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Abstract

We study the minimum enclosing ball (MEB) problem
for sets of points or balls in high dimensions. Using
techniques of second-order cone programming and “core-
sets”, we have developed (1 + €)-approximation algorithms
that perform well in practice, especially for very high
dimensions, in addition to having provable guarantees. We
prove the existence of core-sets of size O(1/¢), improving
the previous bound of O(1/¢?), and we study empirically
how the core-set size grows with dimension. We show that
our algorithm, which is simple to implement, results in fast
computation of nearly optimal solutions for point sets in
much higher dimension than previously computable using
exact techniques.

1 Introduction

We study the minimum enclosing ball (MEB) problem:
Compute a ball of minimum radius enclosing a given set
of objects (points, balls, etc) in R?. The MEB problem
arises in a number of important applications, often re-
quiring that it be solved in relatively high dimensions.
Applications of MEB computation include gap tolerant
classifiers [8] in Machine Learning, tuning Support Vec-
tor Machine parameters [10], Support Vector Cluster-
ing [4, 3], doing fast farthest neighbor query approx-
imation [17], k-center clustering [5], testing of radius
clustering for k = 1 [2], approximate 1-cylinder prob-
lem [5], computation of spatial hierarchies (e.g., sphere
trees [18]), and other applications [13].

In this paper, we give improved time bounds for ap-
proximation algorithms for the MEB problem, applica-
ble to an input set of points or balls in high dimensions.
We prove a time bound of O("Td + 5 log 1), which is
based on an improved bound of O(1/€) on the size of
“core-sets” as well as the use of second-order cone pro-
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gramming (SOCP) for solving subproblems. We have
performed an experimental investigation to determine
how the core-set size tends to behave in practice, for a
variety of input distributions. We show that substan-
tially larger instances, both in terms of the number n
of input points and the dimension d, of the MEB prob-
lem can be solved (14 €)-approximately, with very small
values of € > 0, compared with the best known imple-
mentations of exact solvers. We also demonstrate that
the sizes of the core-sets tend to be much smaller than
the worst-case theoretical upper bounds.

Preliminaries. We let B, , denote a ball of radius
r centered at point ¢ € R%  Given an input set
S = {p1,...,pn} of n objects in R% the minimum
enclosing ball MEB(S) of S is the unique minimum-
radius ball containing S. (Uniqueness follows from
results of [14, 30]; if By and By are two different smallest
enclosing balls for S, then one can construct a smaller
ball containing B1N By and therefore containing S.) The
center, ¢*, of MEB(S) is often called the 1-center of S,
since it is the point of R? that minimizes the maximum
distance to points in S. We let r* denote the radius of
MEB(S). A ball B, D S containing S is said to be a
(1 + €)-approxzimation of MEB(S) if r < (1 + €)r*.

Throughout this paper, S will be either a set of
points in R or a set of balls. We let n = |S]|.

Given € > 0, asubset, X C S, is said to be a core-set
of S'if B; (14e)p D S, where B., = MEB(X); in other
words, X is a core-set if an expansion by factor (1 + €)
of its MEB contains S. Since X C S, r < r*; thus, the
ball B (116 is a (1 + €)-approximation of MEB(S).

Related Work. For small dimension d, the MEB
problem can be solved in O(n) time for n points using
the fact that it is an LP-type problem [20, 14]. One
of the best implementable solutions to compute MEB
exactly in moderately high dimensions is given by
Gértner and Schonherr [16]; the largest instance of MEB
they solve is d = 300, n = 10000 (in about 20 minutes
on their platform). In comparison, the largest instance
we solve (1 + e)-approximately is d = 800, n = 100000,
€ = 1073; in this case the virtual memory was running
low on the system. Another implementation of an exact
solver is based on the algorithm of Géartner [15]; this



code is part of the CGAL library. For large dimensions,
our approximation algorithm is found to be much faster
than this exact solver.

We are not aware of other implementations of
polynomial-time approximation schemes for the MEB
problem.

Independently from our work, the MEB problem in
high dimensions was also studied in [30]. The authors
consider two approaches, one based on reformulation
as an unconstrained convex optimization problem and
another based on a Second Order Cone Programming
(SOCP) formulation. Similarly, four algorithms (in-
cluding a randomized algorithm) are compared in [29]
for the computation of the minimum enclosing circle
of circles on the plane. Both studies reveal that solv-
ing MEB using a direct SOCP formulation suffers from
memory problems as the dimension, d, and the number
of points, n, increase. This is why we have worked to
combine SOCP with core-sets in designing a practical
MEB method.

In a forthcoming paper of Badoiu and Clarkson [6],
the authors have independently also obtained an upper
bound of O(1/¢) on the size of core-sets and have, most
recently [7], proved a worst-case tight upper bound of
[1/e]. Note that the worst case upper bound does
not apply to our experiments since in almost all our
experiments, the dimension d < % The worst case
upper bound of [6, 7] only applies to the case when
d > % Our experimental results on a wide variety of
inputs show that the core set size is very small compared
to L (See Figure 2).

Bédoiu et al. [5] introduced the notion of core-
sets and their use in approximation algorithms for
high-dimensional clustering problems. In particular,
they give an O(dn/e? + (1/¢)1%1og(1/¢)) time (1 + €)-
approximation algorithm based on their upper bound
of O(1/€?) on the size of core-sets; the upper bound on
the core-set size is remarkable in that it does not depend
on d. In comparison, our time bound (Theorem 3.2) is
O(™ + H5logt).

Outline of paper. We first show in Section 2 how
to use second-order cone programming to solve the MEB
problem in O(y/nd?(n + d)log(1/¢)) arithmetic oper-
ations. This algorithm is specially suited for problems
in which n is small and d is large; thus, we study al-
gorithms to compute core-sets in Section 3 in an effort
to select a small subset X, a core-set, that is sufficient
for approximation purposes. This section includes our
proof of the new upper bound of O(1/¢) on the size
of core-sets. Section 4 is devoted to discussing the
experiments and the results obtained with our imple-
mentation.

2 SOCP Formulation

The minimum enclosing ball (MEB) problem can be for-
mulated as a second-order cone programming (SOCP)
problem. SOCP can be viewed as an extension of linear
programming in which the nonnegative orthant is re-
placed by the second-order cone (also called the “Lorenz
cone,” or the “quadratic cone”), defined as

K ={(0,2) € Rt . lz|| <o}

Therefore, SOCP is essentially linear programming over
an affine subset of products of second-order cones. Re-
cently, SOCP has received a lot of attention from the op-
timization community due to its applications in a wide
variety of areas (see, e.g., [19, 1]) and due also to the ex-
istence of very efficient algorithms to solve this class of
optimization problems. In particular, any SOCP prob-
lem involving n second-order cones can be solved within
any specified additive error e > 0in O(y/nlog(1/e)) it-
erations by interior-point algorithms [21, 25].

The MEB problem can be formulated as an SOCP
problem as

n;lirn r, st |e—c¢|l+ri<r,i=1,...,n,
where c1,...,¢, and r1,...,7r, constitute the centers
and the radii of the input set S C R, respectively, ¢ and
r are the center and the radius of the MEB, respectively
(Note that the formulation reduces to the usual MEB
problem for point sets if r; = 0 for i = 1,...,n). By
introducing slack variables

(vi,si) €K, i=1,...,n,

the MEB problem can be reformulated in (dual) stan-
dard form as

T Y8155 c 5 ¢

max

along with the constraints (v;,s;) € K, i = 1,...,n,
where v denotes the n-dimensional vector whose com-
ponents are given by v1,...,7,. The Lagrangian dual
is given in (primal) standard form by

. n n T
min =21 Ti0i — D G i
0,L1;.-,%n
n g; -1
st. — ), . _ =
Zl_l |: xi :| |: 0 :| ’
(Uivxi)€K7 1217 RN

where o = (01,...,0,)7T.

The most popular and effective interior-point meth-
ods are the primal-dual path-following algorithms (see,
e.g., Nesterov and Todd [22, 23]). Such algorithms gen-

erate interior-points for the primal and dual problems



that follow the so-called central path, which converges
to a primal-dual optimal solution in the limit. The ma-
jor work per iteration is the solution of a linear system
involving a (d+1) x (d+ 1) symmetric and positive def-
inite matrix (see, e.g., [1]). For the MEB problem, the
matrix in question can be computed using O(nd?) basic
arithmetic operations (flops), and its Cholesky factor-
ization can be carried out in O(d®) flops. Therefore,
the overall complexity of computing an approximation,
with additive error at most ¢, to the MEB problem with
an interior-point method is O(y/nd?(n+d)log(1/¢)). In
practice, we stress that the number of iterations seems
to be O(1) or very weakly dependent on n (see, for in-
stance, the computational results with SDPT3 in [28]).

The worst-case complexity estimate reveals that the
direct application of interior-point algorithms is not
computationally feasible for large-scale instances of the
MEB problem due to excessive memory requirements.
In [30], the largest instance solved by an interior-point
solver consists of 1000 points in 2000 dimensions and re-
quires over 13 hours on their platform. However, large-
scale instances can still be handled by an interior-point
algorithm if the number of points n can somehow be
decreased. This can be achieved by a filtering approach
in which one eliminates points that are guaranteed to
be in the interior of the MEB or by selecting a subset of
points and solving a smaller problem and iterating until
the computed MEB contains all the points. The latter
approach is simply an extension of the well-known col-
umn generation approach initially developed for solving
large-scale linear programs that have much fewer con-
straints than variables. The MEB problem formulated
in the primal standard form as above precisely satisfies
this property since n > d for instances of interest in
this paper.

We use the column generation approach to be able
to solve large-scale MEB instances. The success of such
an approach depends on the following factors:

1. Initialization: The quality of the initial core set is
crucial since a good approximation would lead to
fewer updates. Furthermore, a small core set with
a good approximation would yield MEB instances
with relatively few points that can efficiently be
solved by an interior-point algorithm.

2. Subproblems: The performance of a column gener-
ation approach is closely related to the efficiency
with which each subproblem can be solved. We use
state-of-the-art interior-point solver SDPT3 [27] in
our implementation.

3. Core-set Updates: An effective approach should
update the core-set in a way that will minimize the
number of subsequent updates.

In the following sections, we describe our approach
in more detail in light of these three factors.

3 Using Core-Sets for Approximating the MEB

We consider now the problem of computing a MEB of
aset S = {By,Ba,...,B,} of n balls in R%. One can
consider the MEB of points to be the special case in
which the radius of each ball is zero.

We note that computing the MEB of balls is an LP-
type problem [14]; thus, for fized d, it can be computed
in O(n) time, where the constant of proportionality
depends exponentially on d.

Our goal is to establish the existence of small core-
sets for MEB of balls and then to use this fact, in
conjunction with SOCP, to compute an approximate
MEB of balls quickly, both in theory and in practice.

We begin with a lemma that generalizes a similar
result known for MEB of points [5]:

LEMMA 3.1. Let B., be the MEB of the set of balls

= {By,Bs,...,B,} in R" where n > d + 1. Then
any closed halfspace passing through c contains at least
one point in B;, for some i € {1,...,n}, at distance r
from c.

Proof. We can assume that each ball of S touches 0B, ,;
any ball strictly interior to B, can be deleted without
changing its optimality. Further, it is easy to see that
there exists a subset S’ C S, with |S’| < d + 1, such
that MEB(S’) = MEB(S), and that ¢ must lie inside
the convex hull, @, of the centers of the balls S’; see
Fischer [14]. Consider a halfspace, H, defined by a
hyperplane through c¢. Since ¢ € @, the halfspace H
must contain a _vertex of Q, say ¢/, the center of a ball
By . Let p=cc ﬁ@BC » be the pomt where the ray cc

ex1ts BC’T and let ¢ = cc ﬂch/yr/ be the point where cc
exits Be ,v. Then, ||ep|| = r. By the triangle inequality,
all points of By ,» \ {¢} are at distance from ¢ at most
that of ¢; thus, since B ,» touches 0B, ,, we know that
pP=4q.

Our algorithm for computing MEB(S) for a set S
of n points or balls begins with an enclosing ball of S
based on an approximate diameter of S. If S is a set
of points, one can compute a (1 — ¢)-approximation of
the diameter, §, yielding a pair of points at distance at
least (1 — €)d; however, the dependence on dimension d
is exponential [9]. For our purposes, it suffices to obtain
any constant factor approximation of the diameter d,
so we choose to use the following simple O(dn)-time
method, shown by Egecioglu and Kalantari [11] to yield
a 1/v/3-approximate diameter of a set S of points: Pick
any p € S; find a point ¢ € S that is furthest from p; find
a point ¢/ € S that is furthest from ¢; output the pair



(¢,¢'). Tt is easy to see that the same method applies
to the case in which S is a set of balls, yielding again
a 1/v/3-approximation. (Principal component analysis
can be used to obtain the same approximation ratio for
points but does not generalize as readily to the case of
balls.)

Algorithm 1 Outputs a (1 + ¢)-approximation of
MEB(S) and an O(1/€?)-size core-set
Require: Input set of points S € R?, parameter ¢ > 0,
subset Xg C S
1: X — X
2: loop
3:  Compute B., = MEB(X).

4: if S C BC7(1+€)T then

5: Return B, ,, X

6: else

T: p < point of S maximizing distance, ||cp||, from
c

8  end if

9: X— XU {p}
10: end loop

If Algorithm 1 is applied to input data, with X, =
{q,¢'} given by the simple 1/+/3-approximation algo-
rithm for diameter, then it will yield an output set, X,
that is of size O(1/€?), as shown by Badoiu et al. [5]
Their same proof, using Lemma 3.1 to address the case
of balls, yields the following:

LEMMA 3.2. [5] For any set S of balls in R? and
any 0 < € < 1 there exists a subset X C S, with
|X| = O(1/€?), such that the radius of MEB(S) is at
most (1 + €) times the radius of MEB(X). In other
words, there exists a core-set X of size O(1/€?).

In fact, the proof of Lemma 3.2 is based on showing
that each iteration of Algorithm 1 results in an increase
of the radius of the current ball, MEB(X), by a factor
of at least (1 + ¢2/16); this in turns implies that there
can be at most O(1/€?) iterations in going from the
initial ball of radius at least 6 /1/3 to the final ball (whose
radius is at most 4).

We bootstrap Lemma 3.2 to give a O(1/¢)-size core-
set, as shown in Algorithm 2.

LEMMA 3.3. The number of points added to X in round
i+ 1 is at most 276,

Proof. Round i gave as output the set X;, of radius
r;, which serves as the input core-set to round (i + 1).
Thus, we know that (1 +27%)r; > r* > r;. For round
i4+1, e = 270+ 50 in each iteration of Algorithm 1, the
radius goes up by factor (14+€2/16) = (14272%75); thus,

Algorithm 2 Outputs a (1 + €)-approximation of
MEB(S) and an O(1/€)-size core-set

Require: Input set of points S € R?, parameter ¢ =

27" subset Xg C S
1: for : =1 to m do

2:  Call Algorithm 1 with input S, e =277, X;_;

3: X, « the output core-set
4

5

: end for
: Return MEB(X,,,), X,

each iteration increases the radius by at least 272 6r,.
If in round 7+ 1 there are k;11 points added, the ball at
the end of the round now has radius ;41 > 7; + Kki41 -
27216y, Since we know that (1+27%)r; > r* and that
r* > 1i1, we get that (1+279)r; > (14+k;q1-2727%)r,,
implying that k; 1 < 2+6 as claimed.

THEOREM 3.1. The core-set output by Algorithm 2 has
size O(1/e).

Proof. The size of |X,,| is equal to the sum of the
number of points added in each round, which is, by
Lemma 3.3, at most Y., 276 = O(2™) = O(1/¢).

THEOREM 3.2. A (1+ ¢€)-approzimation to the MEB of
a set of n balls in d dimensions can be computed in time
O™ + L:logl) .

€

Proof. Since the size of the basis (core-set) is O(2) ,
each call to our SOCP solver incurs a cost of O(\d/—z(l +

d) log %) . We parse through the input O(%) times, so
the total cost is O(™¢ + 652(% +d)log?) .

d = O(1/e), as in
O™ + {:logl) .

€

Putting
[5], we get a total bound of

Remark. The above theorem also improves the
best known time bounds for approximation results in-
dependent of d on the 2-center clustering (2°(+)dn)
problem and the k-center clustering (20( e k)dn) prob-

lem [5].

4 Implementation and Experiments

We implemented our algorithm in Matlab. The total
code is less than 200 lines; it is available upon request
to others for research and comparison. No particular
attention was given to optimizing the code; our goal
was to demonstrate practicality of the algorithm, even
with a fairly straightforward implementation. The cur-
rent implementation is only for inputs S that are point
sets; extending it to input sets of balls should be rela-
tively straightforward. The implemented version is Al-
gorithm 1, without the bootstrapping provided by the



Algorithm 2 variant; the observed dependence on 1/e
was significantly better in practice than the theoreti-
cal worst-case bounds, so the added overhead of Algo-
rithm 2 was not worthwhile. All of the experimental
results reported in this paper were done on a Pentiu-
mlIl 1Ghz, 512Mb notebook computer, running Win-
dows 2000.

For the SOCP component of the algorithm, we
considered two leading SOCP solvers: SeDuMi [26] and
SDPT3 [27]. Experimentation showed SDPT3 to be
superior to SeDuMi for use in our application, so our
results here are reported using SDPT3.

We found it advantageous to introduce random
sampling in the step of the algorithm that searches for
the existence of a point that is substantially outside the
current candidate ball. This can speed the detection of
a violator; a similar approach has been used recently by
Pellegrini [24] in solving linear programming problems
in moderately high dimension. In particular, we sample
a subset, S’, of the points, of size L./n, where L is
initialized to be 1 and is incremented by 1 at each
iteration. Only if a violator is not found in S’ do
we begin scanning the full set of points in search of a
violator.

Another good thing about the implementation is
that it is I/O efficient if we assume that we can solve
O(2) size subproblems in internal memory(This was
always the case for our experiments, since the size of
the core-set did not even approach % in practice). If
this is true then the current implementation in the
I/O model does at most O(4%) I/Os' and the same
bound also generalizes to the cache-oblivious model [12].
The implementation of Algorithm 2 has an I/O bound
of O(%%) . Some of the large problems we report
results for here, did actually use more memory while
running than we had installed on the system. For
instance in Figure 1 the sudden jump when d =
400, n = 10° happens because the problem size doesn’t
fit into memory anymore. We believe that with our
algorithm and an efficient implementation(C++), really
large problems (n ~ 107,d ~ 10%* e ~ 10~*) would
become tractable in practice on current state of the art
systems with sufficient memory and hard disk space.

Datasets. All of our experiments were conducted
on randomly generated point data, according to various
distributions. We used Matlab to generate random
matrices. For generating uniform data we used rand,
for generating specific distributions we used random and
for generating normally distributed random numbers we
used randn.

Specifically, we considered the following four classes

THere B denotes the disk block size.

of point data:
(1) uniformly distributed within a unit cube;
(2) uniformly distributed on the surface of a unit cube;

(3) normally distributed in space, with each coordinate
chosen independently according to a normal distri-
bution with mean 0 and variance 1;

(4) point coordinates that a Poisson random variables,
with parameter A = 1.

Methods for comparison. Bernd Gértner [15]
provides a code on his website that we used. We
also used the CGAL 2.4 implementation (using
Welzl’s move-to-front heuristic, together with Gértner’s
method [15]). We were not able to compile code avail-
able from David White’s web page. We could not repli-
cate the timings reported in the paper by Géartner and
Schénherr [16].

Experimental results. In Figure 1 we show how
the running time varies with dimension, for each of
three sizes of inputs (n = 103, 10%, and 10°) for points
that are normally distributed. Here, ¢ = 0.001. The
sudden increase around dimension d = 400 for n = 10°
points is due to effects of paging from disk, as this is the
largest input size that allowed subproblems to fit within
main memory. Corresponding to this same experiment,
Figure 2 shows how the number of iterations in the
main algorithm varies with dimension. Recall that the
number of iterations is simply the size of the core-set
that we compute. (Note that, while the core-set size is
seen to increase with dimension,

In Figures 3 and 4 we show how the running time
and the core-set size varies with dimension for each of
the four distributions of input points, and n = 10, 000,
e = 0.001.

Figure 5 shows a timing comparison between our
algorithm, the CGAL 2.4 implementation, and Bernd
Gaértner’s code available from his website.

Finally, in Figures 11 and 12 we show results for
low dimensions (d = 2,3), as the number n of points
increases, for two choices of €. Note the logarithmic
scale.

5 Open Problems

There are interesting theoretical and practical problems
that this research opens up.

In Practice : Can one do MEB with outliers in prac-
tice? 1l-cylinder, 2-center and k-center approxima-
tions? Is computing minimum enclosing ellipsoid
approximately feasible in higher dimensions? Are
there core sets for ellipsoids of size less than O(d?)
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small, their algorithm performance drastically suffers.
(Is expected because of 1/¢? iterations on the point set).

? Does dimension reduction help us to solve large
dimensional problems in practice [?]? Can one use
warm start strategies to improve running times by
giving a good starting point at every iteration [?]?

In Theory : Of particular theoretical interest is the

question about the optimal core-set size of the MEB
problem. Are there similar dimension independent
core-sets for other LP-Type problems?

It remains an open question to tighten the core-set
bounds for different distributions when d < %
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