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Abstract

Probabilities of causation (PoCs) within Structural
Causal Models (SCMs) provide a principled frame-
work for counterfactual reasoning in explainable
and personalized decision-making. Since PoCs are
generally not point identifiable, existing work has
focused on deriving informative bounds. Although
the bounds for binary probability of necessity (PN),
probability of sufficiency (PS), and probability
of necessity and sufficiency (PNS) are widely re-
garded as tight, no formal definition or theoretical
proof of tightness has been established. In this
paper, we formally define the notion of tightness
for PoCs and provide a constructive proof of the
tightness of the binary PNS bounds. The key idea
is to characterize the existence of SCMs through
feasible counterfactual distributions and partition
the observed distribution space according to active
bound terms. We further discuss extensions to PN,
PS, and non-binary PoCs. This work provides a
general framework for formally establishing tight-
ness results in PoCs.

1 INTRODUCTION

In today’s increasingly complex decision-making environ-
ment, it is important not only to make accurate decisions, but
also to explain them in a transparent and understandable way
so that users and decision-makers can trust and interpret the
reasoning behind them. At the same time, decision-making
methods must be adapted to the specific requirements and
standards of different application domains, since solutions
that perform well in one setting may not be appropriate
for another. Balancing explainability with domain-specific
requirements has therefore become a central challenge in
modern decision-making systems. Personalized decision-
making further increases this challenge by incorporating

individual preferences, characteristics, and contextual in-
formation, leading to decisions that are more relevant and
effective for each user [Lu and Boutilier, 2011, Li and
Pearl, 2019, Mueller and Pearl, 2023]. By integrating ex-
plainability, domain-specific adaptation, and personaliza-
tion, decision-making systems can become more effective,
trustworthy, and broadly applicable across many real-world
domains.

A fundamental difficulty in the above settings stems from
their counterfactual nature, since the questions of interest
often require reasoning about what would have happened un-
der alternative actions, rather than relying solely on directly
observed outcomes. For example, during the early stages
of a pandemic, decision-makers may seek to identify indi-
viduals who would avoid infection if vaccinated and would
become infected if unvaccinated, in order to maximize the
effective use of limited vaccine supplies.

Probabilities of causation (PoCs) [Pearl, 1999, Tian and
Pearl, 2000, Li and Pearl, 2024, Shu et al., 2025] within
Structural Causal Models (SCMs) [Galles and Pearl, 1998,
Halpern, 2000, Pearl, 2009] enable such decision-making
tasks by properly representing counterfactual relationships.
Researchers have also demonstrated the capability of PoCs
in decision-making applications [Tian and Pearl, 2000, Li
and Pearl, 2019, 2022, Mueller and Pearl, 2023]. However,
the estimation of PoCs still faces several fundamental chal-
lenges. Tian and Pearl [2000] showed that, without addi-
tional assumptions, PoCs are generally not point identifiable.
Instead, only informative bounds can be obtained. In partic-
ular, Tian and Pearl [2000] derived tight bounds for three
binary PoCs: the probability of necessity (PN), the proba-
bility of sufficiency (PS), and the probability of necessity
and sufficiency (PNS). Here, “tight” (“sharp” in Tian and
Pearl [2000]) means that the bounds cannot be further im-
proved without introducing stronger assumptions. Later, Li
and Pearl [2024] and Shu et al. [2025] defined and bounded
more fundamental non-binary PoCs, which are important
for modern decision-making tasks. However, the tightness
of these bounds remains unknown.



The notion of tightness plays a critical role in decision-
making. If the obtained bounds are too loose to support a
reliable conclusion, and the bounds are already known to
be tight, then the decision-maker must seek additional as-
sumptions or data to further tighten them, as explored in
[Mueller et al., 2022]. Otherwise, it may still be possible
to derive better bounds through more sophisticated math-
ematical analysis under the current setting. The tightness
results for binary PN, PS, and PNS [Tian and Pearl, 2000]
were established through the global optimization guarantees
of Balke’s linear programming framework [Balke, 1995].
However, while Balke’s framework provides optimization-
based guarantees of tightness, a formal constructive proof
showing that the bounds can be realized by valid counterfac-
tual distributions induced by SCMs has remained unclear.
More importantly, due to the computational complexity of
Balke’s method, directly extending the tightness analysis to
the non-binary settings considered in [Li and Pearl, 2024,
Shu et al., 2025] becomes computationally intractable.

In this paper, we formally define the notion of tightness for
probabilities of causation (PoCs) and theoretically prove
the tightness of the bounds for binary PNS. The framework
naturally extends to PS and PN, and may provide a path
toward non-binary settings (although the non-binary case is
more technically involved, it remains feasible). This paper
provides a general framework for how tightness results for
PoCs can be formally established and proved.

2 PRELIMINARIES

We briefly introduce the three binary Probabilities of Causa-
tion (PoCs), namely PS, PN, and PNS [Pearl, 1999], using
the language of Structural Causal Models (SCMs) [Galles
and Pearl, 1998, Halpern, 2000, Pearl, 2009], together with
the notation used throughout this paper.

Let Yx = y denote the counterfactual statement “Y would
take the value y if X were set to x.” For notational con-
venience, throughout the paper we write yx for the event
Yx = y, yx′ for Yx′ = y, y′x for Yx = y′, and y′x′ for
Yx′ = y′.

Pearl [1999] defined the following three probabilities of
causation.

Definition 2.1 (Probability of Necessity (PN)). Let X and
Y be two binary variables in a causal model M , where x
and y denote the propositions X = true and Y = true,
respectively, and x′ and y′ denote their complements. The
probability of necessity is defined as [Pearl, 1999]

PN =∆ P (y′x′ | x, y) (1)

Definition 2.2 (Probability of Sufficiency (PS)). [Pearl,
1999]

PS =∆ P (yx | y′, x′) (2)

Definition 2.3 (Probability of Necessity and Sufficiency
(PNS)). [Pearl, 1999]

PNS =∆ P (yx, y
′
x′) (3)

Tian and Pearl [2000] derived bounds for PNS, PN, and PS
using Balke’s linear programming framework [Balke, 1995].
These bounds are generally considered tight because they
are obtained through global optimization within Balke’s
framework. Later, Li and Pearl [2019] provided a theoreti-
cal proof of these bounds. However, the proof of tightness
was established only in the sense that there exist particular
combinations of P (X,Y ) and P (YX) for which the lower
and upper bounds can be attained.

The tight bounds for PNS and PN are given by

PNS ≥ max


0,

P (yx)− P (yx′),
P (y)− P (yx′),
P (yx)− P (y)

 (4)

PNS ≤ min


P (yx),
P (y′x′),

P (x, y) + P (x′, y′),
P (yx)− P (yx′)+
P (x, y′) + P (x′, y)

 (5)

PN ≥ max

{
0,

P (y)−P (yx′ )
P (x,y)

}
(6)

PN ≤ min

{
1,

P (y′
x′ )−P (x′,y′)

P (x,y)

}
(7)

The bounds for PS follow directly by symmetry, by exchang-
ing x with x′ and y with y′. However, despite the widespread
use of the term “tight bounds” in the literature, there has
been no formal definition of tightness for PoC bounds, nor
a general theoretical framework for proving such tightness.

3 MAIN RESULTS

We first formally define the notion of tightness.

Definition 3.1 (Tightness of the Bounds for a Probability of
Causation). Let PC be a Probability of Causation defined
over variables X and Y , and suppose it is bounded by L ≤
PC ≤ U, where L and U are functions of the experimental
and observational distributions P (YX) and P (X,Y ). The
bounds are said to be tight if, for any given combination
of P (X,Y ) and P (YX), there exists a Structural Causal
Model (SCM) compatible with P (X,Y ) and P (YX), such
that PC = L, and there exists an SCM compatible with
P (X,Y ) and P (YX) such that PC = U .



Within this definition, we can now prove the following the-
orem on the tightness of the bounds for the binary PNS
defined in Equations 4 and 5. The main idea is as follows.
Since Li and Pearl [2019] already provided a theoretical
proof for the bounds in Equations 4 and 5, for any given
P (X,Y ) and P (YX), if there exists a compatible SCM such
that PNS is equal to one term in the max (or min) bracket,
then that term must be the active max (or min) term. There-
fore, to establish tightness (e.g., for the lower bound in Equa-
tion 4), it is sufficient to show that, for any given P (X,Y )
and P (YX), there exists a compatible SCM such that PNS
is equal to one of the terms in the max bracket.

Directly constructing such SCMs is challenging. However,
by setting PNS equal to a specific term, for example, the
value 0 in Equation 4, we can derive a corresponding con-
dition on P (X,Y ) and P (YX) under which there exists a
compatible SCM satisfying PNS = 0. If the conditions
obtained by setting PNS equal to each of the four terms in
the max bracket form a partition of the entire P (X,Y ) and
P (YX) space, then the tightness is established.

There is one more issue that remains unclear before going
into the formal proof: what is meant by the statement “there
exists a compatible SCM.” In this paper, a compatible SCM
means an SCM whose induced counterfactual distribution
is consistent with the given observational and experimental
distributions. More specifically, an SCM uniquely deter-
mines a joint distribution over the counterfactual variables,
namely P (Yx, Yx′ , X, Y ) (for binary X), which uniquely
determines P (X,Y ) and P (YX). Therefore, throughout the
proof, when we say that “there exists a compatible SCM,”
it is sufficient to construct a valid nonnegative joint distri-
bution P (Yx, Yx′ , X, Y ) satisfying the required constraints,
since any such distribution can be realized by an SCM.

Theorem 3.2. The bounds of PNS given by Equations 4
and 5 are tight.

Proof. We first focus on the lower bound in Equation 4.
Given the experimental distribution P (YX) and the obser-
vational distribution P (X,Y ), and similarly to the formal-
ization in [Tian and Pearl, 2000], to show that there exists
a compatible SCM, it is sufficient to construct the follow-
ing eight nonnegative parameters (note that Y is no longer
needed here, since it is uniquely determined by Yx, Yx′ , X):

p111 = P (yx, yx′ , x) p110 = P (yx, yx′ , x′)

p101 = P (yx, y
′
x′ , x) p100 = P (yx, y

′
x′ , x′)

p011 = P (y′x, yx′ , x) p010 = P (y′x, yx′ , x′)

p001 = P (y′x, y
′
x′ , x) p000 = P (y′x, y

′
x′ , x′)

These parameters must satisfy the following linear system:

1∑
u=0

1∑
j=0

1∑
k=0

pijk = 1, p111 + p101 = P (x, y)

p011 + p001 = P (x, y′), p110 + p010 = P (x′, y)

p111 + p110 + p101 + p100 = P (yx)

p111 + p110 + p011 + p010 = P (yx′)

Now let PNS = p101 + p100 = 0. We then obtain the
following solution to the above linear system:

p111 = P (x, y) p110 = P (yx)− P (x, y)

p101 = 0 p100 = 0

p011 = P (yx′)− P (y) p010 = P (y)− P (yx)

p001 = P (y′x′)− P (x′, y′) p000 = P (x′, y′)

Note that we naturally have P (yx) ≥ P (x, y) and P (y′x′) ≥
P (x′, y′) [Tian and Pearl, 2000]. Therefore, the non-
negativity implies that P (yx) ≤ P (y) ≤ P (yx′). That is,
under the conditions P (yx) ≤ P (y) ≤ P (yx′), there exists
a compatible SCM such that PNS = 0. In other words,
if P (X,Y ) and P (YX) satisfy P (yx) ≤ P (y) ≤ P (yx′),
then the lower bound in Equation 4 is tight. In this case,
0 must be the tight lower bound, since we have explicitly
constructed an SCM achieving PNS = 0. Therefore, if any
other term inside the max operator were greater than 0, it
would contradict both the attainability of 0 and the fact that
the result of the max operator is the lower bound. Con-
versely, terms smaller than 0 cannot be selected by the max
operator because 0 is larger.

Now let PNS = p101 + p100 = P (yx) − P (y′x), We then
obtain the following solution to the linear system:

p111 = P (yx′)− P (x′, y) p110 = P (x′, y)

p101 = P (y)− P (yx′) p100 = P (yx)− P (y)

p011 = 0 p010 = 0

p001 = P (x, y′) p000 = P (y′x)− P (x, y′)

Again note that we naturally have P (yx′) ≥ P (x′, y) and
P (y′x) ≥ P (x, y′) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (yx′) ≤ P (y) ≤ P (yx). That
is, under the conditions P (yx′) ≤ P (y) ≤ P (yx), there
exists a compatible SCM such that PNS = P (yx)−P (yx′).
Now let PNS = p101 + p100 = P (y) − P (y′x), We then
obtain the following solution to the linear system:

p111 = P (yx′)− P (x′, y) p110 = P (yx)− P (x, y)

p101 = P (y)− P (yx′) p100 = 0

p011 = 0 p010 = P (y)− P (yx)

p001 = P (x, y′) p000 = P (x′, y′)

Again note that we naturally have P (yx′) ≥ P (x′, y) and
P (yx) ≥ P (x, y) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (yx′) ≤ P (y) and P (y) ≥
P (yx). That is, under the conditions P (yx′) ≤ P (y) and
P (y) ≥ P (yx), there exists a compatible SCM such that
PNS = P (y)− P (yx′).
Lastly, let PNS = p101 + p100 = P (yx)− P (y), We then
obtain the following solution to the linear system:

p111 = P (x, y) p110 = P (x′, y)



p101 = 0 p100 = P (yx)− P (y)

p011 = P (yx′)− P (y) p010 = 0

p001 = P (y′x′)− P (x′, y′) p000 = P (y′x)− P (x, y′)

Again note that we naturally have P (y′x′) ≥ P (x′, y′) and
P (y′x) ≥ P (x, y′) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (yx′) ≥ P (y) and P (y) ≤
P (yx). That is, under the conditions P (yx′) ≥ P (y) and
P (y) ≤ P (yx), there exists a compatible SCM such that
PNS = P (yx)− P (y).
Notice that the above four conditions

• P (yx) ≤ P (y) ≤ P (yx′)
• P (yx′) ≤ P (y) ≤ P (yx)
• P (yx′) ≤ P (y) and P (y) ≥ P (yx)
• P (yx′) ≥ P (y) and P (y) ≤ P (yx)

form a partition of the space of all possible combinations
of P (X,Y ) and P (YX). Therefore, the lower bound in
Equation 4 is tight.
We now turn to the upper bound, let PNS = P (yx), we then
obtain the following solution to the linear system:

p110 = 0 p011 = P (yx′)− P (x′, y)

p111 = 0 p100 = P (yx)− P (x, y)

p101 = P (x, y) p000 = P (y′x)− P (x, y′)− P (x′, y)

p010 = P (x′, y) p001 = P (x, y′) + P (x′, y)− P (yx′)

Again note that we naturally have P (yx) ≥ P (x, y) and
P (yx′) ≥ P (x′, y) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (yx′) ≤ P (x, y′)+P (x′, y) ≤
P (y′x). That is, under the conditions P (yx′) ≤ P (x, y′) +
P (x′, y) ≤ P (y′x), there exists a compatible SCM such that
PNS = P (yx).
Let PNS = P (y′x′), we then obtain the following solution
to the linear system:

p001 = 0 p101 = P (y′x′)− P (x′, y′)

p000 = 0 p110 = P (x, y′) + P (x′, y)− P (y′x)

p100 = P (x′, y′) p111 = P (yx′)− P (x, y′)− P (x′, y)

p011 = P (x, y′) p010 = P (y′x)− P (x, y′)

Again note that we naturally have P (y′x′) ≥ P (x′, y′) and
P (y′x) ≥ P (x, y′) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (y′x) ≤ P (x, y′)+P (x′, y) ≤
P (yx′). That is, under the conditions P (y′x) ≤ P (x, y′) +
P (x′, y) ≤ P (yx′) there exists a compatible SCM such that
PNS = P (y′x′).
Now let PNS = p101 + p100 = P (x, y) + P (x′, y′), We
then obtain the following solution to the linear system:

p111 = 0 p110 = P (x, y′) + P (x′, y)− P (y′x)

p101 = P (x, y) p001 = P (x, y′) + P (x′, y)− P (yx′)

p100 = P (x′, y′) p011 = P (yx′)− P (x′, y)

p000 = 0 p010 = P (y′x)− P (x, y′)

Again note that we naturally have P (yx′) ≥ P (x′, y) and
P (y′x) ≥ P (x, y′) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (y′x) ≤ P (x, y′) + P (x′, y)
and P (yx′) ≤ P (x, y′) + P (x′, y). That is, under the
conditions P (y′x) ≤ P (x, y′) + P (x′, y) and P (yx′) ≤
P (x, y′) + P (x′, y), there exists a compatible SCM such
that PNS = P (x, y) + P (x′, y′).
Lastly, let PNS = p101 + p100 = P (yx) − P (yx′) +
P (x, y′) + P (x′, y), We then obtain the following solution
to the linear system:

p110 = 0 p101 = P (y′x′)− P (x′, y′)

p001 = 0 p100 = P (yx)− P (x, y)

p011 = P (x, y′) p111 = P (yx′)− P (x, y′)− P (x′, y)

p010 = P (x′, y) p000 = P (y′x)− P (x, y′)− P (x′, y)

Again note that we naturally have P (y′x′) ≥ P (x′, y′) and
P (yx) ≥ P (x, y) [Tian and Pearl, 2000]. Therefore, the
non-negativity implies that P (y′x) ≥ P (x, y′) + P (x′, y)
and P (yx′) ≥ P (x, y′) + P (x′, y). That is, under the
conditions P (y′x) ≥ P (x, y′) + P (x′, y) and P (yx′) ≥
P (x, y′) + P (x′, y), there exists a compatible SCM such
that PNS = P (yx)− P (yx′) + P (x, y′) + P (x′, y).
Similar to the lower bound, the above four conditions

• P (yx′) ≤ P (x, y′) + P (x′, y) ≤ P (y′x)
• P (y′x) ≤ P (x, y′) + P (x′, y) ≤ P (yx′)
• P (y′x) ≤ P (x, y′)+P (x′, y) and P (yx′) ≤ P (x, y′)+
P (x′, y)

• P (y′x) ≥ P (x, y′)+P (x′, y) and P (yx′) ≥ P (x, y′)+
P (x′, y)

form a partition of the space of all possible combinations
of P (X,Y ) and P (YX). Therefore, the upper bound in
Equation 5 is tight.

Similarly, the above theorem can be directly extended to the
binary cases of PS and PN.

4 CONCLUSION

In this paper, we formally defined the notion of tightness for
probabilities of causation (PoCs) within Structural Causal
Models. We further provided a theoretical proof of the tight-
ness for binary PNS, which can be naturally extended to PS
and PN, thereby completing the mathematical foundation
underlying the binary PoC bounds established in [Tian and
Pearl, 2000, Li and Pearl, 2019].

The goal of this paper is to provide a general framework
for how the tightness of PoCs can be theoretically proved.
Extending these tightness results to non-binary PoCs and the
complete class of PoCs introduced in [Li and Pearl, 2024,
Shu et al., 2025] is a natural and promising direction for
future work. The main challenge lies in characterizing when
the corresponding large linear systems admit nonnegative
solutions and when they do not.
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