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Abstract

Counterfactual transition inference asks what next state would
have occurred under a different action while preserving the
exogenous realization U of the observed event. Predictive fit
alone does not ensure this same-event correspondence, be-
cause a learned model may explain the same factual transition
by trading off action effects and latent exogenous variation.
We introduce CACTI (Causal Abduction for Counterfactual
Transition Inference), a control-structured transition SCM that
separates action-independent evolution, a state-dependent re-
sponse shared across actions, and an invertible exogenous
mechanism that does not directly receive the action. CACTI
abducts U from the factual transition, replaces the action,
and predicts with the same realization. This structure reduces
action-U ambiguity and allows related action variation to con-
strain weakly supported queries. Our analysis characterizes
the local validity and action-direction coverage of the shared
response. Using a same-U simulator oracle across four control
tasks, CACTI improves counterfactual fidelity over predictive
and explicit-abduction baselines, including BICOGAN and the
Tsirtsis location—scale SCM. Ablations, U-perturbation diag-
nostics, and low-data policy experiments further verify the
proposed mechanisms and downstream utility.

Introduction

Counterfactual transition inference asks what would have
happened to an observed transition under a different ac-
tion while preserving the same exogenous realization U.
This is different from ordinary dynamics prediction. Given
(8¢, az, st41), apredictive model only needs to describe plau-
sible outcomes under a}, whereas a same-event counterfac-
tual must preserve the correspondence between the factual
and alternative-action worlds (Peters, Janzing, and Scholkopf
2017; Oberst and Sontag 2019).

Consider a vehicle that turns right under a particular cross-
wind and then drifts off the road. The observed transition
records only the combined effect of steering and wind; it does
not reveal how much of the displacement came from each.
Two models may reconstruct the factual next state equally
well while assigning different effects to the action and the
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crosswind. After replacing the right turn with a left turn,
these models will reuse different interpretations of the same
event and can therefore produce different counterfactual out-
comes.

A transition SCM represents unobserved influences
through

St+1 = f*<St7 At; Ut+1)7

The realization u;y;, which captures event-specific influ-
ences such as the particular gust of crosswind, is inferred
from the factual transition and kept fixed when the action is
replaced. For a flexible learned SCM fy (S, A, U), however,
factual data may not uniquely determine how the observed
state change should be divided between the action response
and U. Accurate factual reconstruction therefore does not
guarantee that the inferred U retains a stable meaning across
actions (Nasr-Esfahany and Kiciman 2023).

Existing causally motivated methods fall into two broad
groups. Some use causal structure, modularity, or counter-
factual constraints to guide augmentation or filter model roll-
outs without explicitly preserving an abducted factual real-
ization (Pitis, Creager, and Garg 2020; Zhang et al. 2026;
Cho and Sun 2025). Explicit-U transition SCMs instead re-
cover the factual realization and reuse it after intervention
(Lu et al. 2020; Tsirtsis and Rodriguez 2023). CACTI retains
this same-event semantics while additionally separating a
response shared across actions from event-specific exoge-
nous variation, reducing the action—U ambiguity of flexible
action-conditioned mechanisms.

Both groups are often evaluated through task-level gains,
but such gains do not establish that an individual transition is
the correct counterfactual; they may instead reflect changes
in coverage, regularization, or replay composition. We there-
fore evaluate same-U counterfactual fidelity directly and use
downstream policy learning as a separate test of augmenta-
tion utility.

The distinction between counterfactual correctness and
downstream utility is especially relevant for the actions that
motivate augmentation: those for which direct experience
is scarce. We call this regime weak support: the queried
action itself is sparsely observed, but nearby or directionally
related action variations remain in the data. Such a query
is neither well covered nor unconstrained; it has little direct
evidence, while related actions may still reveal the response

St‘i’l(a’;) = f*(8t7 a/:t7ut+l>-



direction needed by the query. This setting tests whether a
model can use cross-action evidence without changing the
event-specific meaning of U. If the relevant action direction
is absent altogether, the query cannot be recovered from
observational data alone.

We assume sequential exogeneity, U1 L A; | S;, mean-
ing that, given the recorded state, the behavior action is not
selected in anticipation of the disturbance realized during the
next transition. This is natural when S; contains the informa-
tion used by the behavior policy and U, represents subse-
quent process noise, as in standard counterfactual-RL tran-
sition SCMs (Lu et al. 2020; Tsirtsis and Rodriguez 2023).
Within this setting, we introduce CACTI (Causal Abduc-
tion for Counterfactual Transition Inference), which uses the
control-inspired decomposition

ASH_l = mg(St) + BQ(St)At + gw(St, Ut+1). (1)

The three terms distinguish what follows predictably from
the current state, what changes systematically with the ac-
tion, and what is specific to the realized event. In the vehicle
example, mg(S;) captures motion implied by the current ve-
locity and heading, By (.S;) A; captures the steering response,
and gy (St, Ug41) captures the particular unrecorded gust of
crosswind. Here, U indexes influences not determined by the
modeled state and action.

By separating event-specific exogenous variation from a
response shared across actions, CACTI preserves same-event
alignment while using observed action directions to constrain
weak-support queries.

Our analysis characterizes the shared response as a lo-
cal approximation and identifies the action directions sup-
ported by the data. Empirically, a same-U oracle evaluates
fidelity, ablations and U-perturbations isolate the mecha-
nism, and low-data policy experiments test downstream util-
ity. Across four environments, CACTI outperforms predic-
tive and explicit-abduction baselines, including BiCoGAN
and the Tsirtsis location—scale SCM, with consistent gains
under weak support.

Contributions. (1) We identify the gap between factual dy-
namics fit and same-event cross-action correspondence under
uneven action coverage. (2) We introduce CACTI, a control-
structured SCM that separates action-independent evolution,
a shared action response, and event-specific exogenous vari-
ation. (3) We develop a same-U simulator-oracle protocol
and evaluate fidelity, weak-support robustness, the role of
inferred U, and downstream utility across diverse control
tasks.

Preliminaries
We consider a factual one-step transition
et = (8¢, a¢, St41)

from an offline reinforcement-learning dataset. Its transition
mechanism is represented by a structural causal model (Pe-
ters, Janzing, and Scholkopf 2017):

St-i—l = f*(Sta Ata Ut+1)~ (2)

Here, U, is exogenous: its causes are not modeled within
the structural equations, and it represents influences on S; 11

not explicitly included in S; and Ay, such as the particular
gust of crosswind in the introduction.

Assuming that f7,(u) = f*(s,a,u) is bijective in u
(Nasr-Esfahany, Alizadeh, and Shah 2023), Pearl-style coun-
terfactual reasoning proceeds in three steps:

1. Abduction: recover the factual exogenous realization as
— -1
U1 = (f5, 0,) " (5e41)-

2. Intervention: replace the factual action by A; + aj,
while keeping s; and u;4; fixed.

3. Prediction: evaluate the intervened mechanism to obtain
Si1(ay) = f*(se,ah, ugr). 3)

Keeping the same w41 couples the factual and counterfac-
tual outcomes at the level of the observed event (Pawlowski,
Coelho de Castro, and Glocker 2020). Equation (3) is the
counterfactual transition studied throughout this paper.

CACTI: Separating Action Effects from
Factual Disturbances

Why Predictive Fit Is Not Enough

An expressive transition model can accurately fit the outcome
distribution under every action. A same-event counterfactual
requires more: it must determine which outcomes under dif-
ferent actions correspond to the same exogenous realization.
Fix a state s; = s, and let Y;; denote one scalar compo-
nent of the next state, such as the vehicle’s lateral position.
Suppose the unobserved exogenous variable U1 has two
equally likely realizations, u; and us. The following two
SCMs are consistent with the same observed distributions:

\ Uy U2

right 3 1
My left | -1 —3
MQ sleft | =3 —1

The entries are possible values of Y. Both models predict
3 or 1 under the right action and —1 or —3 under the left
action, each with probability 1/2. However, for a factual
right action with Y1 = 3, M predicts the counterfactual
left-turn outcome —1, whereas M, predicts —3.

Proposition 1 Identical action-conditional outcome distri-
butions do not, in general, determine the same-event coun-
terfactual.

The data determine the rows of the table, the possible
outcomes under each action, but not its columns, which out-
comes belong to the same factual event. Thus, accurately
fitting a transition or residual distribution does not by itself
give a latent variable a consistent exogenous meaning across
actions (Nasr-Esfahany and Kiciman 2023; Chen and Du
2025). CACTTI addresses this ambiguity by placing action-
dependent variation in a control-response mechanism shared
across actions, while using an exogenous mechanism that
does not directly depend on the action.
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Figure 1: CACTI training pipeline. The shared response and
inferred U jointly reconstruct the factual transition; dashed
arrows denote training constraints.

A Control Structure for Counterfactuals

The crosswind example motivates the two key structural
choices in Eq. (1). The exogenous mechanism conditions
on S; because the same disturbance can have different ef-
fects at different speeds, headings, or system configurations.
It deliberately excludes A;, so that replacing the action does
not also change the interpretation of the abducted U; other-
wise, an action-conditioned decoder could reassign part of
the action effect to the exogenous representation. Systematic
action dependence is instead isolated in the shared response
By(S;)A;. This is a structural restriction rather than a glob-
ally linear dynamics assumption: mg, By, and g, may all
be nonlinear, while the action enters only through the state-
dependent response By(.S;) A;.
For brevity, define

to(s,a) :=my(s) + Bo(s)a.

For a fixed state s, we write gy, s(u) := gy (s, u) and assume
that this map is invertible (Pawlowski, Coelho de Castro, and
Glocker 2020; Nasr-Esfahany, Alizadeh, and Shah 2023).
Given a factual transition (s;, a;, s;+1) and a counterfactual
action a;, CACTI follows three steps.

Abduction. Infer the exogenous realization associated with
the factual transition:

U1 = gy, (St11 — 50— polse,ar)) - “

The quantity inside the inverse is the realized effect of the
exogenous variable on the state change, rather than U;4,
itself.

Intervention. Replace the factual action by A; <+ aj,
while keeping s; and ;.1 fixed.

Prediction. Evaluate the transition under the counterfac-
tual action:

Sir1(ay) = s¢ + po(se, ay) + gy (Se, Upgr) 5)

The factual next state is used only to abduct the event-specific
realization w1, not as a baseline for the counterfactual out-
come. CACTI reevaluates the learned structural equation at
a; while keeping (s, us41) fixed, so the factual transition
determines the shared exogenous realization and the query
determines the new control response.

Because gw(St, U;11) does not receive the action while
By(S;) is shared across actions, CACTI excludes the action-
dependent relabeling in Section and allows other actions to
constrain a less-observed query. The next subsection char-
acterizes the local validity of this response and the action-
direction coverage required by the query.

Learning CACTI from Offline Transitions
Let
N
D = {(stsat, st+1) b1y

denote the offline transition dataset. It contains neither the
realized exogenous variable u;y; nor counterfactual out-
comes under alternative actions. Consequently, abduction,
intervention, and prediction are not separately supervised
during training. CACTI instead jointly estimates mg, By,
and the invertible exogenous mechanism gy, using an objec-
tive constructed entirely from factual transitions. Once fitted,
invertibility makes the event-specific realization recoverable
from an observed transition and reusable when evaluating an
alternative action.

Learning the factual transition SCM. For each factual
transition (s, at, S¢4+1), we work in state-increment space
and define

Aspy1 = 8441 — 5S¢, o (s, ar) == mg(s¢) + By(s¢)ay.

Here, g is shorthand for the systematic state- and action-
dependent component of Eq. (1). This notation separates
the part predicted from (s¢,a;) from the remaining event-
specific contribution modeled by the invertible exogenous
mechanism.

The event-specific exogenous effect is represented by a
state-conditioned invertible mechanism gy (s¢, usy1). The
action enters only through pg(s¢,a;) and is not provided
to the exogenous mechanism. The resulting transition SCM
is

ASi 1 = po(Se, Ae) + gy (S, Upyr). (6)

Figure 2 summarizes the corresponding learning pipeline.
Equation (6) induces a conditional density over the ob-
served state increment,

Do, (ASei1 | Se, Ay)

We train this conditional density by change of variables,
as in normalizing flows (Dinh, Sohl-Dickstein, and Bengio
2017; Khemakhem et al. 2021), using the factual negative
log-likelihood:

Efact = _E(st,at,st+1)~D [IOgPQ,w (A8t+1 ‘ St at)] . (7)

This objective does not require labels for the true u;;. The
invertible mechanism learns an exogenous representation for
the event-specific variation observed in the data. Its reference
density only fixes the numerical coordinates of the learned
exogenous variable; it is not an assumption that the physical
disturbance follows that distribution. The exact likelihood
calculation is provided in the appendix.

The factual likelihood alone requires the shared action
mechanism and the exogenous mechanism to jointly explain



Algorithm 1: CACTI Training and Same-Event Inference

Require: Offline transitions D, iterations K
I pi0(5,0) < ma(s) + Ba(s)(a)
Training
cfork=1,..., Kdo
Sample B = {(s,a,s")} ~ D
As st —s, 2% « As— pg(s,a)
L+ Efact + Arespﬁresp + ABRB
Update (0, ¢) by minimizing £
: end for
Same-event query
Input: (s¢, at, st+1) and a;
8: zt9+1 — (st41 — s¢) — po(se,ar)
9: g1 < gy, (2841)
10: Keep (st,Ur+1) fixed and set A; <+ aj
11: Siq1(at) < se + po(se, ai) + gy (st, Uetr)
12: return 5;41(a})

AR AN R
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the observed transition. To provide a direct learning signal
for the shared response, we additionally use

Leesp = Ep [ 85041 —mo(s0) = Bo(soaull3] . ®)

This auxiliary objective encourages systematic action-
dependent variation to be represented by mg and By. It does
not assume deterministic dynamics: event-specific variation
that is not explained by the shared mechanism remains mod-
eled by gy.

We also regularize the magnitude of the shared response:

Rp = Ep [|Bolso)l3] ©)

This term discourages unrealistically large action sensitivity
when the offline data are finite or unevenly distributed across
actions.

The complete learning objective is

ECACTI = Efact + )\resp‘cresp + )\BRB- (10)

Because the factual transition density depends on both the
shared mechanism and Because the factual likelihood cou-
ples the shared and exogenous mechanisms, optimizing
Eq. (10) jointly constrains mg, By, and g,,. We first stabi-
lize my and By with the response and regularization terms,
then optimize all components jointly; normalization, archi-
tectures, and environment-specific schedules are detailed in
the appendix.

Counterfactual generation. After training, CACTI ap-
plies the learned SCM to a factual transition. For compact-
ness, write gy, s(u) := gy (s, u). Using Asiy1 = g1 — S,
CACTI first infers the event-specific exogenous realization
and then evaluates the same realization under the counter-
factual action:

Upy1 = 91;}% (Asi41 — po(se,ar)),
Sey1(ar) = se + po(se; at) + gy (se, Ueyr).-

Y

The first line uses the factual transition to identify the ex-
ogenous realization associated with that event. The second

Factual transition
(st,at, st41)

Shared response
po(se,at)
Factual exogenous contribution ]

20 ) = Asiyr — po(se, ar)
¥

{ State increment

Astyr1 = St41 — St

Abduction / encoder

Decoder
gy (8¢, U41)

Factual reconstruction
Stp1 = se+po(se, ar)+gy (se, Uegr)

B —

Training objective
Ltact + ArespLresp + ABRB

Figure 2: CACTI training pipeline. The shared response mod-
els systematic action effects, while the event-specific contri-
bution is encoded as u;,1 and decoded for factual recon-
struction. Dashed arrows denote training constraints.

replaces a; with the prescribed action a} while keeping the
same Uz41. No new exogenous realization is sampled after
the action is changed.

The next section analyzes when the shared response is lo-
cally appropriate and when the offline data contain sufficient
action information for the query.

Structural Analysis under Weak Support

Relative to a generic learned transition SCM, CACTI imposes
two cross-action restrictions: a shared exogenous mechanism
94 (St, Upt1), which preserves the meaning of an abducted
realization after intervention (Oberst and Sontag 2019; Tsirt-
sis, De, and Rodriguez 2021; Noorbakhsh and Rodriguez
2022), and a shared response By(S;), which lets better-
supported actions inform weakly observed queries. We an-
alyze the resulting alignment, the response’s local approxi-
mation error, and the action-direction coverage required by
a query; proofs are in the appendix.

Cross-Action Alignment and Local Validity

Cross-action alignment. Proposition 1 locates the ambi-
guity in an action-specific change of latent coordinates. A
generic generator G(s, a, u) can use one relabeling of u un-
der action ¢ and another under a’, while preserving both
action-conditional transition distributions. Such relabelings
change which exogenous realization in the counterfactual
world is treated as corresponding to the factual event (Nasr-
Esfahany and Kiciman 2023; Chen and Du 2025).

CACTTI rules out this specific degree of freedom by using a
single invertible exogenous map gy s : 4 — gy (s, u) for all
actions, building on the tractable inversion available in bijec-
tive and flow-based SCMs (Pawlowski, Coelho de Castro, and
Glocker 2020; Khemakhem et al. 2021; Nasr-Esfahany, Al-
izadeh, and Shah 2023). An intervention changes the system-
atic response (s, a), but not the latent coordinate system



used by the exogenous mechanism. An action-independent
reparameterization of U may still remain, but because it is
shared across action worlds, it preserves their event-level cor-
respondence (Chen and Du 2025). Thus, cross-action align-
ment refers to preservation of the same-event pairing, not
numerical recovery of the physical disturbance.

Explicit factual-event correspondence. For a learned
CACTI model, define

ﬁe’w(& a;u) == s+ pg(s,a) + gy(s,u). (12)

Given a factual transition e; = (s, at, $t41), CACTI abducts
the exogenous realization through the invertible transition
mechanism (Pawlowski, Coelho de Castro, and Glocker
2020; De Sousa Ribeiro et al. 2023; Tsirtsis and Rodriguez
2023):

Upp1 = g;}st ($t4+1 — st — po(st,ar)) . (13)

For any candidate exogenous realization u, define its factual-
consistency discrepancy

CF(ﬂ) = ﬁg’dj(St, (Lt;ﬂ) — St41- (14)

This quantity does not define U as a prediction residual.
Rather, it measures whether a proposed exogenous realization
is consistent with the observed factual event under the learned
SCM.

By exact inversion,

ct (@) = gy (56, 8) = gy (56, Ur41)- (15)
Because gy s, is injective,

Cf(’lj) =0 < U= ﬂt_H.

Thus, 4,1 is the unique realization, in the learned exoge-
nous coordinate system, that matches the factual transition, as
in bijective-SCM abduction (Nasr-Esfahany, Alizadeh, and
Shah 2023; Tsirtsis and Rodriguez 2023). This does not re-
quire its coordinates to numerically coincide with those of
the physical disturbance (Chen and Du 2025).

Now consider a query action aj, let d; := a} — ay, and
define the true same-event action contrast
Tt*(a;‘) = F*(st,a;,ut+1) —F*(St7at7ut+1>. (16)

Proposition 2 (Event-response decomposition) For any
candidate exogenous realization u,

ﬁo,w(St»aé;ﬁ) - F*(Staa£7ut+1)
= ¢} (@) + By(s¢)dy — 77 (a}).

The decomposition separates factual-event correspon-
dence from action-response estimation. The realization u
determines whether the prediction remains matched to the
factual event, whereas By(s;)d; determines how that event
responds to the intervention. For & = w11, the factual-
consistency term vanishes, leaving only the shared-response
error. Exact inversion therefore yields an algebraically re-
duced matched prediction, but this is only the matched-
realization case of the explicit SCM. Keeping U explicit
exposes factual-event correspondence as a model variable

7)

that can be perturbed while the state, query, and shared re-
sponse remain fixed (Kazemi et al. 2025; Lally, Kazemi, and
Paoletti 2026).

For any a},

ﬁa,w(é’m a;;ﬂ) - ﬁ&,w(st,a;g; at+1) = CtF(ﬂ)- (18)

Thus, shuffled or fixed realizations isolate changes in factual-
event correspondence and motivate our U-perturbation di-
agnostics. A perturbation may occasionally offset another
model error, so degradation is not guaranteed pointwise;
systematic degradation across queries indicates that accu-
rate prediction depends on preserving the matched factual
realization.

Why share the response? The event-specific action Jaco-
bian
JAF*(St, Qt, Ut+1)

depends on an unobserved factual realization, while each
factual transition reveals only one action—outcome pair for
that event. Without additional cross-action identifying re-
strictions, factual fit alone does not determine a response
that is allowed to vary freely with (.S, A, U) at an alternative
action (Nasr-Esfahany and Kiciman 2023; Nasr-Esfahany,
Alizadeh, and Shah 2023; Immer et al. 2023; Tsirtsis and Ro-
driguez 2023). CACTI instead pools action variation through
a common By(S;), allowing better-supported actions to in-
form the response required by a weakly supported query. The
approximation cost appears as By(s;)d; — 7/ (a}) in Propo-
sition 2.

Action Coverage under Weak Support

To isolate action coverage from response-approximation er-
ror, suppose that the shared-response model is exact in the
local region of interest:

ASt—I—l = m*(St) —+ B*(St)At + g*(St, Ut+1). (19)

At a fixed state s, we treat B*(s) nonparametrically, without
additional smoothness or cross-state parameter sharing.
We assume sequential exogeneity,

U1 L A | Sy, (20)

meaning that, given the recorded state, the behavior action
does not anticipate the disturbance realized in the next tran-
sition. This separates observed action variation from distur-
bance selection; it does not require every factual event to
have exactly the same local action response (Lu et al. 2020;
Tsirtsis and Rodriguez 2023).

Let A; € R% denote the numerical control coordinates
used by the transition model. For a state s, define

Ya(s) :=Cov (A | Se =),

21
CAA(S) := Cov (ASt—I—laAt | St = S) . ( )

The range of ¥ 4(s) records the centered action directions
that vary in the observational distribution around state s. For
continuous states, these are regular conditional moments de-
fined for Pg,-almost every s; finite-sample estimation relies
on local neighborhoods or function approximation.



Theorem 1 (Action-direction coverage) Under Egs. (19)
and (20), assume the relevant conditional second moments
exist and let dy = a} — a;. Within the state-local shared-
response model, and without additional cross-state restric-
tions, the query effect

B*(St)dt

is uniquely determined by the observational distribution if
and only if

d; € Range (Xa(st)) . (22)
When this condition holds,
B*(sy)d; = Caalse)Sa(se)dy, (23)

where T denotes the Moore—Penrose pseudoinverse.
Sequential exogeneity implies
Cov (g*(s, Ut+1)7 Ay | Sy = S) =0,

and hence

Caa(s) = B*(8)Xa(s). 24)
If d; lies in the range of X 4(st), every response matrix
consistent with Eq. (24) agrees on B*(s;)d;. If d; has a
component in the null space of ¥ 4(s;), the response along
that component can be changed without altering the observed
conditional moments. The complete proof is provided in the
appendix.

For example, if vehicle controls include steering and ac-
celeration but only steering varies in the offline data, local
steering effects are identifiable whereas acceleration effects
are not. The exact steering value need not have appeared,
provided its change lies in the observed span; this condition
concerns direction rather than magnitude, so large changes
may still incur nonlinear approximation error. More gener-
ally, ¥ 4(s) > 0 identifies all local directions, while a sin-
gular covariance identifies only its range; weakly explored
directions may remain identifiable but be unstable in finite
samples.

Experiments

Experimental setup. Our evaluation follows a
correctness—mechanism—utility  progression: event-level
same-U fidelity (Richens, Beard, and Thompson 2022);
whether gains arise from the shared response and matched
factual U, rather than capacity or latent abduction alone;
and whether the resulting transitions improve fixed-dataset
offline policy learning with limited data (Fu et al. 2021). We
study MountainCarl1, PointMaze, Reacher, and Shadow
Hand RotateZ, spanning ordered discrete, goal-conditioned,
nonlinear continuous, and high-dimensional control.

A same-U oracle restores each factual simulator state,
reuses its realized disturbance, changes only the action, and
executes one step. The oracle U is used only to construct tar-
gets and is never given to the learned models. We induce un-
even coverage through nonuniform behavior policies; direct
support is measured by empirical frequency in Mountain-
Carll and action density in the continuous environments,
so weak-support bins retain related action variation despite
sparse direct evidence.

Method MC11

1.40x107%  4.31x107*  1.14x10™* (598
Base-D 1.67x107%  6.40x107* 2.35x107*  0.767
L13x107*  3.68x107* 6.48x107° (458
1.88x107* 8.45x107* 1.53x107* 0.835
1.63x107%  4.64x107* 1.20x107* (487
Base-M 1.79x107%  6.12x107%  2.73x107*  0.742
3.04x107*  3.24x107%  1.15x107% (498
Cond. Flow 7.29x107* 1.51x107% 1.52x107®  0.956
1.84x1072  1.07x1072 9.04x107% 1309
BiCoGAN  3.32x107%2 2.32x107% 1.78x107' 2.405
1.20x107*  2.05x10™* 1.86x107% 1 7gg
Tsirtsis 2.45x107*  3.01x107*% 4.35x107%  3.254

4.73x107°% 5.12x107° 4.07x107° (3671
—6 -5 -5 :
CACTI  825x10°° 1.21x10°° 7.92x10°° 0.662

PointMaze Reacher RotateZ

Gaussian

Table 1: Same-U counterfactual fidelity. Each cell reports
normalized CF-MSE on all nonfactual queries (top) and
weak-support queries (bottom); lower is better.

We compare CACTI with Base-D, Gaussian dynamics,
Base-M (Bishop 1994), Conditional Flow (Dinh, Sohl-
Dickstein, and Bengio 2017), BiCoGAN (Lu et al. 2020),
and the Tsirtsis location—scale SCM (Tsirtsis and Rodriguez
2023). Our primary metric is normalized CF-MSE between
the predicted and oracle counterfactual next states, using
the evaluator’s environment-specific normalization. We re-
port results over all nonfactual queries and the weak-support
subset, using identical factual transitions and counterfactual
actions across methods and averaging over three model seeds.

For downstream evaluation, MountainCarl1 and Point-
Maze use Nyea € {500,600, 750, 1000, 1200}, a synthetic-
to-real ratio of 0.5, and policy seeds 0, 1, 2. All methods
use the same factual subset, and augmented variants use the
same alternative-action queries. Implementation details and
additional diagnostics are provided in the appendix.

Counterfactual Fidelity across Environments

Table 1 compares CACTI with deterministic, probabilistic,
flow-based, and explicit-abduction SCM baselines. CACTI
achieves the lowest error in settings, improving over the
strongest baseline by one to two orders of magnitude on
MountainCarl1 and PointMaze, with smaller but consistent
gains on Reacher and RotateZ. The strongest non-CACTI
method varies Gaussian on MountainCarl1 and Reacher,
Tsirtsis on PointMaze, and Gaussian and Base-M on the all-
query and weak-support RotateZ columns, respectively, so
the gains cannot be attributed to one distributional assump-
tion, model capacity, or explicit U-abduction alone. CACTI
also remains best under weak support, consistent with lever-
aging related action variation; this does not imply recovery
along unobserved directions, and RotateZ shows that high-
dimensional same-event inference remains challenging. Full
support-stratified and state-block results are in the appendix.

Structural and Exogenous-Mechanism Analysis

Structural ablation. Figure 3 reports weak-support CF-
MSE, where lower is better. The four controls isolate comple-
mentary explanations for CACTI’s performance. CACTI-M
retains the shared action response but removes the event-
specific exogenous mechanism, testing whether an average
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Figure 3: Structural ablation on MountainCarl1 and Point-
Maze. We report weak-support CF-MSE; lower is better.
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Figure 4: Inferred-U diagnostic. Larger multipliers under
shuffled or fixed U indicate stronger degradation from dis-
rupting event-specific correspondence.

response model is sufficient. Conditional Flow provides ex-
pressive conditional generation without CACTI’s separation
between action response and exogenous variation, control-
ling for model capacity. BICoOGAN and Tsirtsis both abduct
and reuse U, but use adversarial and bijective location—scale
mechanisms, respectively, without CACTI’s shared action-
response decomposition. CACTI substantially outperforms
all four controls in both environments. The gain therefore
cannot be explained solely by a mean response, a flexible
generator, or the presence of an inferred exogenous variable.

Event-specific U diagnostic. Figure 4 tests the functional
contribution of inferred U to counterfactual accuracy. Fac-
tual U uses the realization inferred from its factual transition,
not the simulator’s true U; Shuffled U swaps realizations
across transitions while preserving their empirical distribu-
tion but breaking the event-U pairing; and Fixed U uses one
realization for all transitions, removing event-to-event exoge-
nous variation. The trained models, factual transitions, and
queried actions remain unchanged.

Let E,, denote the counterfactual error under mode m.
We report R,, = E,/FEfact, so Factual U is normalized
to one. Larger values under Shuffled or Fixed U indicate
stronger degradation after the event—U correspondence is
broken, rather than worse fidelity under normal inference.
Together with its lower absolute error, CACTI’s pronounced
degradation under both perturbations shows that its accuracy
depends on preserving the exogenous realization inferred
from the corresponding factual event. This provides a func-
tional validation of the learned U'.

Downstream Policy Utility under Limited Data

Figure 5 tests whether CACTT’s higher-fidelity counterfac-
tual transitions translate into useful offline-RL augmentation,
as in model-based and generative augmentation work (Pitis
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Figure 5: Downstream utility across five real-data budgets.
Mean = standard deviation over policy seeds 0, 1, 2; higher
is better.

et al. 2022; Lee et al. 2024). This question is separate from
counterfactual correctness: downstream gains also depend
on model error, replay composition, and offline optimization
(Yuetal. 2020, 2021). We therefore compare real-only train-
ing with CACTI, Tsirtsis and BiCoGAN augmentation under
limited real-data budgets.

On MountainCarl1, CACTI achieves the highest mean re-
turn at every budget. At Ny, = 500, it reaches 90.67, com-
pared with 90.16 for real-only training, 87.50 for Tsirtsis and
46.25 for BiCoGAN; the gaps narrow as the task approaches
its performance ceiling. PointMaze shows a similar trend,
with CACTI attaining the highest mean success rate at 500,
600, 1000, 1200. At N,ea; = 1200, CACTI achieves 0.897,
compared with 0.862 for real-only training, 0.861 for Tsirtsis
and 0.737 for BiCoGAN.

Across all ten settings, CACTTI attains the highest mean
primary metric in nine, supporting its utility for low-data
augmentation. Together with the same-U fidelity and U-
perturbation diagnostics, this supports that accurate counter-
factual augmentation improves downstream policy learning
(Kumar et al. 2020; Fujimoto and Gu 2021).

Conclusion

We studied same-event counterfactual transition inference in
offline reinforcement learning, where alternative actions are
evaluated while preserving the factual exogenous realization
U. Flexible dynamics models can fit factual transitions yet
entangle action effects with exogenous variation, especially
under weak action support.

We introduced CACTI, a control-structured transition
SCM that separates a shared state-dependent action re-
sponse from event-specific exogenous variation and reuses
the abducted U after intervention. Across four environ-
ments, CACTI improves same-U fidelity over predictive
and explicit-abduction baselines, including BiCoGAN and
the Tsirtsis location—scale SCM. Ablations, U-perturbations,
and low-data policy experiments validate the decomposition
and its downstream utility, supporting structured same-U
augmentation under weak but informative action support.
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