
Understanding asymptotes

Understanding and being able to articulate the asymptotic behavior of algorithms is perhaps the most
fundamental skill of a computer scientist.
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From the work-a-day estimation of “how e�icient is my program” to giving an accurate estimation
of the running time of a new algorithm, asymptotes are a fundamental mechanism that we use for
such descriptions. (It’s not the only one; indeed, Sedgewick advocates a more detailed running time
analysis, doing little discussion of “big O” notation except to note that it’s o�en (maybe even usually)
more interesting to discuss running times.)

Historically, it was the work of number theorists such as Bachmann and Landau that gave us the “big
O” notation that we use today for describing such asymptotic behavior.1 “Big O” notation is part and

1For more detail, see Knuth’s Concrete Mathematics, chapter 9.
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parcel of today’s computational number theory community’s leitmotif.2 The fundamental idea is to
find bounds on performance. While this bound setting usually only considers time complexity, it is not
uncommon to also consider space complexity.

Consider the following graph:
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It appears that the green line falls between the blue and the red lines. Were we to extend this out to
infinity and this continued to hold, then we could say that f(x) ≥ g(x) ≥ h(x) as x→∞.

Intuitively, we can think of these bounding functions as expressing some sort of asymptotic behavior:
that there exists limiting behavior that usefully describes characteristics of algorithmic behavior.

We can express this using “big O” notation. The usual definition goes that

g(n) = O(f(n)) as n→∞

which, in Knuth’s wonderful words, “implicitly asserts” the existence of two constantsC and n0 such
that

|g(n)| ≤ C|f(x)| whenever n ≥ n0

Weiss gives this as a simple definition using the AHU formulation of T (n) as running time:

T (n) = O(f(n)) if there are positive constants c and n0 such that T (N) ≤ cf(N) when N ≥ n0

2It’s not on the class home page, but you can consult Crandall and Pomerance’s excellent Prime Numbers: A Computational
Perspective to see this in action.
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which ignores the absolute value requirement that Knuth uses.

While this “big O” notation does have intuitive appeal, it also seems somehow di�icult; is it proper, as
Knuth points out, to write this then?

O(f(n)) = T (n)

As he points out, this seems wrong. Knuth identifies the problem is that we are not actually talking
about an equal sign here. What we are actually talking about is set inclusion, and really it would be
better to write something along the lines that

T (n) ∈ { the set of all functions for which there exists C and n0 s.t. (3.1)

|T (n)| ≤ C|f(x)| whenever n ≥ n0}

With that insight, it becomes easier to understand what “big O” and its siblings, “big omega” and “big
theta” are getting at. Here’s Weiss’s formulation:

T (n) = Ω(h(n)) if there are positive constants c and n0 such that T (N) ≥ ch(N) when N ≥ n0

T (n) = Θ(f(n)) iff T (n) = O(f(n)) and T (n) = Ω(f(n))

Finally, Weiss gives a definition for “little o” notation:

T (n) = o(f(n)) if, for all positive constants c, there exists an n0 s.t. T (n) < cf(n) when n > n0

“Little o”notationgivesus the idea thatT (n) is seriously less thanf(n) (theexpression “f(n)dominates
T (n)” is sometimes seen in such cases.)

Weiss gives three rules in 2.1 for “big O”:

1) If T1(N) = O(f(N)) and T2 = O(g(N)), then T1(N) + T2(N) = O(f(N) + g(N)) and
T1(N)T2(N) = O(f(N)g(N)).

2) If T (N) is a polynomial of degree k, then T (N) = Θ(Nk).

3) logk N = O(N) for any constant n.

TBD 3



COP4530 Notes Summer 2019

Knuth gives a larger set of rules for “big O” manipulation3:

nm = O(nm′) where m ≤ m′ (3.2)

O(f(n)) + O(g(n)) = O(|f(n)|+ |g(n)|) (3.3)

f(n) = O(f(n)) (3.4)

c ·O(fn)) = O(f(n)) where c is a constant (3.5)

O(O(f(n))) = O(f(n)) (3.6)

O(f(n))O(g(n)) = O(f(n)g(n)) (3.7)

O(f(n)g(n)) = f(n)O(g(n)) (3.8)

As mentioned earlier, Sedgewick does more detailed analysis using running time. Weiss develops the
same sort of analysis in section 2.4 of the text. Weiss’s taxonomy of rules goes like:

A single “statement” can be considered to beO(1); for example

1 x = 5915151*y + 17

involvesanassignment, amultiplication, andanaddition,which involves (at least) threeactualmachine
instructions and quite possibly more than that (especially if there is no hardwaremultiply provided!)

But this is constant cost for this line; i.e., it is a factor c of anO(1) operation, and thus is itselfO(1).

His “Rule 1” is that the running time for an iterative structure is at most the running time of the state-
ments inside the loop (including tests) times the number of iterations.

His “Rule 2” for nested loops is that the total running time of a statement inside a group of nested loops
is the running time of the statement multiplied by the product of the size of all of the loops.

As an example, Weiss gives a nested loop along the lines

1 for(i=0; i<N; i++)
2 for(j=0; j<N; j++)
3 x += i * j;

By Rule 2, this code fragment would beO(N2).

His “Rule 3” for consecutive statements is that these just add. Since addition is a maximum, then these
two compound statements are alsoO(N2):
3Section 9.3 "O Manipulation" in Concrete Mathematics
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1 for(i=0; i<N; i++)
2 a[i] = 0;
3 for(i=0; i<N; i++)
4 for(j=0; j<N; j++)
5 b[i,j] = a[j] + b[j,i];

His “Rule 4” for conditional statements is that the running time for a conditional statement is never
more than the running time of the test plus the larger of the running times of the branches.

In summary

Asymptotic behavior is considered very important (indeed, essential) in theoretical computer science
and number theory. O�en bounds for sophisticated algorithms are very di�icult to draw, andmost have
very complicated statements of complexity (indeed, so formidable that other notation, “L notation”,
is sometimes given; “L notation” captures some of commonality among many number-theoretic
algorithms, and reduces the notation needed to two constants.)

Both time and space asymptotic behavior are o�en important in giving an overall understanding of
algorithms, but not necessarily for implementations.

Implementations o�en can take advantage of knowledge about the data being manipulated (most
importantly, limitations on input amounts and input sizes) to employ algorithms that may have unde-
sirable run-time characteristics for very large inputs, but are acceptable for smaller ones. For instance,
these algorithmsmight bemuch simpler to implement (a simple linear search of a list rather than using
amore complex entity such as searching a red-black tree), and work acceptably well for small numbers
of items.
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