Introduction to the

Mathematics of Regression
Part 1

by
Byrikyol pcs.FsU,.Epy
for

Introduction to Artificial Intelligence
(CAP 4601)



Agenda

* Sum of Parabolas

* Minima: Weighted Sample Mean

* Sample Mean

e Sum of Squared Differences, Biased Sample Variance, and Unbiased Sample Variance
* Biased and Unbiased Sample Standard Deviation

* Sum of 2D Parabolas

e 2D Sample Mean

* Sum of the Product of Differences, Biased Sample Covariance, and Unbiased Sample Covariance
* Line

* Linear Regression

* Minima: Sum of Squared Differences and Sum of the Product of Differences

* Independent Variable Bias

* Online Mean

* One Way To Program Simple Linear Regression
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Parabola

y:W(x—xO)2+yO

Letw=1, x, =0, and y,=0.
yzl-(x—O)2 +0

y =X’




Parabolas

* For each datum, place a
parabola centered on that value.
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Sum of Parabolas

y=w(x-%,) +Y, and y, =0

y:iznllwi(x_xi)z



Sum of Parabolas
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Minima: Weighted Sample Mean

2
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X =
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Minima: Weighted Sample Mean

2
(W, + W, + Wy + W, + Wy + W, + W, + W + Wy + W, ) X7 +
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Since O<w, fori=1,2,...,10

0 < 2(W, + W, + W, + W, + Wy + W, + W, + W, + Wy + W)




Sample Mean

Letw, =1fori=12,...,10.

o = WiXy 4 W, X, + W3Xs + WX, +WgXs + WeXg + Wy Xg + Wy Xg +WoXy +WypXyg
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(o XX T Xt Xy H X+ X X+ Xy + X + Xy
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Sample Mean




Sample Mean
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X =5.45134



Sum of Parabolas:
Sum of Squared Differences

=2 M) v /

Let x =X and w. =1, then \ AN\ Yy ;

y:iznl:(i—xi)2




Sum of Parabolas:
Biased Sample Variance

y:ZWi(X_Xi)2

1=1
Let X=X and w. :i, then
N
1<, 2
y==2(X-x)
NS4
S5 . = 1.52297

biased




Sum of Parabolas:

Unbiased Sample Variance

Let X=X and w. :L, then

n—-1

. O\

y:n_lizl

S2 =8.35885

unbiased

(X=X, )2 AN\




Biased and Unbiased Sample Variance
yzzn"wi(x—xi)2
1=1

If X=X and w =£,then If X=X and w :il,then
N n—

1 1 <

n
Szbiased — HZ(Xi - Y)2 Szunbiased — E (Xi - Y)2
1=1 i=1



Sample Standard Deviation

 Biased: * Unbiased:
1 _ 1 _
\/Szbiased — \/H;(XI - X)2 \/Szunbiased — N E - (Xi — X )2
1{ _ 1 _
Spiased :VH;(Xi _X)2 Sunbiased :\/E;(Xi _X)2




Data

Data:

10

10

-10

~
—_
NN NN [Q\N] ~
L NS Lt e Tann ta W N QN BN ~~ N~ ~
Aams N ASHTO N O N N N s NN
OO~ ~ANANNTL 1O =0 O =M O)
LM< A0 NO0OONMOOOoLMO LT Or~
OO TMOANONWOFTO) «LO0OAN 0O AT LNHO 0 MLO
MMM HOOAT- OO NONOIIMOAOAOTN OO~ LN

OO~ O ¢ AN OO ¢+ ANIFTOOO)
e o ¢ eQ0 ION *ANNN *QO +OOOHOYM ¢ «cOYOOM N
NN *AN * ~O N~ s 1OM ¢ ¢ ¢ ANvd ¢ ¢ o«

(NN G VIS Ao 6 BN o O BN BEEN TS R AR = N AN S RN N LN O]
AONHAN ~O KO M<TMAN &~ ~ 00N N~ & w1 N
MNAFI-MNOMMOONOOLOOMMMAOO0MITANM ™
N OFHOMOADLOAIFTOMOAOANMUOOA~-NOOHO [~
QOO MOMONMOOANTOLVLOVO~TLVOHANIOO N
OO0 TN OOMANOT I~ OVWOoMOor- <
o o<t e o(N\] ¢ o e s o NS O ¢ cOQNM> o

ANN ¢ o cONOONO ¢ ¢ s oM ¢ ¢« +NO
I 1Tol 1N T 1T 1TOSH IO | NN ||

e S M S M A A A A A A A A A A A Ay A Ay A A e e A

=10kt



Data

Data:

~

—_
NN NN [Q\N] ~
L NS Lt e Tann ta W N QN BN ~~ N~ ~
Aams N ASHTO N O N N N s NN
OO~ ~ANANNTL 1O =0 O =M O)
LM< A0 NO0OONMOOOoLMO LT Or~
OO TMOANONWOFTO) «LO0OAN 0O AT LNHO 0 MLO
MMM HOOAT- OO NONOIIMOAOAOTN OO~ LN

OO~ O ¢ AN OO ¢+ ANIFTOOO)
e o ¢ eQ0 ION *ANNN *QO +OOOHOYM ¢ «cOYOOM N
ANrHOOAN AN * O n arHOM ¢ ¢ o ANt ¢ ¢ o «

(NN G VIS Ao 6 BN o O BN BEEN TS R AR = N AN S RN N LN O]
ONHN N0 A OATAMTOON N~ 0N N~ & s N
MNAFI-MNOMMOONOOLOOMMMAOO0MITANM ™
N OFHOMOADLOAIFTOMOAOANMUOOA~-NOOHO [~
QOO MOMONMOOANTOLVLOVO~TLVOHANIOO N
OO0 TN OOMANOT I~ OVWOoMOor- <
. o <t o — C(Q\] ¢ o o o o 317 O . 0027 .

ANN ¢ o cONOONO ¢ ¢ s oM ¢ ¢« +NO
I 1Tol 1N T 1T 1TOSH IO | NN ||

e S M S M A A A A A A A A A A A Ay A Ay A A e e A



2D Parabolas

e 2D Parabola:

z=(x—x0)2+(y—y0)2




Sum of 2D Parabolas

n n n

F(0y) =2 (=X ) +(y=9) ) = X (x=x) + 2y -w)

n 2 n 2
Z_‘;:Zz(x—xi) ot =) 2=2n ot =0




Extrema: First Derivative

0 and @:

o _

2.2(x=x)

OX
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Extrema: First Derivative

of of
—=0 and —:22 -,
oy oy ‘o (y )

N

ZZ(y—yi):O an:y_iyi:o ny:iznl:Yi

1=1

n n n Zyl

Z(y_Yi):O Zy:Zyi y = L

i=1 i—1 i—1 N



Extrema: Second Derivative (Hessian Matrix)

(&% f
OX’
o° f
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oxoy
o f

5)/2 )

Minima If:
(0%f  0%f )
2 OX*>  OXO
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Extrema: Second Derivative (Hessian Matrix)

Minima if;

2n 0O
0<|(2 d 0O
(zn Oj <‘( n)‘ al <(O 2nj
0 2n
0<2n and 0<(2n)(2n)—(0)(0)
0<2n and O<(2n)2




Minima: Sample Mean

Therefore, we have a minima at;

D X >y
¥ — =L _ =l

N N
2% DY
X — 1=1 V — _1=1
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Sample Mean
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Sample Mean

=—0.2038094
=2.98517

<l X

(—0.208094, 2.98517)




Sum of Parabolas: x
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Sum of Parabolas: vy
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Sum of Squared Differences: x

zmzzéi(x——&)z

Let x =X, then

Z, }:(x x:)

z,, =112.937

\\\\\
.




Sum of Squared Differences: y

Ly :iznl:(y_yi)z

Lety =Y, then

Ly = (7_ Y )2
i1

2, =39.096




Sum of the Product of Differences

2, =2 (x=x)(y-¥)

Letx=X and y =Y, then

2, =2 (X-%)(7-¥)

2,, = 61.4087




Sum of the Product of Differences: x




Sum of the Product of Differences:y




Sum of the Product of Differences:
Biased Sample Covariance

Letx=X,y=Y,and w, =—, then

COVpipeeq ( X, Y ) = 2.45635



Sum of the Product of Differences:
Unbiased Sample Covariance

COV piasea ( Xo Y ) = 2.5587



Line

y=W(X—X,)+ Y,

Y = WX — WX, + Y,

y = (W)X +(—WX, + Y,)

\. J/

h'd

m b




Linear Regression: Parabolas




Linear Regression: Parabolas




Linear Regression

y=W(X—-X)+y

2

f (w) i((yi)_(w(xi -%)+7))

iZﬂ:(—(xi ~X)w+(y, —7))2



Linear Regression




Linear Regression




Minima: Scaled Variance & Covariance
df

vl



Minima:
Sum of Squared Differences & Sum of the Product of Differences

iznl:((xi —7)2 W)_iznll((xi -X)(y; - y)) ~0
wiznll(xi —7)2 :Zn:((xi -X)(y, _7))

1=1




Linear Regression

y:




Linear Regression
* Slope: 0.543745

* Mean: {-0.208094,2.98517}

* Equation:

v = 0.543745x + 3.09832

=10kt



Independent Variable Bias
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Independent Variable Bias




Online Mean
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One Way To Program
Simple Linear Regression

/*
Filename: main.cpp

To compile and run on linprog4.cs.fsu.edu: g++47 -o main.exe main.cpp -std=c++11 -03 -Wall -Wextra -Werror -static && ./main.exe
*/

#include <iostream>

template <size t n> std::ostream & operator << ( std::ostream & o, char const ( & c )[n] ) { for ( size t i = 0; i <n - 1; ++i ) std::cout << c[ i ]; return o; }
template <typename T, size t n > std::ostream & operator << ( std::ostream & o, T const ( & v )[n] ) {
auto i = std::begin( v ); auto end = std::end( v ); o << '"{'; if (i != end ) { o << *i; for ( ++i; i != end; ++1 ) o << ',' << *i; } o << '}'; return o;

}

int main () {

using number = double;

enum dimensions { X, Y, DIMENSIONS };

number points[][ DIMENSIONS ] {
-2.70238,2.43155}, {-2.18612,1.63634}, {0.405141,3.84976},{-1.03072,2.7144}, {1.10033,2.89639},
-1.63906,2.56916}, {2.27983,4.57127}, {-0.836348,2.70824}, {-2.90988,0.685828}, {-0.104817,2.95222},
-0.226538,2.24849}, {-2.64364,1.28981}, {-0.00953108,2.84022}, {0.336282,3.86626}, {4.12633,5.94993},
1.70053,4.51368}, {-1.4793,1.99986}, {0.0467884,3.91811}, {-1.70285,2.12758}, {-3.61035,1.26436},
2.08504,3.94459}, {4.23512,4.80965}, {2.70993,4.30984}, {-2.72741,1.97363}, {-0.418723,2.55797}

bi
number mean[ DIMENSIONS ]{ 0 };
size t n{ 1 };

for ( auto & point : points ) {
mean[ X ] = (mean[ X ] * (n - 1) + point[ X ] ) / n;
mean[ Y ] = (mean[ Y ] * (n - 1) + point[ Y ] ) / n;
++n;
}
std::cout << "mean: " << mean << '\n';
number residuals[ DIMENSIONS ]{ 0 };
number sum of product of differences xy{ 0 };
number sum of squared differences xx{ 0 };
for ( auto & point : points ) {
residuals[ X ] = point[ X ] - mean[ X ];
residuals[ Y ] = point[ Y ] - mean[ Y ];
sum of product of differences xy += residuals[ X ] * residuals[ Y ];
sum of squared differences xx += residuals[ X ] * residuals[ X ];

}

number w{ sum of product of differences_xy / sum_of squared differences xx };

std::cout << "w: " << w << '\n';
number m{ w };
number b{ - w * mean[ X ] + mean[ Y ] };

std::cout << "y = " << m << " * x + " << b << '"\n';



Conclusions

* The sum of parabolas is a parabola.
* Parabolas produce a global minima.

* Parabolas can be used to produce Means and Linear Regressions from
Variances and Covariances.

* As presented, Linear Regression is biased toward the independent
variable; moreover, the type of Linear Regression cannot produce a
line that is straight up and down regardless of the data.

e The Online Mean can be used to calculate the mean of an unknown
amount of data or the mean of continuously generated data.



