Peoporties of sreqular lamquges

Eflective Prope},h'os, e . Q/{gar'n’d«wic

Yo port
C losed  ymden wmiow, . L , La reﬁ‘/uo\n = L Vl, fCﬁ(ﬂNz
C/[ojepl uwdor Proc\,uc‘,l: L, La YCgUL\DvL = Ly Lo mgulom
Closed wneler Kleene ¥ L nogulon =3 LY requlan
Cloed wndin complementntion: Lrsgulow =5 T regiove
&_cm_—& let M= (&,Z,S,%;,F) accept L segilar

Thew M’ = (a,} s, %0; Q- F) oaccepl —L)

See o shimg X s aceeprd by M

<& x s net ceapled bg i

Closed umden mtersechom [, L, regulon = Ly N1, reguﬁoh
P\roo{; LynL, = (L, Uf}_)

AU fiak sets  orme  negidon .
Proef A single string 15 agily shoven o be haglo .
Thew apply phopaly 1.

Propoes 1-6 Lmply  Yhat gl seds cure
e smaMlest closs COV\MV\M\A% all [iutle seds
omd clused " wmdee umien, pr’od.ud’ ( concotencho)

complament K Qeene™
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Stiucliix PféSeNmﬁ Ma_pé

Exomple Let R be e el wumtbos | wik opre. Kams
addiion () amd  mulbiplicehon (2

let §: H = K
a —> eq’

Note Hot:
‘F(Ct—-f'b) = Q(QTb): ea.e_b = jf(c‘*)/?(b>

Such o  shrutwne pagservig  mep  hohveen o

DCAQC}&‘GM\.N“ sets Is c’,o\Meo( Ca. f/lOMOMO\rPIAiSM

Exomp  Let R e fe seal numbars  amd M2 ke
o by bve o wmobices Considarn. addihm wa R cmd
Motny addihowe e Mo
X ©
K o x

Nok et ary © .o .
g (x+Yyd = \—_o mﬂ ) [o x1+[‘30 J—'a(;c)*rg(\b

We cousidere  homonmorphms  cumdl e Gewtalizehtn,
called spbstituhous St sthings .
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Subshtuhine Popudy
let T wmd A be hoo a\}o\,&lﬂek.

(A’*) ( Rakgc is Hhe

Cousidor o~ Mo ppwg f‘. ): — 2 peev  s2t of AF

We com axtend § b T by
cOA = 1 ad
flxad= £ £ X € Z*, €2 .
We coawn odse apdend —? L the dowamn Z(ZK) Iﬂj
£ = xLe)L £60  whonw Le 2FY

The mapmg § s cold a < bskhehoe

B(M}’k 2 = fo,’§ A - E“)\@C}

et S0 = | ab* | omd  FCD = Zacg.
Them

flon) = | ab* acac | n  obacac
oMk

flon |¥ ) - a_b*ac(ac)*’

Ilf flo is a Mal/»awwéowgwyt /M a€) | we
coalk He subshimbinm o«  Aegulw Anbshhhaq . e it

mx\/tj st dan Mﬁv\QIM Subshhihoys

Theo e
Reghon sets  ane closed  wndon  (xagnkw) subskhbms,
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Prof: Let K< Y bk oa Jugulns, zeovugwg(.
We wad dy shoro ot (R s « )wj,u(m [au(gaa/cf
By defidion  F@ 1s o Mﬁme .Uowguatjc ﬁn a e}

We call eow;b} shas Hat :
flrivr) = £L) vEw
§CLy - Loy s Sl - flLD)
SL*y = (g
We cell Yuu prove i b‘j \a)wac.\cwg p & Mrjufw»
wQ&MC)W)‘}( e Priwsi\-:'m ex pressiaus  cund Kerr e pplyng
Hue 0 e ieus - 3et )xergl/tqw b u W dowau & Awumge

wF{\AiBN A I,wwwmov’\?\/\'\sm ( w Aunlowede Tl/\.ump IS oo
sebsktdine. Tu such Kot T (o) is o swgk
shig e A, e a€ X That s -

h: ¥ — AF
a ¥ ot x € A*_
We com oxdenk T b yRial
t(xea) = C(x)-C(a) Fov xeTX ae> .
omd to (A = A

) lff\% l/\(bé) = f.(aO-&Ca;_) ﬁ(am)

NO}C.L I/F W AiQr: T An
- f&(w)*weL} colled Hie

Nike s, Fov L C z:’*’} WLy
£awvn omet phic gt of/L.
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Example Rlo) = ab ) L) = b T'L(z):a_ D/JL P 1(0,1,2—4

Thew t (0110 = chbbbab
Wl 122) = baao

let L Y = r* be a L\umomovpb\sm,
By defonikm GV T x | €D Brwel
Silaly 4 (LY = 1| Lloely feo Le ¥

EM\M}”(_ I Z —_ \"‘7\' ) }‘_ = {o)\)g_,g‘k/ r: ?a,bk‘
O 7 a bacab
| > aa bbb

A VY oabab

3V aa bl

W' (aabb) = § I,SII

2\ (faa bb, abaabl) = {o,1,3%
7 (a.\>3:<3\5=ik.

Note Hal  £(00) = aLbanb abaad.
Thew T (abocbaoabanh) = o0
Wowld b be po 5S¢ bl ?&\
f\,(o) to bz_ Obbc«_ 7
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Theoms The class of Mgmfm /QL\M% es is closed Lwmdo

homantor phisms  coud  1nverse homomovphisms

/)maF. A homtomorphisne 15 o subshinho fiewd )Z.Qngwu
ﬁwgw‘}ﬂ cSu dmseo( Lanclos ﬁmomnplxusm;.

let & 3 = T% b o homoworphism  cund  cousidec
L o  ogidon ngmge I r)f Thert  wys)} axist
o Ao ML= <a, T 5,9 F7 et pecepb L.
Defie M3z hbe 4L ,%, ¢, 4.,F1 (hore
2 (g,a> = S C?,ﬁ(m)) fn Gaey
We  come prove by imduckoc o K \M\L()g x
Hoat xé¢ly & () ¢ L. /Heee >aqulon lowgloges
ore Cluseo!  Lnodes I MAse ADWDMDVPL\‘§MJ,

Exomples  of the wse of these tHheovems .

Exanpk . Prove that[=§ o bhen ;42173 is not  regulon .
Defme  Blad = o hb) = 6 hiey =1\
Now, W(LY = § o2 |20 el oficl
e coun Lo shao 15 et Agoudan.  roa 2

Bawle. L = {a"ba | nz ik 05 pot Hegnlan.

Defive Ty (o) =a R2(ad:=0
M\[b):bk ﬂ‘)*(lﬁ)'-‘-‘
l\’(°5=a, tale) = |

Noke Mk : fan (& ((Ta b |nz}) n &b )= {onm Inzxf

Nov: L7 (L) = g Catd™ b (ardO™!
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Guohends of meu(uaﬁ(s

Givew L, L, R\j o dQ‘?\.MQ —E—‘; st. —L‘:LL~ Lo = Ly
This  dwes nnet Guil R
Hueven  we Uovve

The Nigtt &,z—wah‘emb o? Ly wwirh Lo IS
U A
L\/L?_ = { w xy € b Fm Sowme %C’Lz.g

Fxampke L1 = 1¥o1 + 0¥
L2 = 0%
W hat i
L\/LL? T4 1nchdes I*‘l‘ o}

Hovo about VY0 7
Hoe chat 06 7
Note that L‘/Lz Lo #Ly.

Theovem, . The cluss of MgV\Qw\ sets  is  closed Lumden
vo heuks WIIW» odn\a\hc&\j Sets, C But i’ex’\s closinc
s ok e_ﬁ(éd\n.)

TL\QORW ﬂ/\( class 0‘? )\,QCj(/\QM/\ sl s C/\USCJ ada
7uu\«u\ls wiH. et G stk pad K
Ausune i effe chve
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The  Hmping  Lemma fn Aealor  Lonquages

Suppese o )\Q_ﬁV\M )'w"‘f)wﬁ( L s CLC_CQPRO(
b} o dfoe  with N stedes , amd let MLz

Coms(daﬁ. the beh«ﬂ W= &y 0y CgQy -- - G
omh  oMume  We L. lUsing Ve Qe woe lenov Hoat:

ai a2 a Q Clmt
?a — %1 -——~—>22_.._2_,?3 _‘_*__,%L, _.,?m

(whane 2. /s Mo 1wihal skt Im Is o ﬁwﬂl Skk .
Nuok Hat ecach G, € 2 owd 7€ Q..

Since M EN, some 9. must rupeat, ow d Xy 2 st

/

AR D TR
P e |
Hais o .
At 1T e hwts
AFU‘L s*rmqs x, 0,2 PN ‘7‘3\-4—11 5 ‘\ﬁ\?-\ ound
B wasnu chiz e L b all Lz, Nok Kot
Hie "“middle pw»\'\‘ 1,8 Cor~ |2 p\/wu]lo(.'

Lewiwg, (The, pMWtPMj '?WWWA)
Let L be a sugulm fo/ugwxge. Thew, Hane oxists

o cowsbwt w sk it w s Cny wovd e
L owih lwlzn , then w2 xyz witt
Ixyl 2 namd luVz2 | cmdd B
izo | e haw xylz € |

(/ch; such & sBimg ochelly oxish I‘f L is an mbud /a/uaua?a
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EX&\MP}(. LQ,*? 2'_._. iC\,L}, Let L= f w c—L*‘) s.}. A/Q(W) < Nb/éd)}
Prove Yot L s hot Nogulas .

Poof. ket N e s ve Y fowoma . et w ke
ar b , oon doment q L
Coatb™ o= oxyzr wih Ixgl 2n asl lylz L
cmd xytz el .
[ Ao ven bg coms g el we x—lj musk e ol s .
Y mwush he ol o5,
fh l‘-“.-? xyyz ¢ L, ok.
and Yyt st faw mese Ko v ks ggﬂ_

Sowae L‘. o~k xg‘z must  Dew ML G 'S \&ML\&

&Ml)\baﬁ' chiow !

EXam/?k Prove Haer L = { OZZ /L'z Ilj ;s hot Mglxt/m)‘g

Assume L s suquen . Clhuese W as w0 M lewina
Jed w - o’“?—, /3(7 Mo lewima

W= xyz wik xylén ol lylz) & )ctf‘z el (zu,
Buk lfx\jzz\ £ pnl+n = ninyl) < (n)

/L
busi g e y

wydZel | o conhedichon

)
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Decisim Algorithms fon Reynlin Langueges

Note: A lawrju\.a@c 15 gl wm stedavd Mpﬁsmbhm
ol s desontled by an fsa, sequlon Gh dnaman

o agialon L PSS e

Le_m,w\m _ﬂr\e set o'§ S‘l’h'\M%S CLCLQ_PKO{ ’a& O —?SC\. w,‘H\_
N sktes s

) MUKQMPM < e «FSG\ accepl o 54}\Lm.5 wh Twl <y
Padt. &= <(919v'\‘av\53
Prod = Uk He pumpng lemma . Let 1w b Hre shaslest
shwmg occepld awd  gssume Wl zn. By e pumpny

lemma W= XxyZ is gecept = xz s ccceptd .
Bt xz is  fhew shastee Hon shat Jes + Shi)ﬁ.

® MF’mHL <= fe fsa occeps W with N 2wl <20
Pl &= cbviom W pampiy Dovmie.
g = By Pmpng Lt 3w sk Tl 2w oomd W oe L
Swppose [WIZ2 21 cwmok is Wae shorlob sucl shig.
CoWexyz o oxz is skl Han o,
[xz\ £ 2n s oumd | xz\ 2z v*  Sswme g 8

was Jemowd  amd 1 & Y\ 4
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Theowm  ( Menbasship)

Given o reoudon lomgusge L amd e T * Hane LxIsts
Cun o\ﬂgoviH«M fu’x 0{2‘,‘%ij l'f Ww el .
Proof. Test W on the fsaﬁ\ L.

Theovem ( EMp/*L;, Flhlk/_’[p'ﬁm/}e)
(@) Thew axisb cm pjgoy.%m fo detide if o Mgmfwz [cwzgwﬁé
Lois .Qmﬂy.
proaﬁ. Check stnings ot u&Mgn\ upto 1.

(b Thase axish Gm o\[guv'tflm fv chucle Ilf a Jwyuﬂm ﬁcwauq?e
Lis in fim*t ‘
oef.  Chck oll sBuys Wil lowghh N2 Jwl< 2.

©) There ax/sh o aﬂgOY'FL\W\ bo ek l/'f C }\091/\06\/\ Laﬂﬁuﬁ%@
Lois f\ut."k :
M.  Same a2 (b

Theoveny  ( Accept He Same ZMC}M‘"/f;
Thene  exists aﬁg&)“%ﬂ% b Aicide /£ fovo
MQMXM QO(AASWS L andd L, cuze ij«[ (L) =L1s).

/7ro<>ﬁ_ Considon L3 = C Ly mfz) u (Z_—\ AL2)
Check 18 Lz s Qmp)g, If so, He (a/ujl/m}f’fll el OMG}L@/

/VO/’@ /7;(‘,}‘0)/('&”‘1 . / //// "/
LI le_,




