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Absorption:

X  +  X Y   =  X

X Y

X ( X + Y ) = X 

X Y

eliminates one of the terms

absorption is particularly useful if  Y happens to
be a fairly complex expression.

wx’y + wx’y(w’x + yz)  =  wx’y 
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X Y

X Y

if one of the X literals is replaced by X’
the reduction is less successful but still
useful.  one operation is removed

X + X’Y  =  X + Y

X ( X’ + Y ) = XY

ì%l
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X Y

Consensus:   reduces a sum of products by
one product, and a product of sums by one sum

Z

the dual expression is

(X+Y) (X’+Z) (Y+Z) = (X+Y) (X’+Z)

XY + X’Z + YZ  =  XY + X’Z

look for a variable and its complement
involved with two other variables
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DeMorgan’s Laws

( X + Y ) ’  = X’ Y’

X Y

X Y
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x’y xz
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Equivalent networks
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D�.*�$#R� ,/.0� #V� D ��1�5 !G�"#L')+O�J#�D�.G&=<". Ë s Þ �$#R� �_&('�,��63½M
Q��Z,�� ,H."�6,����*� <����  ��/,F,H.*� <����>���G&=<>����'61�5 � �Z,7�9,B&���� +O�J#
Ë ë !/K 16'I&C�0 ,H.*� #��"5 ��&C�G&C�* 5 &C�6,E�"#�5 ��1�5 !G�"#L'c0p&�M���Mh0�,/.>�G'B�
,H."�6, ."�9S*� Ë s ç &C� ,/.*� ��#O&= �&C�$���*,7��!����Gq

Ë ë �KOÙvÓPGv$r���s �Tá�v8@êvW×��

ÿ �



W XZY�[]\_^/\a`b[dcfä .0���A}Ù[Ù`´[]\l�A}8�Ø�ê��`´�´�Ù�"^�`|�����qÍ � &('¤+æ�J#�5 �63
!HK ,7��,0&C�* ,H.*� U$#��83810</, �"+ � 
%mÙjóh���� g ��# ���
��"�
&� h���jK

�
gc�&� g <I��#ó#��/'6U$���03�&C�* ,�� #V� Dk' D�.*�"#�� Ë s çpM ä .0� 5 ��o6:
,E�"#�5 +O��#-�  �&(S*�"� #V� D &('Q,H.*� '61�5 �"+Q�_&(,E�"#%���A'�U"#V�8381*<6�63 !HK
19'I&C�* �,/.*��<I��5 U����$5 �"�6,b+O��#�S"�$#O&Ô��!����/'·D�.>�Z'B�)&C��U�19,¿+O�J#�,/."�9,
#V� D &(' Þ ���*3 ,H.*� 1��*<I��5 U����"5 �"�6,E�63 S"�$#O&Ô��!���� +æ�J#�,/.>�G'B�
D�.>�G'B� S"���l1*� &(' çpM
Ù®Ú�}	Í ����X?c�ä .*� 5 �Io>,��"#�5 +O�J#·,H.*��,/.G&C#�3 #V� D �"+�,/.*� ,���!����
�æ+O�J#�5 ���l�AK #V� D D)&(,/. !G&C�"�$#�K &C�*3��Bo çpÞ�ç���&('

OFà P ë à r

ä .*� <����>�p�G&=<����êU"#V�8381*<H,F&('£3��"�>�Z,E�63 !/K ,/.0� &C�*3Ù&=<6�/'��"+�,H.*�
#V� Dk'£+O�J#�D�.G&=<". Ë s ç
Ë��KOÙvKPGvWr>� s �TáÙv�@êv±×��

s ��OFà P ë à r>���KO ë à P ë à r>���KO ë à P ë à r ë �
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Û¿`8�WÍ � ^1Å	}�^ ÜÒ�bX���\!�K¦ } Ü{Ä \Ô^P��Å8\�[	Æ Û���[Ù�"^H\l`´[ `|�«�
Ý }��z\Þ}	Èp��X��

ß �����>���G&=<����G'61�5 �$+FU"#V�8381*</,�'
ß ���0� U$#��83]1*</,)�"+F�_&(,E�"#%���A'�+æ�J#¤���0<". Þ/:â5 &C�6,��"#�5
ß ���0<". U$#��83810</, ."�9' � �_&(,��"#����A' �z�p�*� +æ�J#����*<$. S"�$#O&A:

��!����*�

ß �����>���G&=<����pU"#V�8381*</,)�"+�'91�5 '
ß ���0� '91�5 �"+F�_&(,E�"#����A'k+æ�J#����0<". ç*:B5 �Io�,E�"#�5
ß ���0<". '91�5 .$�6'`� �_&(,E�"#%���A')�z���*� +O��#����0<". S$�"#æ&Ô��!����0�

ß [ ,����*3ê�"#�3 +æ�J#�5 '>q
ß '61�5 �"+}U$#��83810</,T'{o ���0<".�U"#V�8381*</,�5 �HK�."�6S*�
+ó�/Dk�"#

,H."��� � �_&(,E�"#����A' ���*3 ,H.*�"#�� 5 �HK !G� +ó�/Dk�$#�,/."��� Þ
U$#��83810</,�+O��#-�>�*<". Þ/:B5 &C�6,E�"#ó5 M

ß U$#��83810</, �"+�'91�5 ' o ���*<". '61�5 5 �/K ."�6S*� +ó�/Dk�"#
,H."��� � �_&(,E�"#����A' ���*3 ,H.*�"#�� 5 �HK !G� +ó�/Dk�$#�,/."��� Þ
'61�5 +O��#¤���*<". ç*:B5 ��o�,��"#�5 M

ß Q����6'�,����*34�$#�3�+O�J#�5 o eQ�9K�'EDF&(,E<".G&C�* �Po4U"#��/'�'I&��p��,/."�9,
&(' �>�Z,)���*� �"+�,H.*� ��!$�ZS0�GM

ÿ%B



ä .*�H'B� +æ�J#�5 ' <I��#ó#��/'6U$�p�*3 ,@� U"�$#�,P&=<"1��=�$#�'EDF&(,E<".G&C�* �*�/,z:
D���#K, '�,/#�1*</,H1�#R�H'>M

AND

AND

AND

AND

AND

OR

S (0,1,3,4,5)

x’

y

x

y’

z

z’

x’
y’

x’

z

y’

z’

x
y’

z

ÿ Z



[ DF&(,E<".G&C�* �*�/,�D��J#�,/' 5 �HK <I�p�6'I&('�, �"+  4�9,��/' �Z,H.*�"# ,/."���
3¹à ½ 0fáÎâ ���03 à áäã�M eQ�6K ,/#�16,/. ,7��!���� <>��� !G� 19'B�63 ,@�
3��B|}�*� ,/.*� +�1��*</,P&���� �"+Q�  4�6,E�GM�� [ �6� ,E�Bo�,�+æ�J#¤�BoZ��5 U����/'��
��� Dk�/S0�"#±0k&A+FDk� �"#��  Ù&(S*�"� � 'B�/, �"+F'61*<".  4�6,E�/' ���*3 �$#R�
���l� � Dk�63 ,@� &C5 U����"5 �$�6,�'�D)&(,�<".�&C�* +�1��*</,P&����6'�SG&Ô� �*�/,�D��J#�,/'
<����6'I&('�,P&C�* �"+ò`b[p�å¦ ,/.>�Z'P�  4�6,E�/'c0�Dk� �*�6�63 ,@� 3��/,��$#ó5 &C�0� &A+
���l�"'�D)&(,E<".G&C�* +21��*<H,B&����6' �0385 &(,k'61*<". ��� &C5 U����"5 �"�6,��6,B&��p�êM

W XZY�[]\_^/\a`b[dcfe 'B�/, �"+ ��UG�$#%�9,B&����6' &(' �G`­Í �p�_XG^BX &A+ �/S0�"#�K
'EDF&(,E<".G&C�* +�1��*</,P&���� <>��� !G� �BoêU"#��/'�'B�63 &C� ,��"#�5 ' �$+Q�pUG�"#�:
�9,B&����9'�+2#V��5 ,H.G&('F'B�H,)�����AKIM

ÿ%\



npoZ��5 U����/'>q

ß t eEQ¹T`0´R X¹0®QºR ä { &(' <I�p5 U����/,E� !/K <I�p�6'�,/#�1*</,P&����

ß t eEQ¹T`0®QºR ä { &(' <I�p5 U����/,E� !/K T	�A� ��#R ê��� o
v à w s �$v ë w ë � ë

ß t R X¹0®QºR ä { &(' ���A'�� <I��5 U����/,�� !/K T	�A� ��#R ê��� o
vuw s �Wv ë à w ë � ë

ß t�eEQ¹T«0ÉR X { &(' �A�8j¹ 1��� n��lh*j�h¥o �>� QºR ä +�1��*</,P&����

Q��Z,�� <I���9'�,7���6,T'�ç ���*3 Þ <������>�Z,�!G� �6'E'61�5 �63 ,�� �Bo�&('E,¡�9'
&C��U�16, ,@�  4�6,E�/' 1������/'�' �Bo4U��_&=<*&(,/�AK �_&('�,E�63 &C� 'B�/,IM ���C+ ,/.*�/K
�$#�� � �Z, KI��1 .$�6S*� ,@� !G� ��!���� ,@� <$#R���9,�� ,H.*�"5 +�#��p5 ���
�$#�!G&(,/#��"#ªK '�D)&(,�<".�&C�* S$�"#æ&Ô��!���� ���*3 ,/.*�  4�6,E�/' &C� ,/.*� 'B�/,10
��M� q0òÞ�s OFà O ë <���� !G� <I�p�6'�,/#�1*</,E�63 +æ�J#¤,/.*� 'P�/, t eEQUT`0
R X¹0�Q�R ä {*M��

ÿ%]



The  NAND gate is complete

NAND   −−−−−>      ( X  Y ) ’

X

X

&
( X  X ) ’  = X ’

NOT can be implemented

OR can be implemented

&

&

&

X X’

Y’

(X’Y’) ’ = X + Y

X

Y

Y

Analysis and design techniques specifically targetting
NAND gate realizations will be discussed later

æ1ç



The  NAND gate is complete

NAND   −−−−−>      ( X  Y ) ’

A two−level  AND/OR network from the
canonical sum is easily converted to a
two−level NAND circuit

Recall that De Morgan says

(XY) ’  =  ( X ’  +  Y ’ )

or in terms of gates

& +equals

Conversion is trivial

&

&

&

+
&

&

&

+

æ ¥



è é/êeë´ì í�î|écë ïfë�ð«ñ´ò�é
ò�ó¹ñqô îºñeï é/êeë õ öø÷xù«éIëûú´êfñeóJü<ý
ófí´þ ÿqô&ë|ï écó ò�� ��ü!ë�� ë�ñ|é é/êeë�� î ìÓë ïxò ô&ú�ÿqô?ô&ë|ï
��î�ò2ì³üMþ � ë(ü ü òhñ é/êeë écë��|é	�
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