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Stochastic Differential Equations

Stoke's law for a particle in fluid

dv(t) = —v v(t) dt

where
omr
o=
m
n = viscosity coefficient.

Langevin's eq. For very small particles

bounced around by molecular movement,

dv(t) = —y v(t) dt + o dw(t),

w(t) is a Brownian motion, v = Stoke's
coefficient. o =Diffusion coefficient.
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Figure 1: 1-D Brownian motion
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In 2-D, or complex Brownian motion.
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Figure 2: 2-D Brownian motion
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w(t) = Brownian motion. Einstein’s relation
gives diffusion coefficient

2K Ty
o=14/—".
m

and probability density function for B-motion
satisfies heat equation:

Op(w,t)  10Pp(w, 1
ot 2 Ow?

Formal solution to LE is called an
Ornstein-Uhlenbeck process

t
v(t) = voe " + ae_W/ e dw(s)
0
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What does dw(t) mean?

w(t) = Awy + Awsg + -+ - + Aw,

each increment is independent, and

or infinitesimal version

Edw(t) = 0
E{dw(t) dw(s)} = 6(t—s)dtds
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Solution to LE has properties

t
Ev(t) = voe'ytqtae”t/ e’ Edw(s)
0

= pge "
and
et — 1
E(U(t))2 — (’00)2 At 4 glem
2y
52

|

|
7
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I1to calculus for multi-dimensional version

dw(t)> =dt  or dw;(t)dw;(t) = 6;;dt
In non-isotropic case, system
dz = b(z) dt + o(z) dw(t) (SDE)
Is shorthand for
t t
z(t) = 2z —I—/ b(z,) ds +/ 0(zs) dws.
0 0
1t rule for Stochastic integral:

B | (2w} = 0,

and

B /O ' o(a)dw, ) — /O oo (2,)ds.

These integrals are martingales.
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Figure 3: A standing martingale
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Simulation? First,

N

Ef(:(0) ~ 3 3 f(:0(0)

for sample of N paths z(¢). Paths

{28 2B 2N} integrated by some rule,
e.g. Euler.

Two criteria two versions of solution

Z(t), z(t) are equivalent (Z(t) = z(t)) for
0<t< T,

strong criteria:

P(sup |Z2(t) —2(t)] >0) =0

0<t<T

weak: for any sufficiently smooth f(x),

Bf(:(T)) — Ef(=(T))| = 0
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Example: weak simulation (m > 0):
dv = —x|x|™ ' dt + dw(t)

has solution whose distribution law satisfies
Kolmogorov equation

op(z,t) 0 (10
ot  Ox \20x

when t — oo. That is, z(t) becomes

+ x!x|m1) p(x,t) — 0

stationary. p(x,t — 00), properly
normalized, is

2 m—+1
p(x,00) = Npe 1 I
Two examples
p(z,00) = e 2 for m =

p(x,00) = \/—%6_|x|2 for m =
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Example: a strong test,
dr = —Axdt + pxdw(t)

having formal solution

x(t) = zgexp (—(A + %2)15 + pw(t)). (1)

Notice x(t) — 0 as t — co. Many authors
(Mitsui et al, Higham, ...) have studied
stability regions, A, i, for asymptotic
stability x(t,) — 0, when

t, =hi+hos+...+ h, — 0
may have varying stepsizes. Cases
t=T,=n-h,
and h — h/2™ =},
t="T,=n2"- h
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allow pathwise comparisons when

Aw(T,, + 1) =V &

Aw(T, +HW + 1) =&+ VI E

Aw(T,, + h) =S VR &,

Here, one follows the pathwise convergence
as m is changed. See Kloeden and Platen,
chapt. 9, p. 309. One compares "exact”
solution, equation (1), with simulation
values at points 17 =1,,.
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Numerical criteria similar: discrete times
tr, = kh, h = step size, T' = Mh, and
2, = numerical approx.,

strong order (3:

(E max ‘Zk — Z(tk)‘Q)l/Q S thﬁ
0<k<M

weak order 3: for f(z) € C*¥,

Ef(2m) — Ef(2(T))] < Kb
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Example methods:

Euler-Maruyama

Zk+1 = 2k + b(Zk)h + O'(Zk)AW

is strong order 3 = 1/2, weak order 1.

Milstein

N %J(Zk)a’(zk)(AW2 B

Is strong order 8 = 1, weak order 1
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Higher order weak methods require modeling

h h
[z'j — / widwj [in — / wz(s)ds
0 0

h h
2
[z'jk :/ UJﬂUde)k ]'L"L'O :/ w; ds
0 0

For example, for Runge-Kutta type methods

lij &~ %gifj + gEij7
h

Lip =~ 55@

Lijr =~ g5z’j€k
h

Lijp =~ 5@2

[

=;; is a model for [ w;dw; — w;duw;.
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Aw = £ is approximately gaussian

E¢ =0,E =h, E€ =0, BEE* = 3h°.

Do N sample paths per time-step - one for
each 21, A simple Aw is

& = +3h  with probability é,
= —V/3h with probability £,
= 0 with probability %

Important facts about these bounded
Increments:

e they introduce Fourier spectra with
wave vectors = kv/3h, where k € Z¢.

e in d > 1 dimensions, Aw is not isotropic.
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Figure 4: 3-D distribution of bounded increments
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Some applications:

e Black-Scholes model for asset volatility.
e Langevin dynamics.

e shearing of light in inhomogeneous

universes

19



M. Mascagni: Monte Carlo Methods 20

Black-Scholes model. Let S = asset price,
r = Interest rate. Without volatility,

dS =r S dt.

With efficient market hypothesis,
fluctuations(.S) o< S

dS =rSdt+ oS dw.

o is called the volatility. Solution to SDE

S(t) _ SO e(r—%cﬂ)t—l—ow(t).
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Langevin dynamics: we want some physical

quantity

—5(x) x ) d"
Bf = [ peoseors =L LT

To find a covering distribution ¢(x),

aq(x) > p(x),

but a > 1 is not large - difficult if n large.
Alternative is Langevin dynamics:

dx(t) = —%g—idt +dw(t),

and use

Ef = lim — /O F(x (1))t

T—o00 T

The following is sufficient for convergence: if

x| big,

X-a—S>1
ox
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A simple example: dx = —sign(z)dt + dw,

: 92
whose p.d.f. as t — oo is p(x, 00) = e 27l
104 I I I I | I I I I E
- dx=—(x/|x|)dt+dw, t=100 1
- [expl. TR, x,=0, N=10240, h=.01] -
10° &= =
> 10% —
c - -
() = _
5 L -
o = _
()
& 10t —
10° -
10—1 _l 1
-5 0 5

procegs value x(t)
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Stochastic Dyer-Roeder: Sachs’' equations

for shear (o), ray separation 6, in free space
with scattered point-like particles:

d—0+200 = F

ds
do
— + 6 =0
d5+ + |o|

o Is complex, F is the Weyl term, and s Is
an affine parameter - related to redshift z.

1 d
o= =Lin(A
2dz n(4)
where A o< D? is the beam area, get two
eqs.,
do 1 dD
) Wl
ds D ds d 4
1 2D,
——— +o|* = 0
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In Lagrangian coordinates (contract with
redshift z), the Weyl term to 1°* order has
derivatives of the gravitational potential
S(x,y), with z=2x +iy:

1 ,d*®
Light "sees” shearing forces orthogonal to

congruence. Problem is essentially 2-D:

light ray

scattering plane

Figure 5: 2-D character of light scattering
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Correlation length is about 7 cells, i.e. ~ 7
Mpc at z = 0. Softened (2-3 cells) shears
are normal in < 128 Mpc.
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Figure 6: Shearing forces, from H. Couchman’s code
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More useful form for 1st:

D20:/ D?*(s"\F(s")ds'.
0

Expressing the affine parameter in terms of
the redshift

J, wrey

S —

o (14+&)3v1+ Q%)
Yields a generalized Dyer-Roeder eq.

d?D

7 0 dD
—0 = g
+(2 z + ; + 3) —

o(2)I*  _
+(1+z)5D = 0.
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Shear can be well approximated by

32

) = ey

/0 (D)1 + €)1 + ) Fdu(e)

where w(z) is a complex (2-D) B-motion.
Constant v = (.62 was determined by
N-body simulations.
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Figure 7: Shear free Dyer-Roeder D(z)
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Figure 8: D(z) histograms at 0 < z < 5. Non-linear
integration. Scales for the abscissas are: 107° for
z=1/2,107° for z =1,2,3,4,5.

29



M. Mascagni: Monte Carlo Methods 30

Selected Bibliography

[1] P. E. Kloeden and E. Platen, Numerical
Solution of Stochastic Differential
Equations, Springer, 1999.

[2] G. N. Milstein Numerical Integration of
Stochastic Differential Equations, Kluwer,
1995.

[3] W. Petersen, J. Comp. Physics, vol. 113,
no. 1, July 1994.

[4] W. Petersen, J. Stoch. Analysis and
Applications, 22, no. 4, pp. 989-1008, 2004.



