
insertion order is divided in blocks of size u2,...,u',... that determine a gradation. As
above R is thei-th block,S consists of the blockR,, ..., R;. The insertions follow the ran-
dom permutation overall but are localized in each level of the gradation. Gi&h_1),
first we propagate all the points R down the dag to the leaves (locate earh R, in
7 (S-1)). This is I/O-efficient if all the point in a node are propagated one level down in
a batch. Second, we consider the triangles (or tetrahedra in 3-d) in some arbitrary order
(following spacial locality seems to be appropriate though), and for each one we insert the

points ofR; that it contains in the random order determined by the overall permutation (note
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that this requires more searches down the dag, but we may do these one by one in the order
they appear).

This approach turns out to be a refinement of the “blocked RIC” proposed recently by
Amenta and ChoiJ7]. From their analysis, it follows that our “local RIC” has optimal
running time. Our approach seems the “right way” to implement their blocked RIC, since
the locality is provided adaptively for each level of the gradation by the same algorithm,
rather than relying on a separate data structure (kd-tress) which provide a fixed blocking
through the algorithm.

On the other hand, this algorithm is “almost” the basic one use@8j yith the im-
portant difference that here (unlike what it is usual in divide and conquer algorithms based
on sampling), when taking care of the conflict list of a triangle, we allow the insertions to
affect the global triangulation. Unfortunately, we cannot claim that the simple variant is
also I/0O-efficient, and have not performed experiments yet. However, the similarity to the

algorithm in B8] indicates that some good theoretical bound might be possible.
6.3.2 Cache-Oblivious RIC

To obtain an efficient (provable) cache-oblivious version, we use a shorter gradation ob-

tained by growinds faster. Specifically, we s& to be agi-sample fromSwith

for a small positive fractiorv to be determined in the analysis. Note thgt= 1/N, q; =
1/N'=V, and it approaches 1 agrows. This gradation is generated by takig; as a

y-sample fromS§ with
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Furthermore, with dorward view, R is a pj-sample fromS— S_;, wherep; = (g —
gi-1)/(1—di—1) =~ qi (see p8]) which is useful in the analysis. In theth round, given

Ti_1=7(S) and its conflict lists, the algorithm proceeds as follows:
1. ForeachA € Ti_; do

(a) CollectR;, and construct VAR ) restricted taA.

(b) Construct a data structure for conflict list computation (Seddi@nl) and use

it to determine the conflict lists for the vertices of Y&y, ) insideA.

2. Use sorting to obtain V@§) out of the pieces V@R;»), its decompositioril; =
7 (S) and the conflict lists of; with respect t&.

In Step 1(a), we can afford to construct U8j,) with a non-efficient algorithm: even

one that checks for every tuple (3 or 4) of sites whether it defines a Voronoi vertex.

Inthe 2-d case, i € Ti_1, the expected size of the conflict lists computed(&qi[Sa|) /di) =
O(|Sal)- So, the I/O-cost of Step 1 fdx€ Tj_; is:

Rial®
B

Sl
+%|09M!RiA!+|Ri|A|3-

Sorting in Step 2 dominates the cost: it involves the movement of all the conflict lists, whose
total size isO(|S)); so it requireO((|S/B)logy |S|) expected 1/0s. Thus, the 1/0-cost of

thei-th round is

|6
b3 (@Hi;'loghﬂ Rl +|F<|A|3> + Doy s

Choosingv appropriately small (in particular, so that & 1/2) and using the sampling

bounds developed if6B], we obtain that the 1/O cost over all the round©i§N /B) logiy N).
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Inthe 3-d case, i € Ti_1, the expected size of the conflict lists compute@(§1/q;) (q; |S1A)2) =
O(qi 1%2) and the overall size of the lists sorted in Step Dig;|S?). The I/O cost over
all the rounds is the®((N?/B)logy N).

In both cases the I/O cost is off by a factor |ply from the worst case optimal. In the

next section we discuss variants that achieve the optimal bounds.

6.4 Optimal Algorithms
6.4.1 2-D Case

The difficulty is that every time a sampiis taken fromS the expected size of the conflict

lists isO(]|S), and the hidden constant accumulates when this sampling process is iterated.
Several alternatives have been explored to get around this problem and ensure that the
overall conflict list size iSO(N) whereN is the size of the original set, at all the levels of

the recursion. We are aware of three approaches:

Pruning (L61]): For a subproblem triangl&, one computes the Voronoi diagram restricted to the
boundary and use this to decide which sites that are oufsabtribute vertices in the final
Voronoi diagram insidé, and so must be kept in the conflict list. Then a global accounting

shows that the overall conflict list size is linear.

Two step sampling ([58)): Take a sample of siz®(N/log®N) for appropriate, use a non-optimal
algorithm to find the Voronoi diagram of the sample, compute then the corresponding conflict
lists, and then finish with the resulting small problems using again a non optimal algorithm.

Here, the major difficulty is to compute the conflict lists.

Graph separators{p]): Instead of recursing on each subproblem, planar graph separators are used
to group subproblems intdustersthat have “small” boundaries so that the total conflict list

size is still linear over all levels of the recursion.
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We describe now some details of the cache-oblivious implementation of the pruning
approach (though it might be possible to implement the others as well). Note that we are
only interested in the expected running time, so we avoid some complications needed in the
parallel algorithm in 161] and also in 0§ (they use a sampling technique callgalling
to achieve bounds with high probability). The outline is the same a%6dj [(and also
[106]), but for simplicity, we restrict it to 2-d Voronoi diagrams (those references handle
3-d half-space intersection) and adopt the primal-dual view use8@1l [In this view,
the Voronoi diagram picture is used to determine the subproblems (via its decomposition),
but what we actually construct is the dual Delaunay triangulation. Pruning is more easily

visualized and analyzed in the Delaunay diagram.

With the primal-dual view, the input to the problem is a set of semnd a closed
polygonal chairP of Delaunay edges whose vertices ar&isnd enclosing the rest of the
sites inS. The problem is to “fill” the Delaunay triangulation insi@edenoted by Dei(S).
The initial problem is the overall point set together with the convex hull as bounding De-
launay chain. For this, and also inside the algorithm, we need a cache-oblivious 2-d convex
hull algorithm with I/0-costO((N/B)logy, N); this can be obtained with a minor modifi-
cation of the sorting algorithm describes earlier or alternatively with the cache-oblivious
RIC approach (they are essentially the same because no clean-up is needed in this case).

LetN = |§. The outline is as follows:

1. Obtain anN¢-sampleR from S.
2. Compute Vo(R) and its decompositior¥ (R) into diamonds.

3. Construct the conflict list computation data structure described in6S2and use it to com-

pute the conflict lists of7 (R) with respect td&S. If any conflict list has siz&(N1~¢/logN)
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then repeat steps 1-3.

4. For each diamond € .7 (R) do the following:

(a) Compute Dg[S) restricted to each of the 4 edges forming its boundary (this is a 2-d

convex hull computation). This results in 4 Delaunay chaing=1,2,3 4.

(b) For each sites€ Snot in anyy;, determine for eachthe side ofy; whereslies (using
sorting of the points projected on the corresponding edde wk can identify for each

sthe edge iry; on whichs projects; then a simple sidedness test suffices).

(c) Using sorting, bring together edges that might be repeated ipy;th@nd use this to
eliminate edges in thg;’s that do not bound a triangle in Q€lS). Then scan the
remaining edges in the list§ and P to determine closed polygonal chaiRs(that

enclose Delaunay triangles still to be computed).

(d) For eachs € Snot in anyy;, determine which of th& encloses (using the results of

the sideness queries above). This results in &det eachP.

(e) For each pai(S,R), recursively compute Dg(S).

In Step 2, Vo(R) could be computed using recursion, but choosingppropriately
small, this can also be done with a trivial (brute force) algorithm. It is clear that the total
conflict list size for subproblems at the same level of the recursi@i{N§ because a site
is included in a subproblem either (i) if it is inside the bounding polygon (so it belongs to
only one subproblem), or (ii) if it is on the bounding polygon (so it can be charged to a

triangle inside the polygon). The expected running time follows the recurrence
T(N) = O((N/B)logy N +N*/B+N*) + 3 T(|S|)
|

which, choosings appropriately small and taking into account the tall-cache assumption,

has a solutiof©((N/B)logy N).
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6.4.2 3-D Case

As already pointed out, this problem is (artificially) simpler because we are interested only
in worst case optimality. Here a divide-and-conquer approach works without resorting to
pruning (if we are careful to use a vertex-sensitive analysi#).[ We prefer to modify
slightly the oblivious RIC algorithm to obtain the worst-case optimal baDfid?/B) (but

the divide-and-conquer approach would the advantage of producing a hierarchical search

structure). The outline is as follows:

1. Run the cache-oblivious RIC algorithm until the expected size of the subproblems is

in the interval[Q(logN), O(log?N)].

2. For each resulting subproblefy compute Vo(S,) using the cache-oblivious RIC

algorithm (run to the end).

3. Put together (clean-up) the diagrams (&) into Vor(S).

In the last step, we again use sorting. However, we note that only Voronoi cells that
intersect the boundaries of the= .7 (R) need to participate in a sorting, in order to be able
to put together the cleaned-up V8. The expected number of these cell©EN/logN)?-
logN) = O(N?/logN) and so the algorithm can afford to sort without exceeding the bound
O(N?/B). We claim that the overall expected I/0-cosO&N?/B). A detailed calculation

will be given in the complete version.
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6.5 Implementation Results

We are not aware of any theoretically provable I/O efficient Delaunay triangulation codes
that have been developed till date. The closest effort that we know of was an implemen-
tation of parallel Delaunay done by Blelloch et.@8]. This implementation was not the-
oretically optimal and was not designed keeping in mind 1/O issues for very large point
sets.

Borrowing from the ideas we used in the development of the cache oblivious Voronoi
diagram and Delaunay triangulation algorithms, we implemented a Delaunay triangulation
algorithm based on the divide and conquer paradigm to do very large size Delaunay trian-
gulations in 2D. The algorithm implemented is a very simplified version of the theoretical
algorithms developed the chapter. We made the following additional assumptions for the

algorithm we implemented:

Memory Size There exists ag such that the memory can stdié andN'~¢ size Delaunay trian-

gulations. This assumption lets us restrict the gradation to just two levels in practice.

Base CaseWe are given an efficient and robust implementation that creates Delaunay triangula-

tions in internal memory.

These not elegant theoretical assumptions actually apply in practice. For instance, even
if one wants to do a triangulation of a billion points, one only needs to work with 10,000
points in internal memoryg(= .5). Most internal memory Delaunay triangulators available
can easily deal with these many points. We chose to experiment with LEBE and
Triangle [L6§ as our internal memory triangulators. The simple algorithm that we chose

for implementation is as follows:

1. Obtain anN¢-sampleR from S.
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Figure 52: An example of cuttings for a sample of cities in the US.

2. Compute Vo(R) and its decompositiot¥ (R) into diamonds (see figuie?).

3. Construct the conflict lists of7 (R) with respect tdS. Once this is done, external memory
sorting (using TPIE) is used to bring together all the conflicting points of dach7 (R).
For fast point location, we used approximate nearest neighbor searching usingLAK o[
determine a good starting point to walk. In most cases ANN already gave us a face of the

Delaunay that conflicted with the query point.

4. For each diamond € .7 (R) do the following:

(a) Collect the conflict list of each diamond by a linear scan from the file containing the

conflict list (this only does the required number of I/Os).

(b) Triangulate the conflict list using the internal memory triangulator which does the De-

launay for us.

(c) Report all triangles whose circumcenters lie in orfon
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Figure53 shows a plot with some timings.
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Figure 53: Timings in 2D using Triangle to solve the sub problems. Platform: Dual Athlon
MP 1800+ with 1GB RAM, 60GB IBM Hard disk drive, Only 1 processor being used.

The 79 million data set is the standard TIGER data set used to experiment with external
memory geometric algorithmd$5. More details of the implementation along with code

fragments, examples and work in progress are available at:

http://www.compgeom.com/ramos/

We also tried some hacks like sorting the points spatially as well as in x-coordinate and
then doing the Delaunay using LEDA, but the biggest bottleneck then was the 4GB limit

imposed by the OS. We use 64-bit file operations in our implementation to get around the
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4GB limit existing on most systems. We hope to be able to do the Delaunay triangulation
of a billion points in in the near future. We ran out of disk space for doing .5 billion points
(The sorting phase of TPIE crashed saying ’Insufficient Disk Space’ on the 60GB hard
disk drive we were using for this experiment). Please look at the above web page for more
details of the experimentation.

We implemented the algorithm in#@. The total length of the code is less than 2000

lines. We plan to implement the 3D extension of this algorithm in the near future.

6.6 Conclusions

Brodal and Fagerbergtl] have shown how to weaken the tall cache condition for algo-
rithms based on thkemerger of P6]. Since ourk-distributor follows essentially the same
structure, such improvement also applies in our case.

In the case of 3-d Voronoi diagram, we have obtained a worst-case optimal algorithm.
However, most data does not exhibit this behavior, and so a cache-oblivious output sensitive

algorithm would be interesting.

6.7 Future Work

In the near future we plan to implement the algorithm that we present here in 3D.
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Hand Recognition
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ALFRED NORTH WHITEHEAD

(Md?scuss the issues and challenges in the design of a hand outline based recogni-
tion system. Our system is easier to use, cheaper to build and more accurate than previous
systems. Extensive tests on more than 700 images collected from 70 people are reported.
Classification, verification and identification of the input images were done using two sim-
ple geometric classifiers. We describe a novel minimum enclosing ball classifier which

performs well for hand recognition and could be of interest for other applications.

7.1 Introduction

Biometric recognition systems find applications in security systems of varying require-
ments. While finger printing and iris based systems work well for high security applica-
tions, they are not as suitable for medium and low security applications because of privacy
concerns. Most users are not comfortable providing an identifying biometric signature for
access to low risk facilities. Hand Geometry based verification systems find more accep-

tance because hand geometry is not considered distinctive enough to establish a positive

167
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identity. Yet hand geometry differs enough from person to person that it is sufficient for
medium security applications.

Hand geometry recognition systems may provide three kinds of services. Verification,
classification and identification. For verification the user provides his identity along with
the hand geometry and the system verifies his identity. Verification can be used alone or in
conjunction with other security systems where the user can enter his identity. For example,
secure web-access can use hand geometry to verify a 18gr [For classification the
user does not provide any identity information but is known to be legitimate. The system
classifies him assuming his presence in the user database. This can be used in applications
where the users can be trusted. For example, use of photocopying facilities in a university
can be regulated using a hand based recognizer instead of a password. There is minimal
risk of intruders because most such facilities are secured by other means. For identification
the user does not provide any identity information other than the hand geometry and may
be an intruder. The system tries to identify the individual or deny access. This is required
in systems where a user will not be willing to go through the hassle of entering his identity.
For example, a restricted dining facility or health club may install a hand geometry based

identification system to keep track of its users.

Chapter Outline First we summarize previous work in secti@gr2. Then we describe
data collection and feature extraction steps of our experiments in s&ciand7.4. The
nearest box classifier is described in sectionfollowed by the minimum enclosing ball
classifier in sectiory.6. Experimental results for both classifiers are presented in sec-

tion 7.7. Finally we present a summary and conclusions of the chapter in s&cfion
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7.2 Previous Work

The idea of using hand geometry for verification is not new. Most of the early work is
in the form of patents. Recently there has been some documented research in this area.
Arun Ross developed a hand geometry based verification system for his master’s thesis and
used it for a prototype web security systeh®f (see also]17 118). They developed
a verification system using hand images obtained from a digital camera. A set up is used
for acquiring these images that uses pegs to guide the user to place the hand in more or
less the same way every time. The set up also obtains the side view of the palm by placing
a mirror at 45 degrees to the camera. They obtained 10 images each from 50 people and
ran experiments on them. However 140 of these 500 images had to be discarded because
users didn’t do what was expected of them. From the remaining images they report a false
acceptance rate of 2% and a false rejection rate of 15%. They extract several features like
length and width of fingers for each hand image. Five images are taken for each person’s
hand to train the system. A feature vector containing the average for each feature is stored
for each hand. A new hand image from a known person is then verified by calculating a
distance function between the feature vector of the new hand image with the feature vector
stored in the system for that person. The distance should be less than a tuned threshold.
They report results using four different distance functions.

Jain and Dutal16 report on experiments with another way of doing verification. They
try to align finger contours and measure the mean alignment error between them. They use
the same set up as in§3. They experimented with 353 images from 53 persons and
report a false acceptance rate of 2% and a false rejection rat8%f 3 heir method is an
improvement over 163 in that it can work even if the user places his hand in different

positions during different data acquisition events. Also their method can be used as a first
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step before the feature based approachldd3]

Raul Sanchez-Reillo et all§5 report experiments with another system similar to the
onein [L16. However they implemented verification as well as classification. They tested
using a relatively smaller database of 200 hand images from 20 persons. They use various
distance metrics to measure the distance between feature vectors of hand images and use
them for classification and verification. The best among their methods achieve 97 percent
success in classification and error rates below 10 percent in verification.

Oden et al. 51] report on a system for classification and verification using implicit
polynomials. They fit fourth degree implicit polynomials in each finger and compare them
using algebraic invariants. Using this method they achieve 85% success in identification
and 90% success in verification. However when they combine this method with geometric
features similar to that i3, they achieve 95% success in identification and 99% success
in verification. They worked on 30 images from 28 people.

Recognition Systems Inc’'s HandKey Il is a commercial biometric hand recognition
system [L60. Itis based on a patent by Sidlauska69 which describes a hand verification
system. A 3D image of the hand is obtained using a digital camera and a pair of orthogonal
reflecting surfaces. The side view is used to obtain the thickness of the hand which is used
as an additional feature for classification. The user has to input an identifying code. Note
that this system only performs verification. To the best of our knowledge no experimental
study for this system has been published anywhere including the company wa&bSjte |

Another patent by Faulkne®]] describes a biometric measuring apparatus for verify-
ing a user based on measurements performed on the user’s hand using a 3D view. It uses
finger guides to assist in hand positioning to obtain reproducible finger orientations. An

outline of the hand is drawn within which the user has to keep his hand. A calibration
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image is formed with just the outline. The features of the hand are computed with respect
to the calibration image to nullify the movement of the lighting system with respect to the
base on which the hand is kept. Features such as thickness of fingers, size of fingers, size
of palm, thickness of hand etc are computed. The user has to input an identifying code. We
could not find any experimental data about the performance of this system.

Also related is work by Duta et al8p] and Li et al. [L36 on palm print based verifica-

tion systems.

7.3 Data Collection

All previous experimental work on hand recognition has been on hand images obtained
from a set up that includes a digital camera. Most of them also have pegs or a similar
mechanism to guide the hand in a somewhat consistent position. We however collected
data using a document scanner. Thus no special set up was required. Also the users were
free to keep their hands anywhere on the scanner. The only instruction given to the users
was to keep their fingers separated and have their hand roughly vertical on the scanner
surface. Users were free to stretch their hands to whatever level they felt comfortable.
In fact some of the users were encouraged to stretch their hands to different extents for
different scans so as to generate difficult data. Our system is thus more tolerant of user
inconsistencies. In all we took around 10 scans of the right hand of 70 people to obtain
a total of 714 images. The images were scanned at 90 dpi using a HP Deskscan scanner.
There were a number of images where the hand was not placed flat on the scanner or one
of the fingers got cut off by the scanner edge. However we kept all such images as part of

our experiments.
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7.4 Feature Extraction

In this section we describe our feature extraction algorithms. We extract 30 different fea-
tures form each image. The first step is to convert the colored image into a binary image.
This is done as follows. The image is first converted to CIELAB color model and thresh-
olded using a fixed value in the B channel. The threshold value was chosen by looking at
many hand images and picking a value that gets rid of most of the background noise. Edge
areas of hands were quite faint and hence were indistinguishable from the background noise
if we look at the intensity values only. However hand pixels and noise pixels had different
color signatures. Noise pixels had cooler (i.e. bluish) colors. Hence we could remove them
effectively by thresholding in the color channel B. This is not possible to do using RGB
colors because they do not have a color channel.

From these binary images the hand contours were extracted using the following algo-
rithm. Firstthe boundary pixels were identified as those which had less than four neighbors.
Then we applied hit and miss transform to remove dead ends and cycles in the boundary.
After that we found the right most point and traverse the resulting boundary in counter-
clockwise order.

Thirty different features were then extracted from each hand. The features are illus-

trated in figureb4.

Our feature extraction algorithms relied on detecting tips of the fingers and centers of
the valleys between the fingers correctly. Here’s how this was accomplished. For each
point g in the hand outline consider the poinpsandr at a certain distance (about half
the typical finger length) along the outline clockwise and counterclockwise. Consider the

anglepgr. This angle is the lowest at the tips and highest at the valleys. We plotted a graph
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1. Thumb length 16. Ring circle radius lower
2. Index finger length 17. Ring circle radius upper
3. Middle finger length 18. Pinkie circle radius lower
4. Ring finger length 19. Pinkie circle radius upper
5. Pinkie length 20. Thumb perimeter

6. Thumb width 21. Index finger perimeter

7. Index finger width 22. Middle finger perimeter
8. Middle finger width 23. Ring finger perimeter

9. Ring finger width 24. Pinkie perimeter

10. Pinkie width 25. Thumb area

11. Thumb circle radius 26. Index finger area

12. Index circle radius lower 27. Middle finger area

13. Index circle radius upper 28. Ring finger area

14. Middle circle radius lower 29. Pinkie area

15. Middle circle radius upper 30. Largest inscribed circle radius

Figure 54: Feature extraction.

of these values, one for every point on the outline, smoothed it to get rid of some noise
and detected peaks and valleys. Peaks represented finger tips, and valleys represented dips
between fingers. There were five well defined peaks roughly equally spaced and some other
smaller peaks created by the noise at the bottom of the hand. We pick the five highest peaks
and mark the first one to be the thumb, second to be the index finger, and so on.

Once we had positions of finger tips and valleys between fingers, computing features
was simple. Length was measured to be the distance from the tip to the midpoint between
two valleys around that finger. Width was measured as the distance between two valleys.

Area was measured as the area of the finger after being cut off by the line connecting
two surrounding valleys. Perimeter was the length traversed along the finger.

We used Euclidean Distance Transform (ED@9,[127 to find greatest inscribed cir-
cles. The greatest inscribed circle of the whole hand was found by computing EDT of the

binary hand image and finding the maximum value. The greatest inscribed circles for the
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fingers were found by cutting the finger off, and running EDT on that finger separately. We
cut four of the fingers further into two pieces (top half and bottom half), and fit the circle

into each of those parts.

7.5 Nearest box classifier

In this section we describe a simple classifier that we use to implement hand geometry
verification, classification, and identification. For each person we pick a small number
(3 to 5) of hand images as training set. We find the bounding box of each training set
in the 30 dimensional feature space. For a query vector, the distance to these bounding
boxes inL., metric is used as a measure similarity. The distance along each feature axis
is normalized using the maximum difference variability observed for that feature in the
training set. Thus a feature that varies a lot gets its effect diminished. For verification, we
use a experimentally determined thresheltb decide whether a query feature vector is
close enough to a given training set. For classification we simply classify the query point
to the set with the nearest bounding box. Identification is implemented by classifying the

guery point assuming it to be legitimate followed by verification.

7.6  Minimum enclosing ball classifier

In this section we describe a novel classifier which performs better than the nearest box
classifier and is also of general interest for other classification problems. The classifier is
based upon ideas from mathematical programmid@| core sets47, 132, support vec-

tor clustering B0, 178 and pattern classificatiorr§]. For our application, it also beats the
standard Support Vector Machine implementation with Gaussian kernel in some¢gses [

Suppose we are givésh d-dimensional features , xo, ...xn from c classe®1, Do, ...Dc.
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Given a new feature vectorwe want to classify it in one of the classes.

Our classifier first maps ak to a higher dimensional space using a Gaussian kernel,
employs a novel way to approximate minimum enclosing balls in the mapped space of each
D; and then uses the Voronoi diagram of the centers for classification. Note that instead of
using the convex hulls of eadd for separation (as is done in standard SVMs) we use the
voronoi cell of the centers of minimum enclosing balls for classification purposes. This
of course might be worse for some instances and some applications than using SVMs but
at least for our application this classifier looks more promising to use than directly using
SVMs.

In the absence of information about the probability distribution of data, there is little
theoretical justification of one window width over another for the Gaussian kernel. Nev-
ertheless the classifier seems to work well in practice (see fi§8jydor a large range of
window widths. The approximate method of computing minimum enclosing balls used in
the classifier can also be used for support vector clustering, is much easier to code than
the current Lagrange multiplier based metha@ly [L78 and is conceptually simpler (see
algorithm 10). One drawback of this method is that we don’t know how to take care of
outliers efficiently in practice, although theoretically this is knowd][ In practice, we
observed that the classifier works for a few outliers.

The first step in the classification is the use of the Gaussian kernel. All points in the
feature space are implicitly mapped to a high dimensional space by using the Gaussian

kernel

K%, %)) = <o (%), 9(xj)>

1 2
_ o lxix
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where¢ : RY — .Z is a nonlinear map that takes the data into a higher dimensional
space#, that is also a dot product space. Herg> denotes the usual dot product of two
vectors. In the description of the whole algorithm we will not need to compute ditber
Z explicitly. All we would need is the definitioi (x,,x;) = e~ 815—il” for our classifier
which can be computed i@(d) time inRY [30).

In %, we compute an implicit representation of the approximate center and the radius
of the minimum enclosing ball for each claBs We now classify a poinp to a class if
¢ (p) lies in the Voronoi cell of the approximate center calculated in the sgace

We first look at the new approximation algorithm we designed for computing the min-
imum enclosing ball (MEB) of a set of points i#f (see algorithmll). Algorithm 11is
an extension of algorithrO for kernel spaces. Conceptually the algorithm is very sim-
ple. It maintains a vectoveck = [A1,42,...], in which it implicitly maintains the center
C = zlequ)(pj). Herey is the core set sizelf]. In each iteration it finds the farthest
point from the current center and updatesifto reflect the movement of the center. The

center in algorithni1 moves exactly the way it moves in algorithif.

Algorithm 10 Approximate MEB Algorithm
Require: A point setP = {p[1], p[2],..., p[n]} € RY

1: i < randoni1,n)
: Choosep[j] € P farthest fromp]i]
: Choosep(k] € P farthest fromp(j]
cs = 3(p[j]+ pK))
: for i =3..iter do

Find farthest poinp € P from ¢

Cipr e (1— 25)Gi + 5D
end for
: Returnciter+1

It was proven in 46] that for Euclidean spaces, itier = 8—12 then algorithm 10 gives
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a (1+ ¢) approximate MEB. Since we need the MEB algorithm for kernel spaces we ex-
tended the algorithm to take into account the new mapping fun¢tionhe approximate

MEB algorithm needs to find the farthest pointp;) from ¢ (pi). This can be easily done

by looking at
e 0(p) o (py)
e <o (py) — 0(py). 0 (Pr) — 0(py)>
Jnj?ébf1 <o (p)), 0 (pj)> —2<(p), 6 (pj)>
Kb D
min (pi, P;)

Similarly the functionFarthestPoint  (vecl,P) that calculates the farthest point
from the current center = z?zlqub(pj) to the mapped points ¢ can be implemented

without explicitly usingg (). This can be done by calculating:
max [|c—¢(p))]
max | Zl’l' p) —o(pj)ll
max Izgkilk<¢(pi),¢(pj)>
—ZZli<¢(pi),¢(pj>>+<¢<pj),¢<pj>> ()

mm zA’I (pi, pj

If the dimension of the mapped space is finite, one can prove that algorthmith

iter = 512 gives a 1+ &€ approximate minimum enclosing balg]. But even for a bad
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Algorithm 11 Approximate MEB Algorithm for Kernel Spaces

Require: A point setP = {p[1]1, p[2], ..., p[n]} € RY

1
2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

© NI R®

i — randon{1,n)
Chooseplj] € P farthest frompli]
Chooseplk] € P farthest fromplj]

Swap(p[1], p[j])
Swa(p[2], p[K))
Ai=0fori=3..n
M=l = %
X2
for i = 3..iter do
ip < FarthestPoint  (veci,P)
if ip > x then
Swa(p[x +1], plip])
kxﬂ — ,%2
end if
for| =1.x do
M= (1- )k
end for
if ip < x then
x—x—1
end if
x—x+1
end for
ReturnP,veci
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approximation (sag = 0.05), and finite dimensions, the iterations required are so huge for
the algorithm that it becomes impractical to set = Elz For the purposes of classification,
we found that settinger = 100 in practice works quite well for Gaussian kernels.

Once the centers and radius of the mapped points are computed, we use a Voronoi
diagram in the mapped space to do the classification. A point is classified according to

min [|ci — p|

which can be again evaluated using kernel functions without mapping the points ex-
plicitly. This gives a decomposition of the mapped space that is used for classification.
We do not compute this decomposition because the computation and storage of Voronoi
diagrams in such higher dimensions is prohibitive. Instead we compute the nearest distant
point using a linear scan of the centers in the mapped space. One could also think of using
weighted Voronoi diagrams for classification using the radii of the centers computed. There
is a slight difference when one needs the radius compared to only the center. The running
time of the radius computation is cubic in terms of the number of iteratioeg (vhereas
the center can be computed in quadratic time in the number of iterations (see Equation 1).

The value of® we used for the whole algorithm was 125. We first scaled all the feature
vectors so that their range becomes comparable. This was done by first normalizing each
feature to mean zero and variance 1 and then scaling the feature so that it lies between 0
and 100. This is very important for the classifier otherwise there might not exist a value for
6 for which the classifier works. For scaled features, there is a wide chogéanfwhich
the classifier performs very well (see figus®).

For verification purposes in our application we also needed to answer the question if
a person is in the set of people that the database contains. The classifier classifies any

person to a class, irrespective of whether the person is in the group of people who are in the
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Figure 55: An example classification of a point setlf The figure color codes the dis-
tance from the respective centers.The lighter the color the nearer it is to the center.
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Figure 56: A graph of logg vs the number of misclassifications for a randomly chosen
training set of 5 samples from each class(Averaged over 4 runs). For these four runs and
for the range of theta between 140 and 400 the misclassification value was on average 0.75.
Note that there is a wide choice @ffor which the number of misclassifications is small.
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database or not. For verification, we used a verifier that answers the question if a feature
vectorv belongs to one of the classBswherei is output of the classifier wheanis fed into

it. This can be turned into an outliers detection question.as outlier forD;? We ran into
numerical problems in trying to use off the shelf outlier detection meth®tls For this

we tried to use a standard outlier detection methodivthkalanobis distanceA pointis a

y2 outlier if its Mahalanobis distance is greater tharlf up, andZp, are the mean vector

and covariance matrix for the claBs, thenv is considered an outlier if

||V_NDi||%/I = (V_."‘Di)/zi_l(v_.uDi) > '}'2

where
1
2= E(ZDi + zpooled)
pooled 1 c (‘ | )
zpooled— _—_ §(|Dj| - 1)Zp,
N— ci;

Note thatz; are positive semi-definite matrices like covariance matrices sifigex >

0 andx'>P0€% > 0 imply

X’(%(ZDi +zpooled))xz %XIZDiX—I— %X/zpooledx >0

We found out that perturbingP°°'®d matrix with =p, gave us better results than just
using =P°°'€d for our verifier. The reason we did this was because the covariance matrix

does not seem to be the same for all classes in our data.

7.7 Experimental results

We tested the nearest box and the MEB classifier for training set sizes of 3, 4, and 5.

Experiments were repeated for randomly chosen training sets and results averaged. For



CHAPTER VII: Hand Recognition 183

Training set size Nearest Box MEB | SVM
3 2.81 153 | 4.77
4 1.74 0.94 | 0.93
5 1.72 0.39 | 1.93

Table 2: Misclassification rates for classification. The SVM used is taken from PRtools
Matlab toolbox BQ] with its default settings except the kernel. The kernel used for SVM
and MEB is Gaussian kernel with= 125.

verification each set was queried by all the images. Fighvesnd58 show the average

plots of false acceptance rate and false rejection rate for different values of threshold. Fig-
ures59and60show the corresponding plots for identification. False acceptance rate (FAR)
is defined as the percentage of images that were accepted incorrectly. In case of identifica-
tion, acceptance with wrong identification is considered false acceptance. False rejection
rate (FRR) is defined as the percentage of images that were rejected incorrectly.

Using training set size of 5, we achieve the following results keeping FAR below 1%.
For verification we achieve an FRR below 3% using the nearest box classifier and below
2% using the MEB classifier. For identification we achieve an FRR below 6% using the
nearest box classifier and below 5.5% using the MEB classifier.

Similarly we tested classification using random training sets. We also compared our
classifiers to SVM using the same kernel function and found out that we were competitive
to standard SVM at least for this application. TaBleeports the average misclassification
rates.

The average timings for both our MEB and Nearest Box classifiers were negligible
(Less than 1 millisecond for verification/classification/identification on our test PC with

1.3 GHz Pentium IV and 512MB RAM).
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Figure 57: Verification error rates for nearest box classifier.
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Figure 58: Verification error rates for MEB classifier.
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Figure 60: Identification error rates for MEB classifier.
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7.8 Breast Cancer Detection

Breast cancer diagnosis is a challenging task. It can be treated as a pattern recognition
problem [L191, 192 190. Given a set of features and classes associated with those features,
one can train the classifier to recognize characteristics about the features corresponding
to each class. Recently, we have tried to compare the classification results of Minimum

enclosing ball classifier (MEB) with existing training machines.
7.8.1 Materials and Methods

The Wisconsin breast cancer dataset was u$8d.[ The features were computed from

a digitized image of a fine needle aspirate (FNA) of a breast mass and the characteristics
of cell nuclei present in image were described. 30 real valued features such as mean area,
radius etc was obtained from images. The dataset contained 569 (357 benign + 212 malig-
nant) cases. The 30 features were normalized using Z-score normalization. It was classi-
fied using a variety of different classifiers like support vector machines (SVM), k-nearest
neighbor, multilayer feed-forward neural network, linear discriminant, Fischer coefficient,
Parzen window based classifier and MEB classifier. Each classifier was trained using 50%
of the data randomly selected and the remaining 50% was used for testing. Mean accuracy,

sensitivity and specificity for each classifier were obtained over 10 runs.
7.8.2 Results

The results showed in Tabkwere obtained by averaging the accuracy, sensitivity and

specificity of each classifier over 10 runs.
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H MEB \ SvC \ Neural\ Parzen\ Fischer\ k-nn \ Idc

Accuracy || 95.96| 91.75| 96.81 | 95.79 | 95.82 | 94.60| 95.72
Sensitivity || 97.76| 99.55| 98.55 | 98.44 | 99.27 | 96.31| 99.33
Specificity || 92.92| 78.58| 93.87 | 91.32 | 90.00 | 91.70| 89.62

Table 3: Classification Results using various classifiers.

7.9 Conclusions

We have developed a hand recognition system that uses hand geometry for verification,
classification, and identification of individuals. We tested the system on a database of 714
hand images from 70 people. Our experiments clearly show that hand based recognition
systems can be used for medium security applications. Stronger claims about such a system
can only be made after conducting experiments at a larger scale. Our novel minimum
enclosing ball classifier works well for hand recognition. Recently, we also got encouraging

results for breast cancer detection using MEB classifiers.

7.10 Future Work

It remains to be seen where MEB classifiers could be applied. Outliers are a problem with
any MEB clustering approach. MEB with outliers seems to be a natural problem to address
in the future. There are many other interesting problems that remain unanswered in this
research. Is there a way to design a classifier based upon MEBSs that is PAC? Does the size

of the core-set lead to better generalization results?
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Finding large empty convex bodies
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Q%ecent advances in data acquisition technology generate very large datasets that
have millions of primitives. Rendering these datasets at interactive rates is a challenge in
itself. Many methods have been presented to improve rendering speeds, including simple
octree-based constructions, mesh simplification techniques, and use of currently available
programmable graphics hardwatksfl, 138 157. Other methods include level-of-detalil
techniques and occlusion culling. Occlusion culling techniques utilize bounding volume
hierarchies, hardware acceleration, and other metH®is §5, 28, 107).

This chapter involves finding convex inner approximations of three-dimensional envi-
ronments. We start by exploring similar problems in two dimensions before moving on to
three dimensions. Convex shapes inside an object can serve as efficient occluders, as they
may reduce the complexity of the shape being approximated by a considerable amount.
These occluders can be used prior to rendering to remove large amounts of data that will

not be visible in the final display, thus increasing rendering speeds.

190
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8.1 Prior Work

Finding empty convex shapes is a well-studied problem in computational geometry. In two
dimensions, algorithms have been studied for computing empty rectabglés[ 71, 70,

empty convex polygons/B], and the related problem of finding a maximume-length line
segment (“biggest stick”) within a polygos][ In three dimensions, algorithms have been
developed to compute empty ellipsoid®p, 21, 198 22] and empty cylindersd3]. Most

of the results are on the theoretical front. Implementations have been done in graphics for
finding good occluders in visibility preprocessirigyl, 34].

Recent work by Daniel Cohen-@t al.[63] finds the inner cover of non-convex poly-
gons that function as occluders. Packing ellipsof] [n three-dimensional shapes has
been done by Stephan Bischeff al. [63]. Their algorithm proceeds by starting with a
sphere inside the model and then gradually inflating and translating it until it gets pinned.
Non-convex occludersAfl], called hoops have been studied by Brunet al. [63]; they

compute polylines that have convex silhouettes when seen from certain view points.

8.2 Overview

We present three main algorithms in this chapter. These algorithms are aimed at finding
approximately largest empty triangles, ellipses krtbps in closed objects under various
assumptions.

The algorithm to compute a large empty triangle applies to a general simple polygon
P in R2. The algorithm for finding a large empty ellipse applies to well-sampled smooth
curves.7 in R2. Both of these algorithms come with some theoretical guarantees.

The algorithm for finding large empty (convesdops is engineered to be practical and

has no theoretical guarantees. It can find large erkjutyps inside polyhedral objects in
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R3. The main idea of the algorithm is to “grovk:dops within the environment, inflating
them like balloons, until they ggtinnedand cannot grow any further. To check for inter-
sections of the object with the environment during the inflation, we use Quickef), [a
collision detection library developed at Stony Brook. Once we have an initial configuration
of a pinnedk-dop, we try to increase its volume by shifting outwards each of its facets, if
possible.

Our choice of a convex object ikadop, a convex object whose facet’s outward normals
are taken from a fixed set &fdirections. This choice is partly because of the simplicity
in handlingk-dops for computation and partly because QuickCD Usdsps internally for
its collision detection routines.

The input to the algorithm is a set of triangles (#m/ironment specified as a list of
vertices and triples of indices. Models with small cracks and holes can also be given as
input. In particular, holes with maximum diameter less than the diameter of the largest
inscribed sphere are not a problem. Similarly models with cracks can also be input as the
cracks are generally small compared with the inscribed spheres. The output is a list of
k-dops whose union covers most of the interior of the environment. Tladegs form the
set of occluders that are used for accelerated rendering.

A number of variations and heuristics have been investigated. These include using dif-
ferentk-dops (varyingk, and the normal vectors defining thedop), various seed point
strategies, and various inflation techniques. Since a skadt® will not, in general, com-
pletely fill the inside of the model, we have also developed an algorithm desigmpedio

the environment with non-intersectitkegdops.
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After packing an environment witk-dops, in order to reduce the effect of local max-
ima, we apply an algorithm designed to merge neighbdkidgps. This reduces the num-

ber of totalk-dops and also finds a better convex inner approximation.

8.3 Maximum-Area Triangles

In this section we will develop a constant factor approximation algorithm for finding a
maximum-area empty triangle in a simple polygon, assuming a restriction on the size of
the optimal answer.

Given a simple polygorP, the problem of finding a maximum-area empty triangle
inside the polygon can be solved in polynomial time, but the known algorithms do not
seem to be either easy to code or practical.

For this problem we will assume, without loss of generality, that the area of the polygon
Pis 1. We make the following additional assumption abButWe assume that the area
of a maximume-area triangle is at leastfor some fixede > 0. In this case, a constant
factor approximation algorithm is easy to obtain, as follows. Pick a uniform samé,

O(glz Iog(%)) points within the polygorP and then output a maximum-area triangle in the
visibility graph ofs. (Such a triangle necessarily lies witisinceP is simple.) We now
sketch an argument that the resulting triangle is already a constant factor approximation
for a maximum-area empty triangle;, with some positive probability. By VC-dimension
arguments, the random sample isanet. With a large enough constant in the big-Oh
estimate of the sample size, we can make the probability that there are four or more sample
points within t* be at least some fixed positive probability. Now one can show that if
we pick four points uniformly at random front, then, with positive probability, the area

defined by the largest triangle defined by three of the four points is at least one fourth of
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Figure 61: An illustration of our algorithm at work for computing an approximate
maximume-area triangle.
the area oft* (see figuresl).

Now, a uniform sampling oP can be done by first triangulatir®®, then choosing a
triangle of the triangulation with probability proportional to its area, and then uniformly
sampling a point from inside the triangle. This can be done in ti@i@+ s) , wheren
is the number of vertices d¥. The total number of triangles defined by theamples is
O(s%) . An emptiness query can be implemented @(logn) time using ray-shooting
data structures9[]], since we only have to check that each of the three sides of a triangle
does not intersect the boundary Bf Hence, the total running time of the algorithm is
O(n+s%logn) .

We can get a slight improvement in the running time, at the expense of complicating
the algorithm some. We can compute the visibility graph of all of the sample points inside
the polygon in timeO(n+slogslogns + k) , wherek is the size of the resulting visibility
graph B1]. (Note thatk € O(s?) in the worst case, buk could be much smaller.) Com-

puting a maximum-area triangle given the visibility graph can be don®(s?) time by
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checking each candidate triangle to see if all three edges lie in the visibility graph. This

reduces the total running time t0(n+s3 +slogslogns) .

8.4 Maximum-Area Ellipses

In this section we examine the problem of finding a maximum-area inscribed ellipse in a
well-sampled smooth closed curve. We show that, as the sampling rate increases, our so-
lution converges to an exact solution. We also show implementation results of a simplified
version of the algorithm.

Let &opt denote a maximum-area empty ellipse contained in the cufyend leta
(resp.,b) denote the length of the major (resp., minor) axissgf;. Thefeature sizeof a
point on the curve is defined to be the distance from the point to the closest point of the
medial axis. Letr be the minimum feature size of. Without loss of generality, we will
assume that” lies inside a circle of diameter 1; hence, we can assumesthatl. Let

€1, & > 0 be positive constants that are very small compared to 1.

Definition 1 A curve.” is said to bes-sampledf the length of the curve between any two

consecutive sample points is no more tlgan

Assumptione < min{e1b, ex5c}.

Note: This assumption also guarantees that min{ey, &>}.

Let &g be the ellipse obtained fro#b: by doing the following transformation: Scale
(enlarge)&opt until it hits a sample poinp;. Continue scaling the ellipse, but now impose
the constraint that it passes through p@mtlet p, be the next sample point it hits. Now,
keeping the ellipse in contact with bofli and po, continue enlarging the ellipse, while

increasing both of its axes, until the ellipse hits a third pomat, If the triangleAp1p2p3
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Figure 62: A maximum-area ellipse inside a projection of the bunny.
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Figure 63: The set of alfeasibleellipses for a given sampling of the boundary curve. The
(dark) black ellipse is the maximum-area ellipse inside the sampled curve.
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Figure 64. The maximum-area ellipse drawn inside the sampling.
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contains the center of the current ellipse, then we oufguOtherwise, the current ellipse
can be translated away from its contact with the three pgntp,, andps. We then restart
the enlarging process again, and continue until we find an elfgpgbat is supported by

three sample pointg;, p2, andps, with Ap; p2p3 containing the center of the ellipse.

Figure 65: The Kepler circle offs.

Lemma8.4.1Leté, = (1— %)613. Then Aréin < Ar &opt < Ar (bTbs)é‘in, where Ar& de-

notes the area of ellipsé&.

Proof. The process of inflatingt to g means that Aég > Ar &,pr and hence Aéppt <
Ar (bTbe)é?n. Note that the interior o&3 is free of sample points. Let the radii 8k be
a >aandb’ > b. Now, using the definition of samplingy cannot penetratég more
thang, sincedg is free of sample points. Scale the space such4hdiecomes a circle
with radiusa’. (Such a circle is also known as ti&pler circle of £g; see figurets.)
Hence, in the rescaled spac, cannot penetrate the Kepler circle & by more than

%, since distances are stretched in this space by at %ﬁoﬂet &'n=(1-§)&. By
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the above argumeng’i, C . and hence A&"in < Ar &opr. Also, b’ > b implies that

(1-£) < (1 &), which means thafi, C &”in, completing the proof. =l

The main idea of the algorithm is to determine an ellipse that is close in some sense to
ép; then, by the above lemma, this implies that the ellipse is also clasg\to

Next, we bound the angle between the normat®aind the normal to the curve’ at
each of the three points;, p»2, p3. Towards this goal, we prove the following lemma about

an arbitrary sample poirg;:

Lemma 8.4.2 If &g and.¥ both pass through the sample point fhen the angle between

their normals at pis O(eg) .

Proof. Let p;_1 andp;_.1 be the sample points before and afperlt can be shown using our
sampling criterion that the angle spannedpy; pipi+1 is greater tham — 4 arcsir{e /2)
(see Lemma 10,19]). A simple calculation shows that the normal.t6 at p; and the
normal to the edgg;_1pi make an angle of at mosD(¢g) . If &g were arbitrarily large,
then this would already prove that the angle between the normats and toég at p; is
O(e) ; however, the curvature @fs adds a small angle to the deviation, so we now show
that this deviation is small.

We need to bound the angle between the normal to the elfipsed the normal to the
segmentp;i_1p;. We also know thatp;_1pi| < €. Without loss of generality, assume that

&p is axis-aligned for this proof. Then the equation4gfis

NG y2

=1

Note that aE decreases, the angle between the normdktat p; and the normal to the

segmentp;_1p; decreases. The maximum deviation of the normal occurs when the ellipse
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passes through eithgx_1p; or pi11p;; thus, assume thafs passes through;_1pi. We
now need to calculate the maximum angle between the normal of the ellipsard the
normal top;_1p;. Let ta(@’) be the slope of the line passing through the center of the
ellipse andp;. Let 26 be the angle subtended Ipy 1 p; with respect to the center of the
ellipse, so thap;_; subtends an angl®’ + 26 on thex-axis. It is not hard to show that the
maximum angle subtended Ipy_1 p; is achieved a8’ = /2. A simple calculation shows
that Omax = O(%) . Let us sweep the ellipsés with a sector of anglénax Let the chord
subtended bymax be pi_1pi. Note that this only enlarggs_1p; and hence increases the
deviation in the normal. Since we want to bound the deviation from above, we can afford
to do this. Itis not hard to show that the slope of such a chOngis:ot(O’ + dmax), and

the slope of the tangent @t is —%cot(e’). Using the fact thab’ >> € and co$ > 0.5,

one can show that the angle between the slopes above is bound@ddayy) . Hence,

the total deviation added by the curvature of the ellips®(g) . This implies that the the

angle between the normals & and.” at p; is O(e) . See figures4 for an illustration ]

We are now ready to show the following lemma.

Lemma 8.4.3 Let p, g, and r be three sample points on the boundaryzofAny ellipse
passing through p, g, and r whose center is contained in triagigr, whose normals at
p, g, and r are close t&g, and whose area is greater than &g cannot have its smaller
radius of O(e) .

Proof. Without loss of generality, assume tht has the equation

2 2
X
- + y_ = 1_
a/2 b/Z
The proof proceeds by contradiction. We will assume the existence of an eflipsith

small radiusc; €, passing througlp, g, andr, with center contained iApqr and A &' >
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Ar &g. Letly andl, be a pair of parallel lines on either side of the origin, at the same

distance, 2;¢, from the origin. Refer to figuré6.

( Age - )

Figure 66: An illustration for the proof of Lemma&.4.3

Since&”’ contains the origin, we can aliga andl, in such a way that the slab they
define containg”. Note that the large radius & is greater thar%%, which is very large
compared to the extent &k intersecting the slab defined byandl,. Let 5, be the angle
between the normals @iz and&” at p. Then,maxdp, &g, &) is minimized wher; andl;
are parallel to the-axis, assuming the distance betwéeandl, is small compared ta
andb’. Note that, in any other orientation, one of @ig dq, or & will be obtuse.

If we fix 11 andl, to be parallel to thec-axis, it is not hard to show that the angle
subtended by the cone of all normals&flying inside the slab determined lbyandl is
O(e) , and the axis of this cone is aligned with th@xis. The cone that contains all of the
normals of&” is also small, but its axis is aligned with tigeaxis.

Since both of these cones are well separated, the angle between them cafrie} be
and, thus, the normal condition will be violated at the points of intersectiafi @ind &”.

Hence, we obtain a contradiction to the assumptiondiaan have a very small radiusl
Consider the conic defined by the equation

f(x) = C111X2 + 2012Xy+ C122)/2 +riX+ry+f=0. (67)
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The above expression may also be written in matrix form as
f(x) =x'Qx+Rx+1=0, (68)

using the assumption, without loss of generality, that 1.

Note thatQ is symmetric and that(x) represents an ellipse if and only(¥is positive
definite. The area of the ellipse is directly proportional toQ@et. Now we are ready to
present the approximation algorithm; refer to Algorithé

The first step in the algorithm Igearization[90]. In general, an ellipsoid id dimen-

sions admit dinearizationof dimensiond + d(d2+1); thus, for our purposes, we lift f@R°.

The complexity of the convex hudt of the linearizatiorl’ is, in the worst caseQ(n?) .
Note that any conic ifR? in the form of equatio7 becomes a half-plane iR® after lin-
earization. Also note that a half-spaceliA maps to a half-space R® after linearization.

After the linearization step, the next step (Step 3) of the algorithm is to examine each
2-simplex (triangle) of to determine there is an ellipse through its three vertices that is
almost contained i”’; we want to maximize the area among such ellipses. Note that each
2-simplex is adjacent to two 3-simplices and at most five 4-simplices; each 3-simplex is
adjacent to two 4-simplices. Each of the neighbors of a 2-simplex is obtained in constant
time, assuming we have any standard adjacency representation of the simpdices in

The next step in the algorithm is to parse each 2-simplext and solve a correspond-
ing optimization problem on. The number of such 2-simplices 8(n?) . Once we fix a
7 to process, we know that the ellipse we seek passes through the verticés BF). Let
the vertices be, g, andr. Then we have the relations in Step 4 of the algorithm. These
three relations help us to reduce the problem in 2-dimensional spaggp)). We can
now represent the equation of a conic in term&ef (r1,r2). Now we solve the optimiza-

tion problem in Step 5, which computes an elligggpassing througip, g, andr, whose
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Algorithm 12 Algorithm for computing an approximate maximum-area inscribed ellipse.
Require: A point setl = {p[1], p[2],..., p[n]} € R?

1 L= {4y xyxy)|(xy) € L}

2: € = ConvexHull())

3: forall 1pqr € € such thatry oy is a 2-simplexdo

4:  Using the relations

P'Qp+Rp+f =0 (69)
dQq+Rg+f=0 (70)
r'Qr+Rr+f=0 (71)

representjy; = y11(R), ta2 = Y22(R) andgiz = y12(R). Note thatys1(R), y22(R)
andyio(R) are all linear irR=( ry rz ).
5. Solve the following optimization problem
min Az, ., = Y11(R)y22(R) — Y&, (R)

subject to
v11(R)W22(R) — wi(R) >0
y11(R) >0
v22(R) >0

The ellipse hyperplane suppors
The ellipse satisfies the normal constraints p.ajr
The center of the ellipse lies insidgqr.
The small radius of the ellipse ce.
6: if The problem is infeasibléhen
7 Acpqr =@
8. else
9 Let & be the ellipse corresponding to the solution of the optimization problem.
10:  endif
11: end for
12: Returnéyg = Max areas; found in step 3.
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normals atp,qg,r each make a small angle with the corresponding normalg’ ptvhose
center is contained in the trianglgpgr, and whose small radius is at least for some
constant much larger than 1. But since the ellipse has to match the normal and the triangle
condition, its not hard to see that the ellipse cannot have all of the sample points inside
it; otherwise, the normal condition is violated. Now we have an ellijsavhich has all
points ofL outside or on it, passes throughg, andr, and hagnaximalarea.

The algorithm just returns the area that is maximum over all areas computed for feasible
ellipses. We still need to show that the optimization problem can be solved in constant time
to prove a running time of0(n?) . Before we delve into that, we show the approximation

guarantee.
Theorem 8.4.1 Algorithm 12 returns an ellipses; g such that
1

Proof. Note thaté, g passes though three pointslofind has no sample points inside it.

Its small radius is at leask, wherec is a constant much larger than 1. (The existence of
such ac is guaranteed by Lemnm&4.3) We also know thatg is a feasible solution of

the optimization problem that we solve using the algorithm, and the algorithm maximizes
the area; hence, 1A g > Ar g > Ar &opr. Sincedyyg is free of sample pointsy?” can
penetrate it by a distance of at mdstand hence if we shrink, 4 by a factor of(1— %),

it will be totally inside.# and hencél — Zic)Ar Salg < Ar &opt, proving the lemma.

Theorem 8.4.2 The running time of Algorithri2is O(n?) .

Proof. The main time taken by the algorithm is to examine each 2-simpl&xasfd solve

the optimization problem. We will show in the next section that the optimization problem
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in line 5 of the algorithm can be solved in constant time. This readily implies that the

running time of the algorithm i€ (n?) . H]

8.4.1 The Optimization Problem

We first examine the constraints. The constraint

v11(R)y22(R) — yf5(R) > 0

is clearly a quadratic constraint in two dimensions, sipg€R) is linear inR. The con-
straints of the typey;; (R) > 0 are trivially linear. The constraint that the hyperplane cor-
responding to the ellipse iR> should haveZ on one side of it can be written as a linear
constraint. Note that there are 5 simplices incident on the 2-simplex under consideration;
each one of these five simplices has 2 vertices in additign tp andr. So if we make
our ellipse equation have all of these 10 points on one side, this will automatically mean,
by convexity arguments, that the ellipse we get passing thr@ughandr supportsg on
one side. Thus, we put each of these 10 points into equé#i@nd require that all of the
10 expressions have the same sign. Note that sjpcey» andqi» are each a function of
R, each of these equations is a linear constraiit io determine the sign that we need to
use, we can use the centroidbqgr and use the opposite sign for all the 10 points.

The condition that the normal to the ellipse and the normal to the curve should not be
large is a quadratic constraint. At a sample pghithe normal to the desired ellipse is of

the form

(72)

Y

<ZQ11D§< +2012p) + 11 2022 + 20125 + rz)
S S ’

where

¢= \/(ZQ11I0§< + 20120+ 11)? + (2022, + 2012P4 +12)2.
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We can use the normal estimate at the sample points, take the dot product with the
vector in equatior’3, and bound it with + O(e) . (This is true assuming is small, since
we can then approximate qag with 1— €.) Hence, the constraint becomes

<ZQ11IO§<+2CI12IO§,+Y1 ZQ22D§/+ZQ12D§<+F2> (n7.n”

g , g nm,nw)gl—O(e). (73)

This can be written as a conic constraint by squaring the equation and clearing the
denominator. Hence, the normal constraints can be implemented as a quadratic constraint
inRR

The constraint that the center of the ellipse lies inside triafgigr can also be written
as a quadratic constraint R The equation of the center of the conic given in equa@ién
is given by solving the linear syste@x. = —R. Let us suppose that the half-space passing
throughpgand containing has equatioh;x+ hoy+ hg > 0. Note that we already know the
values ofhy, h, andhs since our simplex is fixed and we knqwqg,r. Now this half-space

should containxc and hencéyXey + hpXey +hz > 0. Here,

Xex _ 1 i Qi —Quz2| |1 . (74)
Xey| M%270%2 | —qip g | |12
Substituting the formula fax. into the half-space inequality results in a constraint that
can be made quadratic R using the substitution fog;; as a linear function oR. This
substitution ofg;; as a linear function dR means that we are only interested in ellipses that
pass througlp, g, andr and have their centers insidgqr.
Similarly, the last constraint is again a quadratic constraint, since it bounds the inverse

square root of the eigenvalues Qf What we want is the constrai < ce.

. < L
Vi = Vi

Sinceq:1 andgy2 are constrained to be positive, the smaller eigenval@isfgiven by

1
Ao = > ((Q11 + O2) — \/(Q11 + 022)% — 4(011022 — Cﬁ?_)) > CE.
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Hence, the constraint is a quadratic constrairjjrand hence a quadratic constrainRn

Each of the quadratic constraints that we have derived can be written as a conic con-
straint in two dimensions. If we assume that our input consists of rational numbers, we
can compute the exact arrangement of the conics in the plane using a modification of the
Bentley-Ottmann sweep paradigm; efficient implementations are also available for these
purposes in the CGAL library4P]. Note that what we need is only one (possibly non-
convex) cell of this arrangement in the plane. Let us denote this céll Byote that this
cell is of constant complexity and can be computed in constant time, since the total number
of constraints is constant (we are assuming that the dimension is a constant here).

Once we have such a cell, what we want to do is to minimize a conic in three dimensions
subject to its projection lying in the cell that we computed. Let us call the 3rd axig; the
axis. We are not interested in anything witk: 0. (Sincez= f(r1,r2) = y11(R)y22(R) —
1,1/122(R), this follows from our first constraint.) The first thing we do is to compute the
intersection of our conic that we want to optimize with the O plane. Let us call this
curve on the plang. If 31N C # ¢ we declare the problem to be infeasible (siace 0 is
attained in this case). Otherwise, either the minimunf &f attained in the interioint C,
or on the boundary o€. If the minimum is achieved in the interiof] f (r{™,r5™) = 0
andrq,ro € int C (which is easy to solve). If this is not the case, then the optimum is
achieved on the boundary & We can independently solve the problem on each of the
curved segments or linear segments and output the minimum feasible solution in this case.
Each of these curved segments can be parametrized as a single variable function. One can
do a case analysis of corresponding constraints to the curved segment to determine if the
curved segment comes from an ellipse, hyperbola, parabola or a line. One can then get

these conic sections in standard form, without changing the minimufn tfthe curved
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segment is an ellipse, we can use the parametrizgtions,bsint) and represent as a
fourth-degree polynomial in cosand solve the problem on the arc by finding the roots of
the polynomial. A similar situation happens if we use the parametrizéised, btant) of

the right branch of the standard formula for a hyperbola. In this case, we get a polynomial
of fourth degree in tan For a parabolic arc of a standard parabola, we could use the
standard parametrizatidi, v/4at), which results in a quadratic polynomial that is easy to
solve for a minimum. Essentially what we are doing is lifting each curved arc segment of
Con f > 0 and solving the minimization problem on the projected curve (which turns out

to be easy).
8.4.2 Implementation

We implemented a simple algorithm based on Algorithéh The algorithm we imple-
mented can be made to fail on contrived examples but usually works well in practice for
many input datasets. It relies on the observation that for a dense enough samgling,
ally there exists an ellipse comparable in are@&ggassing through 5 sample points. In
this case we can just linearize the problem, and then for each ellipse passing through the
4-simplices, check feasibility by testing (1) the normal condition, (b) the condition that the
ellipse center lies inside the convex hull of the supporting points, and (3) the fatness of the
ellipse. The implementation outputs the ellipse that has maximum area over all feasible
ellipses. An example run of the implementation is shown in figi&elhe implementation
is written in G++ and uses ghull for the convex hull computatiorRini[26].

We have seen how to use a linearization of 2-dimensional ellipses to find the largest
area ellipse inside a well-sampled smooth curve. Although one could try to generalize this

algorithm to higher dimensions, its running time would be exponential in the dimedsion
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Even ford = 3, it seems that the linearization step is too slow to be practical. Thus, we
have developed an alternate approach, based on makidagds, which we describe in the

next section.

8.5 Computing Emptk-dops

We now describe a method for computing large empty convex bodies based on growing
special types of convex polytopes known &sdbps” within a geometric domain. This
research was done in collaboration with Uday Chebrolu and Joseph Mitchell.

Our algorithm has a number of components to it: finding good seed points, expanding
thek-dop, and mergindg-dops. Our approach for each of these subproblems is explained

in the following sections, after we introdukedops.
8.5.1 Convex Bodies k-dops

Our choice of convex bodies is &-tlop”. A k-dopis a convex polytope whose facets

are determined by half-spaces with outward normals taken from a fixed &edisfinct
directions. A bounding-dop gives an approximation to the convex hull of a body. An
axis-aligned bounding box is a special case kitop; ak increases, if the set &foutward
normals is “well distributed”, then a bounditkgdop approaches the convex hull. Alée,

dops have the advantage that intersection tests and other computations are relatively fast,
making them a good choice for collision detection methods based on bounding volume
hierarchies 126. figure 67 shows a (2-dimensional) 4-dop and an 8-dop of the silhouette

of the Stanford bunny model.
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Figure 67: An illustration of a bounding 4-dop and a bounding 8-dop of the silhouette of
the Stanford bunny model.

8.5.2 Finding Seed Points

Average and Random Locationhe naive method used was to place the seed point at
the center of environment. The seed point is checked whether it is inside the environment
and if so it is placed there. The second method was to randomly generate a seed point and
check whether it is inside the environment, and, if so, place it there. In case the generated
location is outside the environment, another point is generated repeatedly until one that is
inside is generated. This method is also used in the naive method when the initial center
point is outside the environment.

Approximate Nearest Neighborsthe input vertices are added to the Approximate
Nearest Neighbors (ANN)44 algorithm, where they are preprocessed into a data struc-
ture to facilitate fast (approximate) nearest neighbor queries. A 3-dimensional grid of
points is placed over the input environment with the grid size being a variable factor (finer
grid for better sampling). These grid points form the set of query points for ANN. The
algorithm finds the query point that has the furthest nearest neighbor amongst all of the
guery points, and this point is used as a seed point. This is similar to placing the seed point

at the center of the largest sphere that can be inscribed in the input environment amongst
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all of the points in the grid. Ideally, we would like to compute the seed point taking the
distance between the seed point and the polygons into consideration, but since evaluating
this distance is not trivial, we use the distance between the polygon vertices and the seed

point as an approximation.
8.5.3 Expanding ak-dop

Increase volume by scalingA k-dop is placed centered at the seed point that has been
generated earlier. Thisdop is scaled by repeatedly doubling the scaling factor. Once it
collides with the environment or when it encloses the environment, the scaling factor is
linearly decreased until the first time it does not collide with the environment. The method
is illustrated in figures8. This position is stored as an inner approximation. Further exper-
imentation showed that instead of finding the largest scaling factor that does not induce a
collision with the environment, a better and faster way is to use the halved scaling factor
that induced a first collision. This gives ug-alop that is potentially smaller than the earlier

method but is better suited for furthExpansion by Slidingvhich is described i18.5.3.2

Figure 68: An example of expansion by scalingalop.
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8.5.3.1 Increasing volume by translation

Once scaling of th&-dop was done, it is translated if possible away from the point of con-
tact with the environment and scaled again. This is similar to a balloon expansion when it
hits a surface and moves away from it while still expanding. The method is illustrated in
figure69. The introduction of ANN for seed point generation made expansion by transla-

tion unnecessary, as not much increase in volume was observed.

Figure 69: Expansion by translating and scaling tkdop.

8.5.3.2 Increasing volume by sliding

This is the method that results in maximum increase in volume. As stated eadkido@
is a convex polytope bounded by half-spaces of a given orientation. Initiallk-tiog is
scaled at a seed point generated by ANN.

After scaling, the algorithm loops over all the facets of Kkdop and for each facet,
the corresponding half-space is movestided in the same direction until either of the
following happens. The resultingdop collides with the environment or until the half-
space has no effect on tkedop. These two cases are shown in7iy

The complete algorithm is illustrated in figurd. The seed point generated by ANN
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Figure 70: Two cases in which sliding half-spaces is terminated.

is at the center of the circle. The configuration of Kadop after scaling is shown by the
intersection of the inner most red lines. The lines are looped in an anti-clockwise fashion
starting with the red line with orientation (1,0). This red line is moved to the corresponding
green line. The next line that is moved is the line with orientation (1,1). This is continued
until all the 8 lines are done and a new loop is started. This process is continued until no

half-space can be moved further. The final result is shown as a shaded region.
8.5.4 Packingk-dops

To pack a given number é&fdops or to pack-dops until a certain percentage of the volume
is covered, the algorithm is repeatedly called after some updates to the QuickCD data struc-
tures and to the ANN data structures. Specifically, the already compgtdefs are added
to the environment. This is done to detect collision with the already compedegs.
The seed points for the subsequiemtops are obtained from ANN, by finding the center

of the next largest empty sphere. ANN is updated in a similar fashion by adding the grid
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Figure 71: Expansion by sliding the half-spaces.

points that lie inside the computdedops to the environment. An example of packing 5

18-dops in the bunny is in figur&.
8.5.5 Mergingk-dops

Once we obtain a packing &fdops, it was observed that in long thin regions of the envi-
ronment, a number of adjacekidops were being computed instead of a lé&rdop. We
would like to have a minimal number &fdops for use in occlusion. Hence to reduce the
number ofk-dops, merging of th&-dops was considered. This involves finding the initial
packing ofk-dops and then merging adjacdntiops. Another method is to find an initial
sphere packing of the environment using ANN. This is very fast as it involves only nearest
neighbor queries. Consider two adjacent spheres in this configuration. A-skgathat

has the shape of a long cuboid (a single triangle would also be okay) covering the two

centers of the spheres is placed andkfaop expansion techniques are employed. This
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Figure 72: A packing of the bunny model with disjoint 18-dops.

resulted in &-dop that covers the space occupied by two spheres. Among these two meth-
ods, the later was preferred as the first method involves computation of a large number of
k-dops which makes it slower compared with the second method.

In the second method a question that arises is which two or more spheres to merge. The
centers of the spheres in the sphere packing approximately lie on the medial axis of the
model. Merging spheres that lie in the same section of the medial axis is preferable. This
might involve merging more that two spheres. The merging we implemented is straight
forward in that it finds the largest sphere and then finds its largest neighboring sphere.
These two spheres are merged using the second method described above.

Merging of k-dops involves methods that haven't been completely investigated. A
method that would give us fewdrdops is preferable. It would also be better if the ini-

tial computation itself results ik-dops that are similar to the merged ones. This will avoid
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the further step of merging. Merging kfdops needs further study and experimentation.
8.5.6 Implementation and Results

The algorithms were implemented in Gnu C++ 3.2.2 and the graphical user interface was
done in fltk. Two libraries, Approximate Nearest Neighbor(ANN) and QuickCD were used.
The input to the algorithm is a set of triangles (the environment), specified as a list of
vertices and indices. The output is a listkeflops whose union covers most of the interior

of the environment. The input data is preprocessed and added to the QuickCD environment
hierarchy. The input vertices are also passed to ANN to build its hierarchy. Additionally,
vertex normals are extracted for inside/outside tests. Most of the project was done on a

laptop with Pentium Il LGHz processor, 512MB RAM, 25GB hard disk space.
8.5.6.1 k-dop Representation

k-dops are represented as a sek bfalf-spaces. Additionally, vertices on the convex hull
are also stored along with thedop. k-dop scaling is done by scaling the vertices of the
convex hull and computing its bounding half-spaces. Simil&rgop translation is done
by translating the convex hull vertices and scaling them agkidop sliding is done by

moving each half-space and repeatedly checking for collisions using QuickCD.
8.5.6.2 QuickCD

QuickCD [126 128 127] is a collision detection library written by Jim Klosowski, Martin

Held and Joseph Mitchell. It takes as input an environment and a flying object and reports
collision details between them. The main idea is to build two bounding volume hierarchies
one for the environment and the other for the flying object. The bounding volume is chosen

to be ak-dop. By usingk-dops, fast intersection tests can be performed while still having
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a tight enough bounding volume. To test for collision, the two hierarchies are recursively
traversed until they reach the lowest primitives (triangles) and then report the final result,
whether there is a collision or not.

In our implementation, the input triangles are sent to QuickCD to be built as an envi-
ronment hierarchy and the seledlop is built into a flying object hierarchy. Whenever the
k-dop is modified during expansion, the old flying object hierarchy is deleted and a new
hierarchy is built. Since this hierarchy can be as small as a single node, performing this
operation is very fast and can be repeated frequently. Collision detection is then performed
on the two hierarchies. In the case of packikdops, the environment hierarchy has to be
modified every time a new-dop is found. This is required to treat the already computed

k-dops as part of the environment, thus aiding in collision detection.
8.5.6.3 Approximate Nearest Neighbors

Approximate Nearest Neighbors (ANN)44, 25, 24] is a library which supports exact and
approximate nearest neighbor searching in arbitrary dimensions implemented in C++ by
David Mount and Sunil Arya. The input data is a set of points which are processed into a
data structure. Given a query point, the program can return its nearest neighbor and/or its
k nearest neighbors. Put in another way, the distance to the nearest neighbor from a query
point is the radius of the largest empty sphere centered on the query point. This is used in
our algorithm to find large empty spheres whose centers form good seed points.

Input triangle vertices are added to and processed into the ANN hierarchy. The bound-
ing box of the environment is sampled into a regular grid of specified resolution. Nearest
neighbor queries are performed with the grid points as query points and the sample point

with the furthest nearest neighbor is made the seed point. Additional inside/outside tests
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Dataset | # Vertices| Time for 18-dop(sec) Time for 26-dop(sec
Missile 1176 6.6 3.73
Beethoven| 2655 1.91 10.7
Dragon 5205 1.97 6.48
Porsche 5247 1.6 4.78
Buddha 7108 1.98 5.26
Bunny 8171 2.55 7.98

Tool 10166 3.17 16.51
Horse 48485 4.85 7.17

Table 4: Timings for computation of largest 18-dops and 26-dops.

have to be performed on the query point. This utilizes the normals evaluated at the input
vertices.

During packingk-dops, after each additionkldop is computed, the sample points that
lie inside thisk-dop are added to the ANN hierarchy. This is necessary for two reasons,
one being not to include these points in the set to query points and secondly, it takes care

that the new seed point is far from both thelop vertices and also its facets.
8.5.6.4 Memory Requirements

The total memory consumption is a sum of memory consumptions of QuickCD, ANN and
our program. QuickCD us€46k+ 108)n bytes for the environment, whekds dependent

on our choice ok-dop andn is the number of input triangles. Since our flying object con-
tains a singl&-dop, its memory consumption can be taken as a small constant. R2&r [

for further analysis of QuickCD’s memory consumption.

ANN usesO(nlogn) space. ReferZp] for further details. Our program additionally
computes normals for each vertex which takes Bg@es. In packindg-dops, the computed
k-dops are stored in a std::vector. EdeHop takes B bytes. Thus if the packing yields
p number ofk-dops, the total memory consumption({d6k + 144)n+ 8kp)bytes and the

storage for ANN.
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8.5.6.5 Experiments

The algorithm has been tested on various datasets some with input normals and the others
without them. The two main tasks that were performed were to find the single lardept

and to pack the given object with a minimal number of lakgops. Twok-dops, 18-dops

and 26-dops were used as basic convex bodies.

Normal Estimation and Inside/Outside Tests. The datasets come in two formats, with

and without normals. In the case when the normals are given, they are used for inside/out-
side tests. Some of the datasets had normals only for select vertices; in such a case the rest
of the normals were computed. We use a simple method for normal estimation: compute
the normal of the facets of the environment and then for a particular vertex, average the
normals of the facets that share this vertex. This can be made a little bit better by taking
the area of the facet into consideration.

To perform inside/outside tests, the nearest neighbor is found using ANN, and the dot
product of the vector from the query point to its nearest neighbor and the normal of the
nearest neighbor is evaluated. A negative value indicates that the query point is outside
the environment. To increase the robustness of this method, this test is performed with the
k-nearest neighbors and a vote is taken among them.

Volume Estimation. In order to measure the effectiveness of our algorithm, we compare
the volume covered by the union of &dops with the volume covered by the environment
object. The bounding box of the environment is sampled on a regular grid and we use the
ratio of number of points that lie inside the union of keltlops with the number of points

that lie inside the environment. The same grid used for finding seed points using ANN is

used again for volume estimation.
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Dataset | # Vertices| Normals | # 18-dops| Time(sec)| % Coverage
Beethoven 2655 yes 15 18.57 58
Dragon 5205 no 17 28.72 39
Porsche 5247 yes 10 22.25 66
Buddha 7108 no 39 59.13 60
Bunny 8171 no 45 62.51 72
Horse 48485 no 10 55.65 54

Table 5: Percentage of volume covered by the unionl8tdopsand the time taken to
compute them.

Dataset | # Vertices| Normals | # 18-dops| Time(sec)| % Coverage
Beethoven 2655 yes 13 27.63 61
Dragon 5205 no 33 167.0 52
Porsche 5247 yes 4 33.16 55
Buddha 7108 no 10 41.7 47
Bunny 8171 no 40 223.47 75
Horse 48485 no 12 102.4 55

Table 6: Percentage of volume covered by the unior26fdopsand the time taken to
compute them.

8.5.6.6 Results

Our algorithm has performed reasonably well in finding large convex boklidses) in
three dimensional environments. In datasets that have a considerable empty space, the
algorithm was always able to find it as shown in bunny and buddha. The bunny dataset
also has holes which were avoided by the algorithm. We were also able to detect thin
long convex shapes that were in one of the directions okttlep facets as shown in the
missile74 and tool73 renderings.

Since the algorithm greedily finds the largest inscribed sphere and uses its center as
the seed point, packing of the environment completely becomes a problem. The small and
narrow features are not covered as the inscribed sphere at those locations will be small.

This is shown in rendering of the horg®, where its body, neck and head were easily



CHAPTER VIII: Finding large empty convex bodies 222

Figure 73: Tool. Figure 74: Missile.

computed, but the legs are still not found after using 12 26-dops.

The tabless and6 show the timings and percentage of volume covered by the union
of 18-dops and 26-dops for some datasets. Packikgdoips ceases after the program is
unable to find anymore valid seed points. As an example in @hillee Dragon dataset
was packed with 33 26-dops and covered 52% of volume. Further increase in volume
coverage was not possible as valid seed points were not found. This is a consequence of
our inside/outside tests which rely on normal computation which is not accurate. This is a
serious problem and has to be corrected to improve the performance of the algorithm.

The graphs/6 and 77 show the increase in percentage of volume covered as a result
of increase in the number of 18-dops. It can be observed that the increase is more for the

earlierk-dops and gets smaller as more and med®ps are added.
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Figure 75: Packing ofk-dops in the horse dataset. Note the lack-ofops in the legs due
to the difficulty in finding seed points in narrow areas.

70

60 //
—Puorsche

o S
N/ =
20 // / o
L~

10

% Volume Covered

0 T T 1T 1T T 1T 1T T T T T
1T 2 3 4 5 6 7 8 9 1011213141516 17 18 18 20

Number of 18-dops

Figure 76: Increase in percentage of volume covered with increase in number of 18-dops.



CHAPTER VIII: Finding large empty convex bodies 224

8.5.6.7 Problems with Normals

In finding seed points, inside/outside tests have to be robust. Since the method we use
relies on surface normals, incorrect normals produce seed points that are actually outside
the environment. Further pruning of seed points is necessary to avoid incorrect solutions.
One method is to check whether tkelop that is computed intersects with theop of the

whole environment. If so that seed point and the corresponduhgp are rejected. This
process also wastes time laslops are expanded only to be found later that they intersect
with the k-dop of the environment and pruned. In datasets that have pointed features, the
algorithm fails to compute a good solution as most of the normals are incorrect at the

pointed features.
8.5.7 Conclusions and Future Work

We have shown that simple techniques like translation, scaling and moving the fakets of
dops are able to find good convex approximations of the interior of environments. Datasets
that have a good sampling rate with less pointed features are good candidates for our algo-
rithm. Itis useful to cover large areas whkidops. In general small features will be missed,
or an unnecessarily large numbeikefiops have to be computed to cover the small features.
The algorithm is reasonably fast for medium sized datasets up to 50,000 vertices. As con-
vex approximationsk-dops have performed well and further increasing in complexity of
convex objects seems unnecessary.

We have faced a number of problems in the process and these are potential topics that
need further research and investigation. The first problem that arises is that of normal
estimation. We started with the aim of not using normals in our computations, but for

implementing inside/outside tests robustly they became necessary. More robust methods
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Figure 77: Increase in percentage of volume covered with increase in number of 18-dops.

to evaluate normals are necessary; results from surface reconstruction could be used here.

The second problem is that of storage. For large datasets, paging starts and this slows the

computation process. Our program uses QuickCD and ANN and these consume additional

memory. In addition as a number of queries are performed on static trees, they could benefit

from cache oblivious layouts.

Other problems include finding better seed points and expanding methadksldgs.

More experimentation has to be performed with merdirapps. And finally these convex

approximations have to be put to use in an application and the results evaluated.
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Figure 78: The top view of the Porsche model.

Figure 79: The side view of the Porsche model.
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Figure 80: A packing ofk-dops in the dragon model.
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Figure 81: A packing ofk-dops in the Beethoven model.
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