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.jpAbstra
t. Linear se
ret sharing s
hemes and general a

ess stru
tureshave played a key role in modern 
ryptography. Cramer-Damg�ard-Maurerre
ently proved that any linear se
ret sharing s
heme over a �nite �eld
an be a veri�able one. We give a simple proof based on error-
orre
ting
odes. Our proof allows us to generalize the Cramer-Damg�ard-Maurer'sresult to linear s
hemes over modules, whi
h played an important role inthreshold 
ryptography, i.e. any existing linear se
ret sharing s
heme overa module 
an be 
hanged into a veri�able one. We then re
e
t on anotheraspe
t of linear se
ret sharing. While there has been lots of resear
h onbounds in general a

ess se
ret sharing s
hemes, little has been done onthe 
omputational 
omplexity aspe
ts. In this paper we also demonstratethat verifying whether a linear s
heme is a se
ret sharing s
heme for agiven a

ess stru
ture is 
oNP-
omplete. The later result relates to theproblem 
heating sharedealer, the dual problem of se
ret sharing.Keywords: se
ret sharing, VSS, modules, error 
orre
ting 
odes.1 Introdu
tionIn a se
ret sharing s
heme [4, 19, 12℄ a dealer D distributes a se
ret s to n par-ti
ipants P1; � � � ; Pn in su
h a way that any quali�ed subset (a

ess sets) 
anre
over s, but any non-quali�ed subsets (nona

ess set) has no information ons. The family of a

ess sets is 
alled an a

ess stru
ture and is denoted by � .An a

ess stru
ture � is 
alled monotone if A1 2 � and A1 � A2 imply A2 2 � .Se
ret sharing have played an important role in theoreti
al as well as pra
ti
almodern 
ryptography. An example is its use in se
ure distributed 
omputation,e.g. [11, 2, 5℄ and key es
row [17℄ is an example of its pra
ti
al use.A se
ret sharing s
heme for � exists if and only if � is monotone. Further,it is known that linear se
ret sharing s
hemes 
an realize any monotone a

ess



stru
ture (see e.g. [20℄). The re
ent work of Cramer-Damg�ard-Maurer [6℄ hasmade linear se
ret sharing even more important by demonstrating that any linearse
ret sharing s
heme 
an be veri�able, a very important property. It guaranteesthat the dealer did not 
heat.This paper studies two aspe
ts linear se
ret sharing s
hemes. We investigatea 
omplexity theoreti
 aspe
t and an error 
orre
ting 
ode one.1.1 Complexity Theoreti
 Aspe
tA linear se
ret sharing s
heme is realized by a matrix G of size n� (h+ 1) overGFq su
h that the share of Pi, with respe
t to se
ret s 2 GFq , is a subset ofrows of 
olumn ve
tor v = G(s; a1; : : : ; ah)T , where ai's are random elementsof GFq . While it is known in [20℄ that any monotone a

ess stru
ture � 
an berealized by a linear se
ret sharing s
heme G, the inverse problem of re
overingthe a

ess stru
ture � from the s
heme G is quite hard. In fa
t, we show that theeasier problem of de
iding whether the a

ess stru
ture of G is � is still 
oNP-
omplete. This problem is very important be
ause to design a se
ret sharings
heme, one is often given an a

ess stru
ture � , and the purpose is to designa s
heme 
orresponding to this a

ess stru
ture. However, in a veri�able linearse
ret sharing s
heme su
h as [6℄, the veri�ability aspe
t only guarantees thatthe dealer 
omputed the shares a

ording to the matrix G, it does not ensuresin any way that the matrix G indeed 
orresponds to a

ess stru
ture � . So a
rooked designer may exploit by designing a spe
ial matrix G so that some se
retset A0 of parti
ipants will be able to obtain the shared se
ret illegally withoutanyone noti
ing.1.2 Error Corre
ting Codes Aspe
tSuppose that a dealer D gives vi to parti
ipant Pi as his share. Then we 
an 
on-sider C = f(v1; � � � ; vn)g as an error 
orre
ting 
ode. M
Elie
e and Sarwate [16℄pointed out that Shamir's (k; n) se
ret sharing s
heme [19℄ is equivalent to aReed-Solomon 
ode [18℄. For any ideal (k; n) se
ret sharing s
heme, Karnin,Greene and Hellman [15℄ showed thatd = n� k + 1;where d is the minimum Hamming distan
e of C.In this paper, we show another error 
orre
ting 
odes aspe
t of linear se
retsharing s
hemes.A VSS (veri�able se
ret sharing s
heme) is a proto
ol in whi
h D proves that(v1; � � � ; vn) is 
onsistent. We 
onsider a model in whi
h there is a publi
 boardand are se
ure 
ommuni
ation 
hannels between any two players. It is assumedthat there exists an in�nitely powerful adversary who may 
orrupt a dealer Dand a nona

ess set.Ben-Or, Goldwasser andWigderson [2℄ showed a (k; n) threshold VSS. Cramer,Damg�ard and Maurer [6℄ showed a VSS for any linear se
ret sharing s
heme.



However, their proof of 
orre
tness is rather 
omplex. We show a very simpleproof of the validity of Cramer-Damg�ard-Maurer's VSS from a viewpoint of error
orre
ting 
odes.In a linear se
ret sharing s
heme, we view C = f(v1; � � � ; vn)g as a linear error
orre
ting 
ode. Therefore, there exists a parity 
he
k matrix H . This implies(v1; � � � ; vn) is a 
odeword if and only ifH � (v1; � � � ; vn)T = O:Our proof is based on this observation.Our alternative proof also allows us to generalize the Cramer-Damg�ard-Maurer VSS. First, we show that a variant of the Ben-Or, Goldwasser andWigderson VSS s
heme is a spe
ial 
ase of our generalization. Se
ondly, wepresent VSS s
hemes for several homomorphi
 se
ret sharing s
hemes. These areusefull for distributed RSA digital signature s
hemes (
alled threshold 
ryptog-raphy), where the RSA exponent is not in a �eld.2 Linear Se
ret Sharing S
hemesIn a linear se
ret sharing s
heme, there exists a n� (h+ 1) matrixG = 0B� g1...gn1CA (1)over GFq . For a se
ret s, D 
hooses a random ve
tor (a1; � � � ; ah) and 
omputes0BBB� v1v2...vn1CCCA = G0BBB� sa1...ah1CCCA : (2)D gives a subset of v1; � � � ; vn to Pi as his share. For simpli
ity, however, weassume that the share of Pi is vi. It is easy to verify that this simpli�
ation hasno impa
t on the 
orre
tness and generality of our arguments. Indeed, let ussay that P1 has v1 and v2, then P1 plays the roles of P1 and P2. So, there is nodiÆ
ulty.For this se
ret sharing s
heme, fPi1 ; � � � ; Pikg is an a

ess set if and only if(1; 0; � � � ; 0) is expressed as a linear expression of (gi1 ; � � � ;git). We denote thea

ess stru
ture of this se
ret sharing s
heme by �M .3 VSS for Linear Se
ret Sharing S
hemeWe 
onsider a model in whi
h there is a publi
 board and there are se
ure
ommuni
ation 
hannels between any two players. We also 
onsider in�nitelypowerful adversaries. An adversary may 
orrupt a dealer D and a nona

ess set.



De�nition 1. We say that (v1; � � � ; vn) is 
onsistent if there exists some (s; a1; � � � ; ah)whi
h satis�es eq.(2).A VSS is a proto
ol in whi
hD proves that (v1; � � � ; vn) is 
onsistent. Cramer,Damg�ard and Maurer showed a VSS for linear se
ret sharing s
hemes. Their VSSis given as follows.1. D 
hooses an (h+1)�(h+1) symmetri
 matrix R = frijg su
h that r1;1 = srandomly.2. He 
omputes 0B� b1...bn1CA = G �R (3)and gives bi to Pi.3. Ea
h Pi 
omputes 0B� ui1...uin1CA = G � bTiand gives uij to Pj for all j 6= i.4. Ea
h Pj 
he
ks if uij = gi � bTjfor all i 6= j.5. If there is some in
onsisten
y, D is requested to broad
ast uij or bj .6. Suppose that D is a

epted. Then let vi = bi;0 be the share of Pi. wherebi = (bi;0; � � � ; bi;h):4 Simple Proof of VSS Based on Error Corre
ting CodesIn this se
tion, we show a very simple proof of the validity of the VSS of Cramer,Damg�ard and Maurer from the viewpoint of error 
orre
ting 
odes.From eq.(1), we 
an 
onsider that C = f(v1; � � � ; vn)g is a linear error 
or-re
ting 
ode and G is a generator matrix. Let H be a parity 
he
k matrix of G.Then (v1; � � � ; vn) is a 
odeword if and only ifH � (v1; � � � ; vn)T = O:We �rst prove this formally. Without loss of generality, we 
an assume thatall the 
olumns of G are independent. Let M be an n� (n� h� 1) matrix su
hthat the blo
kmatrix (G M) is nonsingular. Let(G M)�1 = �H1H2� ; (4)where H2 is a (n� h� 1)� n matrix.



Theorem 1. (v1; � � � ; vn) is 
onsistent (that is, there exists some (s; a1; � � � ; ah)whi
h satis�es eq.(2)) if and only ifH2 � (v1 : : : vn)T = O:(Proof) Suppose that there exists some (s; a1; � � � ; ah) whi
h satis�es eq.(2). Theneq.(2) 
an be written as �v1 v2 : : : vn �T = (G M)�� s : : : ah 0 : : : 0�T . Therefore,we have (G M)�1 � �v1 v2 : : : vn �T = �s : : : ah 0 : : : 0�T . Hen
e,�H1H2� � �v1 v2 : : : vn �T = � s : : : ah 0 : : : 0�T :Then H2 � �v1 : : : vn �T = �0 : : : 0 �T :The 
onverse part is obtained by following the argument ba
kword. Q.E.D.Suppose that Pi is given b0i = (bi0; � � � ; bih) from the dealer. De�neX 4= 0B� b01...b0n1CA �GT :If D is honest, then X = G � R �GTfrom eq.(3). Note that this X is a symmetri
 matrix be
ause R is symmetri
.The VSS of Cramer, Damg�ard and Maurer is equivalent to 
he
king if X issymmetri
.We next show a simple proof the validity of this 
he
k by using the aboveTheorem.Theorem 2. X is symmetri
 if and only if (b1;0; � � � ; bn;0) is 
onsistent.(Proof) First suppose that D is honest. In this 
ase, b0i = bi. Therefore,X = 0B� b1...bn1CA �GT = G � R �GT :Hen
e, X is symmetri
 be
ause R is symmetri
.Next suppose that X = XT . LetB 4= 0B�b1...bn1CA :



Then we 
an write that X = (B O) �� GTMT � :Hen
e, sin
e X is symmetri
,(B O) �� GTMT � = (G M) � �BTO � :Now we have (G M)�1(B O) = �BTO � � � GTMT ��1 = � �O��1 :Substitute eq.(4) into the above equation. Then we haveH2 �B = O:This means that (b1;0; � � � ; bn;0) is 
onsistent from Theorem 1. Q.E.D.Sin
e vi = bi;0, this 
ompetes the proof.5 GeneralizationsOur interpretation of Cramer-Damg�ard-Maurer's VSS s
heme allows general-izations. Any se
ret sharing s
heme satisfying an algebrai
 des
ription as inSe
tion 2 has a VSS similar to the one of Cramer-Damg�ard-Maurer.5.1 Extension to VSS of Ben-Or, Goldwasser and WigdersonFirst we show that a variant of the Ben-Or, Goldwasser and Wigderson (k; n)threshold VSS s
heme [2℄ is a spe
ial 
ase of our interpretation of the Cramer-Damg�ard-Maurer's VSS.By slightly modifying the Ben-Or-Goldwasser-Wigderson VSS s
heme, it 
anbe des
ribed as follows:1. D 
hooses a random symmetri
 polynomialf(x; y) = k�1Xi=0 k�1Xj=0 ri;jxiyjover GFq su
h that f(0; 0) = s, where s is a se
ret and ri;j = rj;i.2. He 
omputes bi(x) = f(x; i)and gives bi(x) to Pi.



3. Ea
h Pi 
omputes uij = bi(j)and gives uij to Pj for all j 6= i.4. Ea
h Pj 
he
ks if uij = bj(i)for all i 6= j.5. If there is some in
onsisten
y, D is requested to broad
ast uij or bi(x).6. Suppose that D is a

epted. Then let vi = bi(0) be the share of Pi.This proto
ol is a spe
ial 
ase of Se
.3 su
h that R = (ri;j) andG = 0BBB�1; 1; 1; � � � ; 11; 2; 22; � � � ; 2k�1...1; n; n2; � � � ; nk�11CCCA :Therefore, the validity of VSS is proved as a spe
ial 
ase of Se
.4.(f(x; y) is not symmetri
 in their original VSS.)5.2 Threshold 
ryptographyIntrodu
tion The des
ription of Se
tion 2 
an easily be generalized to 
ommu-tative modules. This allows us to make veri�able se
ret sharing s
hemes for linearse
ret sharing s
hemes over 
ommutative modules. Su
h s
hemes have been de-veloped for threshold 
ryptography. Examples of su
h se
ret sharing s
hemesare the Desmedt-Frankel [9℄ and the one by Bla
kburn-Burmester-Desmedt-Wild [3℄. These s
hemes have been developed for threshold 
ryptography, seee.g. [7℄. These allow, for example, distributed RSA digital signature s
hemes,where the RSA exponent is not in a �eld.In Se
tion 2 the entries of the matrix G and the 
odewords (v1; v2; : : : ; vn)belong to the ve
tor spa
e GF (q). We now use a module approa
h [13℄ instead ofa ve
torspa
e approa
h. Let R be a 
ommutative ring and K be a �nite Abeliangroup su
h that it is an R-module. Now, assume that the entries of G are overthe 
ommutative ring R and the entries of a 
odeword over the �nite Abeliangroup K. We �nally assume that G is of full rank, this means that h + 1 rowsform an invertible matrix.Our setting implies that s, a1, . . . , ah, v1, v2, . . . , vn are elements of K.VSS for Linear Se
ret Sharing S
heme over modules Cramer-Damg�ard-Maurer's VSS s
heme 
an easily be extended to 
ommutative modules, as wenow explain. We use the notation of Se
tion 3.Step 1 of the Cramer-Damg�ard-Maurer s
heme is the only step that needsto be repla
ed in a module setting, as follows:1. D 
hooses an (h+1)� (h+1) symmetri
 two-dimensional array R0 = frijgwhere ri;j 2R K su
h that r1;1 = s.



We use the notation R0 to avoid 
onfusion wuth the notation R for ring.Note that the operation G � R0 makes sense sin
e all the multipli
ation withentries in R0 (elements ofK) are s
alar multipli
ations. However a multipli
ationof a \two-dimensional array"R01 with another \two-dimensional" arrayR02 makesno sense, sin
e this would require a se
ondary internal operation in K, whi
hmay not exist. This is the reason algebraist de�ne matri
es with entries in a ring.That is why we 
all R0 a \two-dimensional" array. In our 
ase, all multipli
ationswith R0 are properly de�ned sin
e they involve s
alar multipli
ations with theentries of R0.The new Step 1 implies that the entries of bi and ui are in K.Adapting the proof of the theorem First of all the proof that the parti
i-pants learn nothing about the se
ret is a straightforward adaptation of the proofin [6℄.First of all we need to demonstrate that there exists an n�(n�h�1) matrixM over the ring R su
h that (G M) is invertible. We use standard te
hniquesfrom error 
orre
ting 
odes for this. Sin
e G is of full rank, we 
an writeG = P ��G1G2� (5)where P is an n�n permutation matrix and G1 is an invertible (h+1)� (h+1)matrix. Now 
onsider the blo
kmatrix:G0 = �G1 OG2 I � ;where O is an (h + 1) � (n � h � 1) zero matrix over the ring R and I is an(n � h � 1) � (n � h � 1) identity matrix over the ring R. Obviously G0 isinvertible sin
e G1 is invertible. Sin
e P is invertible P �G0 is also and by taking(G M) = P �G0 we have obtained the desired matrix M .To adapt our proofs of Theorems 1 and 2, we view the module as a bimod-ule [14℄ where the e�e
t of the s
alar is the same whether we multiply with a leftor right s
alar. So, when a 2 R and k 2 K, we 
an write the s
alar operation asa � k and as k � a and a � k = k � a. It is trivial to see that any R-module 
an beused as su
h a bimodule.We now explain how to read the proofs of Theorems 1 and 2 in our generalsetting. In these proof, take the entries of X and the zero entries of O as elementsofK. We view X and O as \two-dimensional arrays", as explained in Se
tion 5.2.The rest then generalizes trivially.Impa
t It is not too diÆ
ult to verify that several se
ret sharing s
hemes sat-isfy the module stru
ture. Examples are the threshold se
ret sharing s
hemesand the general a

ess se
ret sharing s
heme in [9℄. Indeed, the �rst ones aregeneralizations of Shamir's linear se
ret sharing s
heme [19℄ where K has been



adapted from the original key spa
e to make it an appropriate module. The gen-eral a

ess se
ret sharing s
heme in [9℄ is an adaptation of [20℄, a se
ret sharings
heme linear over GF (q) and so also linear over a module. When the group isAbelian in [8℄ and [3℄, a 
loser inspe
tion of the s
hemes shows that these arelinear over a module.So, the generalization of Cramer-Damg�ard-Maurerworks for all these s
hemes.6 A

ess Stru
ture Mat
hing ProblemIn this se
tion, we prove that the problem of de
iding whether the a

ess stru
-ture of G is � is 
oNP-
omplete. Here we assume that ea
h a

ess stru
ture �is given by a monotone boolean 
ir
uit f� su
h that f� (A) = 1 if and only ifA 2 � .We also prove that the problem of de
iding whether two given monotoneboolean 
ir
uits are equivalent is a 
oNP-
omplete problem. The later problemis interesting in its own sin
e most problems involving properties of monotoneboolean 
ir
uits are not hard. For example, the well-known CIRCUIT-SAT prob-lem is NP-hard for general 
ir
uits, but are quite easy for monotone ones. An-other example is that whil-known CIRCUIT-SAT problem is NP-hard for general
ir
uits, but are quite easy for monotone ones. Another example is that whiltionsare already known, proving su
h similar result for general 
ir
uit would be a ma-jor result. Thus the general feeling is that monotone boolean 
ir
uits are mu
heasier to handle. However, we show here that these 
ir
uits are ri
h enough thateven de
iding their equivalen
e is 
oNP-hard. First we re
all the NP-
ompletevertex-
over problem.Let G = (V;E) be an undire
ted graph, a subset S � V of verti
es is 
alleda vertex 
over of G if for all edge (u; v) of G, u or v is in S. It is well known thatthe problem of de
iding whether a given undire
ted graph G has a vertex 
overof size at most k is a NP-
omplete problem [10℄.In the following we say that a linear se
ret sharing s
heme realized by amatrix G is simply a linear se
ret sharing s
heme G. First we need the followingfa
ts.Fa
t 1 ([1℄) Given an a

ess stru
ture � , one 
an build in polynomial time alinear se
ret sharing s
heme G su
h that �G � � , where the term \polynomialtime" is with respe
t to the des
ription length of boolean 
ir
uit f� .Fa
t 2 ([21℄) Let Tk;m(b) be the k-out-of-m threshold fun
tion:Tk;m(b1; :::; bm) = �1; if Pmi=1 bi > k0; otherwise.Then Tk;m(b1; :::; bm) 
an be represented as a monotone boolean 
ir
uit of sizeO(m3).



Proof. Our proof is di�erent from that in [21℄. First we observe that if b1; :::; bmwere sorted in des
ending order then Tk;m 
an be simply as Tk;m = b1^ :::^bk+1.Therefore it is enough to show that the bit sorting 
ir
uit Sm(b1; :::; bm), whi
houtputm input bits b1; :::; bm in des
ending order, 
an be 
onstru
ted from ANDand OR gates in O(m3) time. First if m = 2q, then we 
an re
ursively 
onstru
tSm as follows:1. Let (y1; :::; yq) = Sq(b1; :::; bq), and (z1; :::; zq) = Sq(bq+1; :::; bm).2. For 1 � l � m, let sl = Wli=0 (y1 ^ ::: ^ yi ^ z1 ^ ::: ^ zl�i).3. Let Sm(b1; :::; bm) = (s1; :::; sm).Next if m = 2q+1, then we 
onstru
t: Sm(b1; :::; bm) = �m(Sm+1(b1; :::; bm; 0));where �m : f0; 1gm+1 ! f0; 1gm is the proje
tion onto the �rst m 
oordinates.The 
ase m = 1 is trivial. Noting that sl is the lth largest bit, it is not hard tosee that this 
onstru
tion takes O(m3) steps and produ
es a sorting 
ir
uit ofsize O(m3). Q:E:D:We now formally state and prove our theorems.Theorem 3. Given two a

ess stru
tures �1; �2 as two boolean 
ir
uits, de
idingwhether �1 and �2 are equivalent is a 
oNP-
omplete problem.Proof. Let (G; k) be an instan
e of the Vertex Cover (VC) problem. We will
onstru
t in polynomial time two monotone boolean 
ir
uits �1; �2 su
h that:(G; k) 2 V C , �1 6� �2:Indeed, let m be the number of nodes of the graph G = (V;E). Withoutloss of generality, we 
an assume that 1 � k � m. First, let �1 be the followingboolean formula: �1(b1; b2; :::; bm) = ^(u;v)2E(bu _ bv);and let �2 be the following boolean 
ir
uit:�2(b1; b2; :::; bm) = Tk;m(b1; :::; bm)^�1(b1; :::; bm):By Lemma 2, Tk;m(b1; :::; bm) 
an be 
onstru
ted in O(m3) steps. Hen
e �1; �2are two monotone boolean 
ir
uits that 
an be 
onstru
ted in polynomial time.We now need to show that (G; k) 2 V C , �1 6� �2; thus redu
e the V C problemto our problem.()) Assume that (G; k) 2 V C. Let G = (V;E). By de�nition of VC, there existsa vertex 
over S � V su
h that 8(u; v) 2 E : (u 2 S) _ (v 2 S), and thatjSj � k. For i = 1; 2; :::;m, let bi = 1 if i 2 S, and bi = 0 otherwise. Be
auseS is a vertex 
over of G, for all edge (u; v) 2 E, either u or v belongs to S.Therefore �1(b1; b2; :::; bm) = 1. Further, we also have �2(b1; b2; :::; bm) = 0be
ause Pmi=1 bi = jSj = k. This proves that �1 6� �2.



(() Assume that �1 6� �2. Then there exists (b1; :::; bm) 2 f0; 1gm su
h that�1(b1; :::; bm) 6= �2(b1; :::; bm): Sin
e we know from the de�nition of �1; �2that 8x 2 f0; 1gm : �1(x) � �2(x): Hen
e we must have �1(b1; :::; bm) =1 and �2(b1; :::; bm) = 0. Sin
e �2 = �1 ^ Tk;m, these two imply thatTk;m(b1; :::; bm) = 0. Now let S = fi j bi = 1g. Be
ause �1 = 1, for alledge (u; v) 2 E, bu _ bv = 1. Therefore either bu or bv is in S. We thusdedu
e that S is a vertex 
over of G. Further Tk;m = 0 implies that jSj � k.Therefore (G; k) 2 V C.In the above we have shown that (G; k) 2 V C , �1 6� �2: Sin
e V C is NP-
omplete, we 
on
lude that de
iding whether �1 � �2 is 
oNP-hard. Sin
e
he
king if �1 6� �2 
an be done in NP by giving a parti
ular boolean ve
-tor b where �1(b) 6= �2(b), we obtain that de
iding whether �1 � �2 is indeed
oNP-
omplete. Q:E:D:Corollary 1. Given an a

ess stru
ture � and a linear se
ret sharing s
hemeG, de
iding if �G � � is a 
oNP-
omplete problem.Proof. From Theorem 1 one 
an redu
es the 
oNP-
omplete problem of de
idingwhether �1 � �2 in Theorem 3 to the above problem by 
onstru
ting a linearse
ret sharing s
heme G su
h that �G � �1, and then we have �G � �2 ,�1 � �2. Hen
e de
iding whether �G � � is 
oNP-hard. There is one te
hni
aldiÆ
ulty nevertheless: The original theorem in [1℄ only 
onstru
ts G for a

essstru
ture �1 given as monotone boolean formula, not monotone boolean 
ir
uit.However, this is not really a problem be
ause if we look 
arefully at the proof ofour theorem 3, it only requires that �2 to be a 
ir
uit, and �1 
an be a formula.Thus we 
an also apply our theorem 3 here. Now it is not hard to show that thisproblem is in 
oNP. Hen
e we have shown that it is 
oNP-
omplete. Q:E:D:Besides the new 
omplexity bound, there is a se
urity 
onsequen
e of thistheorem. While work in se
ret sharing s
hemes have mainly 
on
entrated ondealing with 
heating shareholders, the dual problem of 
heating sharedealeralso has pra
ti
al importan
e. This paper has demonstrated that su
h situationis possible and non-trivial, sin
e a 
rooked designer may design a spe
ial matrixG so that some se
ret set A0 of parti
ipants will be able to obtain the sharedse
ret illegally, yet no one else knows that the 
onstru
ted matrix G has hiddenfeature. .Referen
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