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Abstract—This work introduces novel polynomial algorithms for processing top-k queries in uncertain databases under the generally
adopted model of x-relations. An x-relation consists of a number of x-tuples, and each x-tuple randomly instantiates into one tuple from
one or more alternatives. Our results significantly improve the best known algorithms for top-k query processing in uncertain
databases, in terms of both runtime and memory usage. In the single-alternative case, the new algorithms are 2 to 3 orders of
magnitude faster than the previous algorithms. In the multialternative case, we introduce the first-known polynomial algorithms, while
the current best algorithms have exponential complexity in both time and space. Our algorithms run in near linear or low polynomial
time and cover both types of top-k queries in uncertain databases. We provide both the theoretical analysis and an extensive
experimental evaluation to demonstrate the superiority of the new approaches over existing solutions.

Index Terms—Algorithm, probabilistic data, query processing, top-k, uncertain database, x-relation.
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1 INTRODUCTION

UNCERTAIN databases have received a lot of attention
recently due to the large number of applications that

require management of uncertain and/or fuzzy data.
Examples of such applications include data integration [1],
data cleaning [2], [3], [4], and mobile and sensor data
management [5], [6] just to name a few. It is interesting to
note that some important works on this topic appeared
sporadically in the last two decades, including possible
world semantics and probabilistic databases [7], [8], [9], [10],
[11]. However, only recently we witness a more systematic
and persistent effort to address uncertainty data manage-
ment issues such as data modeling and representation [12],
[13], [14], [15], general query processing [16], [6], [17],
indexing [18], [19], [20], and development of query
languages [21].

As a concrete example, consider the website of the 1998
FIFA World Cup that organized its Web servers in a
distributed fashion. The website is replicated over multiple
servers that are located at different geographical areas
throughout the world. Thus, a client’s request can be served
by either the closest server or the server with the highest
free bandwidth at the moment of the request with the goal
to minimize the response time to the client. Web server

requests traces and a detailed description about this setup
are available at the Internet Traffic Archive [22]. Each
record in the request trace represents an entry in the access
log of the world cup Web server. Among other fields, a
record contains a time stamp, a client id (mapped from the
IP address of the user sent the request), an object id (the
particular web page being requested), a status code, and a
server id. The status indicates the response status code and
the server id in which a particular server handled the
request. Note that, at the time of the request, it is unclear
which server will handle the request and what the status of
this request will end up being. Motivated by this, we can
create a database of requests that can be modeled as an
uncertain database, where each request represents an
x-tuple. The status and the server id are attributes with
uncertainty and can be associated with certain probability
distributions. Therefore, an access log can be seen as an
instantiation of the many possible worlds associated with
an x-relation. Furthermore, such an uncertain database
could be very large. For example, the traffic on a single day,
e.g., the day 46, contains roughly half a million requests.

The uncertain data model. Quite a few uncertain data
models have been proposed in the literature [14], [15], [23],
[16], trying to represent the probability distribution of all
the possible instances of the database. They range from the
basic model in which each tuple appears with a certain
probability independently to powerful models that are
complete, i.e., models that can represent any probability
distribution of the database instances. However, complete
models have exponential complexities and are hence
infeasible to handle efficiently, so some extensions to the
basic model have been introduced to expand the expres-
siveness of the model while keeping computation tractable.
Notably, in the TRIO [23] system, an uncertain data set,
which they call an x-relation, consists of a number of
x-tuples. Each x-tuple includes a number of alternatives,
associated with probabilities, which represent a discrete
probability distribution of these alternatives being selected.
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Independence is still assumed among the x-tuples. This
model has been frequently used in the study of uncertain
databases as it is a reasonable approximation of the
uncertain nature of the data. For example, the world cup
example mentioned above perfectly fits into the x-relation
model. Since different requests are mutually independent,
the values for attributes of one request could take different
assignment based on what has actually happened to that
request, but only one assignment is possible (the actual
request that takes place with some randomness, depending
on the server status, etc.), i.e., they are mutually exclusive.

In this paper, we also adopt the x-relation model,
augmented with a score attribute, on which we rank the
tuples. More precisely, each tuple t consists of four
components: a unique identifier idðtÞ, a score sðtÞ, a
confidence pðtÞ that is the probability of t appearing in the
database, and all the other attributes AðtÞ. An x-tuple � is a
set of tuples (up to a constant number), subject to the
constraint that

P
ti2� pðtiÞ � 1. These tis are called the

alternatives of � . An x-tuple represents a discrete probability
distribution of the possible values � may make in a
randomly instantiated database, i.e., � takes ti with
probability pðtiÞ, for i … 1; . . . ; j� j,1 or does not appear at
all with probability 1 �

Pd
i…1 pðtiÞ.

2 We define an uncertain
database D as a collection of M pairwise disjoint x-tuples. We
use D to denote the set of all tuples in D, and let
jDj …

P
�2D j� j … N . Without loss of generality, we assume

that all scores are distinct in D.
An uncertain database D is instantiated into a possible

world assuming mutual independence of the x-tuples [23].
More precisely, let �1; . . . ; �M be the x-tuples of D, and let W
be any subset of the tuples appearing in D, the probability
of W occurring is Pr‰W � …

QM
j…1 pW ð�jÞ, where for any

� 2 D, pW ð�Þ is defined as

pW ð�Þ …
pðtÞ; if � \W … ftg;
1 �

P
ti2� pðtiÞ; if � \W … ;;

0; otherwise:

8
<

:

If Pr‰W � > 0, we say W is a possible world, and let W be
the set of all possible worlds. Thus, D represents a
probability distribution over W in a succinct format. Please
refer to Fig. 1 for an example, where each x-tuple represents
a request from a client to a 1998 world cup web page, and it
may be served by one of the servers chosen from several
alternative servers, as we have explained above. Here, each
tuple (an alternative) is a client id, the score attribute is the
server id assuming that the servers are ordered by their
available bandwidth (higher ID reflects a higher band-
width), and the probability for an alternative is simply the
probability that this request ends up being served by this
particular server. It is not necessary to always select the
server with the highest bandwidth, rather the decision is
made based on the current traffic of each server and the free
bandwidth a server could offer at the moment. Both the
number of x-tuples (request in this example) and tuples (the
clients in this example) in such a database could go upto
millions as demonstrated above.

We distinguish between two cases. In the single-
alternative case, each x-tuple has only one alternative; in
the multialternative case, there could be more than one
alternative for an x-tuple.

Top-k queries in an uncertain database. This paper
investigates query processing issues under the setting of
uncertain data, and in particular, we concentrate on
top-k queries. Top-k queries received increasing interest
in relational databases recently [24], mainly as a way to
integrate the imprecise query answering semantics of
information retrieval with the highly structured storage
and representation of relational data. Because of their
particular semantics, top-k queries are even more mean-
ingful in the context of uncertain and probabilistic
databases. Some recent efforts started to investigate
top-k queries in uncertain databases [25], [26], although
with different emphases. This work focuses on the
top-k queries defined in [25] and the difference to [26] is
discussed in Section 7. In particular, Soliman et al. [25]
extend the semantics of top-k queries from relational to
uncertain databases. They propose two different defini-
tions for top-k queries in such databases and provide
algorithms to compute the query results for each defini-
tion. The first definition is the Uncertain Top-k query
ðU-TopkÞ, where the result is the set of tuples with the
highest aggregated probability to be the top-k tuples
across all possible worlds. The second definition is the
Uncertain k-Ranks query ðU-kRanksÞ, where each tuple in
the result is the most probable tuple to appear at a given
rank over all possible worlds.

The work in [25] was the first to identify the importance
of top-k query processing in uncertain databases and to
propose methods to address it. The basic idea of their
algorithms is to map each configuration (of appearing and
not appearing tuples) to a state and create a very large
graph with these states. Then, the problem becomes a
search over this huge graph using some generic, A�-like
algorithm to find the best state. However, since the model
that they use can capture any possible correlation between
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1. j� j is the number of alternatives in � .
2. We denote the number of alternatives for an x-tuple � as dx … j� j.

Fig. 1. An example uncertain database and all its possible worlds with
their probabilities.
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the tuples (complete model) [27], the generated graph can be
exponentially large. Therefore, their algorithms are expo-
nential in both space and time, which makes them
impractical for large databases. Even for the basic model
where all tuples are mutually independent, i.e., the single-
alternative case of the x-relation model, the proposed
algorithms, although more efficient, are still not optimal.

In this paper, we show that under the popular x-relation
model, it is possible to exploit the internal structure of the
problem to design much more efficient algorithms for
processing top-k queries in uncertain databases. We provide
solutions for both U-Topk queries and U-kRanks queries,
both of which are significantly faster and use much less
space under the x-relation model. A comparison of the
asymptotic results of the algorithms under the x-relation
model are given in Fig. 2.

The rest of the paper is organized as follows: Section 2
gives the two definitions for top-k queries. We set up the
processing framework in Section 3. The improved algo-
rithms for U-Topk and U-kRanks queries appear in
Sections 4 and 5, respectively. An experimental study is
performed in Section 6, followed by a review of related
work and the conclusion.

2 Top-k DEFINITIONS

There are two popular types of top-k queries that are
currently adopted in uncertain databases.

Definition 1: Uncertain Top-k query ðU-TopkÞ. Let D be an
uncertain database with possible worlds space W. For any
W 2 W, let �ðWÞ be the top-k tuples in W by the score
attribute; if jW j < k, define �ðWÞ … ;. Let T be any set of k
tuples. The answer T � to a U-Topk query on D is
T � … arg maxT

P
W2W;�ðWÞ…T Pr‰W �. Ties can be broken

arbitrarily.

In other words, T � is the set of k tuples that has the
maximum probability of being at the top-k according to
the score attribute in a randomly generated world. This
definition fits in scenarios where we require the
top-k tuples belong to the same world(s). For the example
in Fig. 1, the U-Top2 answer is ft1; t2g, with a probability
of 0:08 þ 0:12 … 0:2.

Definition 2: Uncertain k-Ranks query ðU-kRanksÞ. Let D be
an uncertain database with possible worlds space W. For any
W 2 W, let  iðWÞ be the tuple with the ith largest score, for
1 � i � jW j. The answer to a U-kRanks query on D is a
vector ðt�1; . . . ; t�kÞ, where t�i … arg maxt

P
W2W; iðWÞ…t Pr‰W �,

for i … 1; . . . ; k. Ties can be broken arbitrarily.

The answer to a U-kRanks query is a vector of tuples
that might not appear together in any possible world, but
each of them has the maximum probability of appearing
at its rank over all possible worlds. This definition fits in
scenarios where the top-k tuples are not restricted to
belong to the same world(s). For the example in Fig. 1, the
U-2Ranks answer is ðt1; t3Þ: t1 has a probability of 0:12 þ
0:08 þ 0:18 þ 0:12 … 0:5 of being at rank 1, and t3 has a
probability of 0:18 þ 0:048 þ 0:072 … 0:3 of being at rank 2.

3 PROCESSING OVERVIEW

We store D, the set of all N tuples in a relational database
table, called the tuple table, sorted in a decreasing score
order. We store information about the x-tuples in an x-table.
For each x-tuple that has more than one alternative, we
store in a list all the alternatives, but with only their id,
score, and confidence attributes. All other attributes are not
stored in the x-table. By using a hash map, given the id of a
tuple t, the score and confidence values for all its
alternatives can be retrieved efficiently from the x-table in
Oð1Þ time.

To process a top-k query, we retrieve tuples in the
decreasing score order from the tuple table, while looking
up information from the x-table when needed. We perform
computation with the retrieved tuples and stop as soon as
we are certain that none of the unseen tuples may possibly
affect the query result.

Why score order? It is curious to ask why we retrieve
tuples in the score order instead of some other order, say,
the confidence order. In order to compare different ordering
criteria, we define the scan depth, denoted by n, to be the
minimum number of tuples that have to be retrieved so as
to guarantee the correctness of the result. More formally, we
have the following.

Definition 3: Scan depth. Suppose the tuples in an uncertain
database D are t1; . . . ; tN in some predefined order. For a
U-Topk or U-kRanks query, the scan depth n is the
minimum n such that the following holds: for any D0 where
the first n tuples in D0 under the same ordering criteria are the
same as those of D, i.e., t1; . . . ; tn, the query answer on D0 is
the same as that on D.

It is important to note that for a predefined ordering
function, the scan depth is determined by the database
instance and k, i.e., n is the inherent lower bound for the
number of tuples that need to be retrieved for any
algorithm. Any algorithm that accesses the database in the
predefined order has to read at least n tuples to avoid
possible errors.

Note that for many Ds, n is much smaller than N , so it is
possible to stop earlier. However, in the worst case, n can be
as large as �ðNÞ, i.e., on some bad database instances, any
algorithm has to retrieve �ðNÞ tuples. In [27], it is shown
that if N is unknown to the algorithm, then access in the
score order has the optimal scan depth among all orderings.
This applies to the scenario where the tuple table is not
materialized; instead, tuples are supplied by an iterator
interface that produces tuples in the designated order upon
request, and it is difficult to estimate N beforehand. Here,
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Fig. 2. Asymptotic results in x-relation model, where n is the scan depth
(Definition 3).
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we, in addition, consider the case where N is known and
show that in this case there is no optimal ordering. Let us
consider the following example first.

Example 1. Consider the basic case where each x-tuple
has only one alternative, and we are to perform a
U-Topk query with k … 1 (or equivalently, a U-kranks
query with k … 1). Assume that the N ð> 2Þ tuples of
D have sðtiÞ … N � i, pðtiÞ … 1=N for 1 � i � N � 1,
and sðtNÞ … 0, pðtNÞ … 1. The query answer will be tN ,
since the probability of tN being the top-1 in a random
possible world is ð1 � 1=NÞN�1 � 1=e, while the prob-
ability of any other tuple is at most 1=N . Thus, sorting
by score will have a scan depth of n … N . On the other
hand, if we sort by confidence, we can stop as soon as
we have retrieved 2 tuples. This is because after
having observed that the second tuple has confidence
1=N , we know that all the remaining tuples’ con-
fidences are at most 1=N , thus we can conclude that tN
must be the answer since its probability is at least ð1 �
1=NÞN�1 � 1=e (assuming pessimistically that all un-
seen tuples have higher scores and have confidence
1=N), thus any unseen tuple cannot possibly beat tN .

If D is a multialternative x-relation, things are slightly
more complicated. But still, it can be verified that in the
worst case, tN has a probability of 1=N of being the
answer (when all remaining tuples have larger scores,
confidence 1=N , and are in one x-tuple); thus, the
algorithm can still stop after retrieving only 2 tuples.

On the other hand, it is also fairly easy to construct an
example where sorting by score is much better than sorting
by confidence.

Example 2. Still in the same setup as in Example 1, but now
the tuples of D have sðtiÞ … N � i, pðtiÞ … 0:5 for
2 � i � N , and sðt1Þ … N , pðt1Þ … 0:4. In this case, the
query answer is t1. It is not difficult to verify that sorting
by score gives a scan depth of 2, while sorting by
confidence yields n … N .

Now that neither choice gives us a satisfying order, one
may be tempted to design other functions fðs; pÞ that might
give a good ordering (for example, ordering by s � p).
Unfortunately, we obtained the following negative result,
whose proof is given in Appendix A.

Theorem 1. For any function f : IR � ‰0; 1� ! IR and any N ,
there exists a single-alternative uncertain database D with
N tuples, such that if we retrieve tuples from D in the order of
f , the scan depth is at least �ðNÞ for answering a U-Topk or
U-kRanks query even with k … 1.

Note that since k … 1 is the easiest case (any U-Topk or
U-kRanks result for any k > 1 always includes the U-Top1
or U-1Ranks result), the theorem also holds for any k > 1.

This negative result precludes the existence of an
ordering function that is good for all cases. Thus, we settle
for an ordering that is good for “typical” cases, and we
argue that ordering by score is a good choice. First, ordering
by score order often makes the algorithms easier by

exploiting the fact that all unseen tuples have smaller
scores. Second, in many practical situations, the scan depth
under score ordering is actually very small and nowhere
near the worst case like the one in Example 1. This is
evident from the empirical studies in both [25] and our own
experiments in Section 6.

Therefore, the score order is arguably a good order
whether N is known or unknown, and thus, from now
on, we will stick to the score order. Without loss of
generality, we assume that tuples are t1; . . . ; tN such that
sðt1Þ > � � � > sðtNÞ. We focus on the following problems.
1) By definition, the scan depth n is the lower bound on
the number of tuples that have to be retrieved. Can this
lower bound be attained, i.e., can we design an algorithm
that immediately stops after reading n tuples? 2) If the
answer to 1 is yes, how efficient can the algorithm be?
This work answers both questions affirmatively and
design algorithms that read exactly n tuples before
termination. More importantly, these algorithms run in
near linear time or low polynomial time and consume
small space as well. Sections 4 and 5 present such
algorithms for both types of queries. Some of our
notations are summarized in Table 1.
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Description of Notation
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