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[Editorial Note: A second part of this paper, to appear in the next issue of MTAC, will
contain illustrative numerical examples of the application of the above ideas.]
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A Note on the Inversion of Matrices by
Random Walks

In a recent note, FORSYTHE & LEIBLER! described a method (first sug-
gested by J. v. NEUMANN and S. M. ULamM) for the inversion of certain
types of matrices by a ‘“Monte Carlo” sampling procedure. The authors
explain their scheme in terms of drawing balls from an urn, but the pro-
cedure might, of course, be just as well described as a random walk.

A boundary value problem involving a difference equation in a bounded
domain is equivalent to a system of linear algebraic equations in as many
unknowns as there are lattice points in the domain. It is therefore to be
expected that the sampling methods for the solution of such difference
equations as explained in CURTISs? and WAsow? are closely related to the
method of Forsythe & Le bler.!

In order to study this relation we rephrase the latter method in the
language of random walks. We consider a set of m points Py, - - -, P,, and
introduce a moving particle which, starting from P;, jumps from point to
point in such a way that the probability of going from P, to P, in one jump

is pw. Also at each point P, there is a probability p, = 1 — 3 p,, of the

p=l
random walk ending there.
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Furthermore, the moving particle possesses a variable ‘“‘mass” V which,
at a step from, say, P, to P, is multiplied by a factor v,,. The initial mass
at P; is one. Our procedure consists in estimating the expected value of the
random variable G;; defined as follows. The moving point is known to start
from P;:

G {0, if the walk ends at & # j
v Vpi, if the walk ends at j°

Observe that G;; is defiried only for points where »; # 0.
Let 4 be the matrix with elements

@i; = PijVij
(no summation is implied), denote by b;; the elements of the matrix
B=I-4

and by B;; the elements of B~L. Then the following theorem is proved in
Forsythe & Leibler.!

Theorem: If and only if the eigenvalues of the matrix {|ai;|} are less than
one in absolute value, then the mathematical expectation E[G;] exists and

E[Gi;] = Bij.

Thus, an experimental estimate of the expectation of G;; yields a numerical
value for one element of the inverse matrix of B.

The procedures followed in Curtiss? and Wasow? to find Green'’s function
for difference equations, when properly worded, are special cases of a scheme
for matrix inversion which differs from the random walk just described only
in that the random variable G;; is replaced by the random variable M;;
which is by definition equal to the total amount of mass carried through the
point P; on the several visits in the course of a random walk starting from P;.
(If the point stays put at Pj, this is to be counted as a new visit.) It is
very easy to show directly that

E[G;;] = E[M;;], when p; = 0.

For let V be the mass of the particle when it passes through P; at the end
of a path from P; to P; whose probabil .ty of being taken is g, then

E[Gi;] = pi X qVpi™* = X qV = E[M,;],

the summation being extended over all possible paths connecting P; and P;.
Observe that the word “path’’ is used here in a somewhat generalized sense,
referring not to a geometric configuration but to an ordered sequence of
points P; beginning with P; and ending with P;.

If p; = 0, then G;; is not defined. But E[M;;] exists and is equal to B,
as can be proved exactly as in Forsythe & Leibler.! This is one advantage
of using the random variable M,; instead of G;;. Apart from this remark it
is not easy to decide in advance which of the two methods is preferable in
a given problem, since this requires a comparison of the variances. The
decision is made more complicated by the fact that the factorization of the
given number a;; into the product p;v;; is, to a large extent, arbitrary. If
the original problem is a boundary value problem for a difference equation,
M ; is, to say the least, the intuitively more natural random variable, since
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one would like to associate the end of a random walk with the first crossing
of the boundary of the given domain. With this interpretation, p; is zero for
all points from which the boundary cannot be reached in one step, and the
random variable G;; is unsuitable,

In the light of the present discussion some of the proofs in Wasow? can be
modified—but not substantially shortened—by making use of the criterion
for existence of E[G;;], and hence of E [M;;], which is stated in the theorem
of this section.

In the especially simple case that all v;; are equal to one, some additional
information concerning the respective advantages of using the random
variables M;; or Gi; is contained in the following theorem, valid in this
special case. Let v; be the probability that a particle known to start from P; will
never return to P;. Then

1) o[Mi] < o[Gi;]
if and only if

i < X

—~2—v;

In order to prove this inequality, we denote by \;; the probability of
going from P; to P; without passing through P; on the way; i.e., A is
the total probability associated with all paths connecting P; and P;, all
intermediate points being different from P;. In our special case the random
variable M;; is the number N of visits at P; during a random walk starting
at P;. Then, for k > 1, Pr {N = k} = A\;\# ;. A short calculation yields

ENEEEY
O = N3

But since the total probability of the walk ending eventually is 1 we have
vi+ Nvi + Ny 000 =1,

2 E[M] = E[N?] = N 2 BN
k=1

ie.,

(3 vi=1-—X\;

so that (2) simplifies into

NS Vi
1 = N\y)?

Next, let X be the random variable which is 1 if the last point of the
random walk is P;, and zero otherwise. Then

Pr {X = 1} = Njp; + Nhighi + Nhipi + -+ = Napi/ (1 — A).
Hence

(4) E [M ii2 ]

E[X?] =Pr{X2=1} = Pr{X =1} = Njp;i/(1 — ).
Since, in our special case,
Gii = X/pj,
it follows that

) E[G#] = st

pi(l — Ny~
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Now, as the means of M;; and G;; are the same, the inequality (1) is equiva-
lent to E[M,?] < E[G;#), i.e., by formulas (4) and (5) to

14 A < 1 )

=N = s
Application of formula (3) transforms this into p;
proves our statement.

The practical value of this theorem is limited, because »; is, in general,
not known. But it shows that, at least in this special case, the answer to
the question which method is preferable for the calculation of the element
B.; does not depend on the subscript 4. It also confirms the intuitively
plausible conjecture that M;; is the better random variable to use whenever
p; is comparatively small.

< v;/(2 — v;), which
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