Boolean Algebra

Boolean algebra is one of the fundamental mathemat-
ical tools used in switching theory. We begin with a
brief review of its basic properties.

Definition:A set is a collection of objects.

Example:

X = {a,b,c} is a finite set. a € X indicates
membership of an element in a set.

Example:

Y = ZT = { all positive integers } is an infinite
set.

Definition:If two sets X and Y have exactly the same
elements they are said to be equal (X =Y).

Definition:A binary operation on a set X which has the
property of closure maps (a,b) — ¢ where a,b,c € X.

(A closed unary operation maps a — b where a,b € X.)



Definition:A set of elements B and two asso-
ciated closed binary operations, (e,4), form
a Boolean algebra if and only if the following
independent postulates are satisfied:

(A1) e and 4+ are commutative.

a-+b b+ a

aeb = bea

(A2) e and + distribute over each other.

ae (b4 c) (aeb)+ (aec)
a+bec = (a+b)e(a—+rc)

(A3) There exists in B identity elements for 4+ and e
denoted O and 1 respectively such that for all a € B

0+ a

lea

a

a

(A4) For each a € B there exists a’ € B such that
a+ ad 1

/
aea 0



e T here are many other sets of axioms that
can also be used to define a Boolean alge-
bra. By definition, one set can be deduced
from the others (although the derivation
iS not necessarily obvious.)

e Note associativity

(a+b)+c = a4+ (b+¢)
(ab)e = a(bc)

IS not mentioned in the axioms above. It
can be deduced from the axioms and is
often included in the set redundantly for
the sake of clarity.

e The uniqueness of a’ can be deduced from
the axioms.



Note the differences from the more familiar
algebra of addition and multiplication on the
real numbers.

ea+(bec) = (a+0b)e(a+ ¢c) does not
hold for real numbers using addition and
multiplication

e o’ does not exist as defined in A4



Example:

{B = the set of all finite sets of integers from
the closed interval [0,100]}

(This includes the empty set @.)
e is taken to be set intersection N
-+ is taken to be set union U

'is taken to be set complement, i.e., A’ =
U — A or everything in U not also in A
where U is the universal set (in this case
{0,1,---,100}).

It is easy to verify that this yields a Boolean algebra
with

e O identified with @

o 1 with U



Set algebras are useful because:

1. It is easy to visualize set operations (and therefore

identities and proofs) via Venn diagrams.

2. [Whitesitt 1961] For any Boolean algebra there is a
universal set U such that the algebra of subsets of U has
the same algebraic structure. Therefore, proofs based

on inclusions and other set concepts can be used.



Switching Algebra

Definition:A switching algebra is a Boolean algebra

with the set

B = {0,1}

and the following closed unary and binary operations in
precedence order (x and y are switching variables that
can take on the values O or 1):

(i) NOT (complement) denoted ’ (=)

X

x/

O

1

1

o)

(ii) AND (product, conjunction) denoted e (A)

rey
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(iii) OR (sum, disjunction) denoted + (V)
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Switching variables are used to specify the states on
gate inputs and outputs in gate networks and the state

of a switch (open or closed) in a switch network.

X=0

switch open

no transmission
‘ fromatob

X=1

switch closed
transmission
fromatob

NOT
Vg
X —>0— x

x—| 1 b— x ’ |EEE standard



AND

OR

AND

—— X @ vy

OR

— X +Y

& | X® v IEEE standard

switches in series

X + Y IEEE standard

switches in parallel



Combinational Networks

Definition:A combinational network is a logical net-
work of gates or switches without memory, i.e., outputs
depend only on present inputs.

An acyclic gate or switch network is a combinational
network.

We wish to analyze (1-3) and synthesize (4) combina-
tional networks relative to their steady state behavior.

1. given a gate or switch network, derive a switching
expression that defines the network’s function

2. given two networks determine if they are equiva-
lent

3. given a network derive a more efficient equivalent
network

4. given a logical function derive and optimize a net-
work that realizes the function
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Definition:A switching expression is either
a constant =0 or1

or a variable — z, vy, z, ...(also z1,z5...) or its
complement z/

or (E) or (EeF) or (E+ F) where E and F are
(shorter) expressions

The operator e has precedence of evaluation over +
and is often omitted from the expression, i.e.,

wexr+yez = wxr-+yz

((wz) + (yz))

The symbol for a switching variable, x, or its comple-
ment, =’ are call literals. They are the basic symbolic
building block of switching expressions.
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So it is easy to build a switching expression from a gate
or switch network. Once the expression is known the

truth table can be evaluated.

v

O
7y Xy+xz <xz§
O O

|
yzlf_@i (Y Xy + x2)

yZ' + (x2)'(Xy +Xz)
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Definition: Two switching expressions E(x1,...,zn) and

F(xq1,...,zn) are equivalent, written £ = F, if
E(a1,...,an) = F(a1,...,an)
for all (aq,...,an) € {0,1}", i.e., for all assignments of

0O and 1 to the variables.

If the switching expressions are the same then any net-
works implementing them have the same input to out-
put relationship, i.e., seen from the outside they are
equivalent. Hence, the one which has more acceptable

cost can be used.
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Equivalence of expressions can be proven by three basic
techniques:

e Compute the result for each side of the identity for
all possible assignments of O and 1 to the variables.
This is called perfect induction and although not
very elegant it is very effective given the fact that
the algebra is defined with a set that has only two
elements. It is also extremely easy to automate.
(It is less useful in a true Boolean algebra.)

e Use set algebra to visualize and or prove the iden-
tity.

e Derive the identity from previously proven identi-
ties and the postulates of the switching algebra.
This is often the most elegant. It can be the
fastest. But it is also the hardest to automate.

EFE—F{—FEy— Ez3=F
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Example: Test the hypothesis using perfect induction.
(This is just one of the distribution laws of the algebra.)

r+yz=(r+y)e(x+ 2)

z|ly|z|ztyz|aed+y |tz (z+y)o(x+2)
O|l0 |0 0 0 0 O
O|0 |1 0 0 1 0
O|1]|O0 0 1 0 0
011 1 1 1 1
110]0 1 1 1 1
1101 1 1 1 1
111]0 1 1 1 1
111 1 1 1 1

The fourth and seventh columns are equal so the iden-
tity is proven.
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Many useful basic properties can be deduced from the
axioms. (Some axioms are included below for

rdentities
nulls
rdempotency
complements
tnvolution
assoctativity
distribution

convenience.)

rel =x
re(0 =20
rexr =aux

rex' =0
(') ==
z(yz) = (zy)z
x(y+2) =zy+ z2

r+0==zx
r+1=1
r+xrz==x
r+2 =1

vt (42 = (e +y)+=
v+ yz = (2 +y) (@ + 2)

Note the relationship between the two columns. This
is a demonstration of the principal of duality.

In a switching algebra, if all occurrences of
+ and e are swapped and all occurrences of
O and 1 are swapped in a true identity the

resulting identity is also true.

Care should be taken when applying duality to an ex-
pression when multiple levels of parentheses are in-

volved.
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Some useful theorems that reduce the complexity of a

switching expression.

Absorption: eliminates one of the terms

X+ XY =X

absorption is particularly useful if Y happens to
be a fairly complex expression.

WXy + WX'y(wWXx +yz) = wxy
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Set theory proofs are obvious from the diagram.

We must show XU(XNY)C X and X CXU(XNY)
in order to show equality of the sets.

Proof:
(1)) X CXuUu(XnYy).

Let o € X. X U(X NY) inlcudes, by definition, all ele-
ments, u, that are either u € X or p € XNY. Therefore,
since o € X we have c € XU (X NY).

(2) Xu(XnY)CX.
Let pe XU(XNY). Soeitherpe X orpue XnNY.

The first, up € X, trivially satisfies the inclusion we wish
to prove.

If, on the other hand, p € XNY then p€ X and pn €Y,

So once again we have pu € X trivially. O
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Algebraic proofs are

x+xy =
(ident.) = x el -+ xy
(dist.) = x(1+4+vy)
(null.) = zel
(ident.) = =x
z(r+y) =
(dist.) = x4 zy

proceed as above
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if one of the X literals is replaced by X’
the reduction is less successful but still
useful. one operation is removed

X+XY = X+Y

X (X +Y)=XY
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Set theory proofs are obvious from the diagram.

Algebraic proofs are

i ey
(ident.)
(null.)
(dist.)
(dist.)
(comp.)
(ident.)

z(z' +y)
(dist.)
(comp.)
(ident.)

rel+ay
z(14+y)+=2'y
x4+ zy + 2’y
z+ (z +a")y
r+1ley
xr+y

zx' 4 zy
0+ xzy
Ly
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Consensus: reduces a sum of products by
one product, and a product of sums by one sum

Z

XY+ XZ+YZ = XY +XZ

look for a variable and its complement
involved with two other variables

the dual expression is

(X+Y) (X'+2) (Y+2Z) = (X+Y) (X'+2)

22



Consensus is one of the most important basic theo-
rems of Boolean algebra. In fact, a generalization cor-
responds to an essential algebraic entity that is the
building block of all of the basic theory of optimal syn-

thesis.

The proof of the dual is left as an exercise.

xy + 2’z 4 yz
(comp.)
(dist.)
(idem.)
(dist.)
(comp.)

zy(z +2") +2'2(y + ') + yz(z + ')
ryz + zyz + 2'yz + 2’y 2 + 2yz + 2'yz
ryz + zyz’ + 2'yz + 2'y'2

zy(z+2") + o'2(y + o)

zy + 2’z
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DeMorgan’s Laws

(X+Y) =XY
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Generalized Demorgan

DeMorgan's law can be extended to switching func-
tions of n variables.

Let F(x1,...,2,0,1,+4,0) be a switching ex-

pression. The complement of the expression

F’ can is given by
F'=F(z,...,2,,1,0,e,+)

i.e., ' is obtained from F by replacing each
variable and constant with its complement and
by interchanging e with .
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Examples:

(z1mp - - wy)
(¢ + 2+ -+ )

o ah

! 7 /

w2y + (w+vy)(z+ w'z)+0

[w+ 2’y + (w+ 3 )(z + w'z) + 0]

(w)' o (z'y) o [(w + 3 )(z + w'z)]" o (0)
we(z+vy)e[(w+7v¢) +(z+w'z)]el
we(x+vy)e[wy+ (e (wz))]el
we(z+y)e[wy+ (2 e (w4 2))] el
w' e (z+y')e[wy+ (2" o (w+2))]
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We now have the tools to simplify the network given
earlier.

y2' + (z2)'(@'y +2'2) =
DeMorgan = yz' + (&' + 2)(2'y + 2'2)
Dist. = vy + (&' 4+ 2N’ (y + 2)
Dist. = y2' + (&' +2'2)(y+ 2)
Absor. = wyz' + 2 (y+ 2)
Dist. = yz' +2'y+2'2
Cons. = yz +2'z

So we have two equivalent networks. One with fewer

gates and delay.
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Equivalent networks

v
v v

|
yzl:_T x2)'(X'y + x'2)

yZ' + (x2)(Xy + X2)
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one network has many switching expres-
sions

simpler expression can generate a new net-
work

all have equivalent input to output rela-
tionships

need to characterize network forms that
arise from input to output relation

need to show how to analyze other gates
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Definition:A switching function on n variables is an
assignment of a value of O or 1 to each of the possi-
ble combinations of values of the variables. This as-
signment can be unambiguosly specified by means of
a truth table, i.e., two different truth tables do not
implement the same switching function.

z|y|z]| f(=yz2)
0[0]0 1
001 1
0[1]0 0
011 1
1]/0]0 1
101 1
110 0
111 0
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Theorem: Every switching expression defines
a switching function f. The converse holds for
a switching algebra: For each switching func-
tion there are switching expressions that eval-
uate f. (This is not true for general Boolean
algebras.)

We have already seen how to produce the switching
function, i.e., truth table, from a network or switching
expression.

Now consider how to create a switching expression
which implements a given switching function.
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Consider a row of the table where f =1, e.g., the first
row. Suppose we want to write a product involving x,y
and z and/or their complements that evaluates to 1
only when z, y and z take on their values from that
row, i.e., all O.

Consider z'y’z’. Note the only time all terms in the
product are 1 (and therefore the product is 1) is whent
x, y, and z are all 0.

We can create such a product for any row that has
f =1 by merely including =, y or z if the value of the
variable in the row is 1 and the complement of the
variables that are O.

For the second row, for example, we get z’y’z which
evaluates to 1 only when (z,vy,2) = (0,0,1) as desired.

The product, thus defined by each row, is called a
minterm or fundamental product.
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It follows that f = 1 for an assignement of (x,v, 2)
if any of the minterms evaluate to 1 for that same
assignment.

A switching expression for f, called the canonical sum
of products, can be constructed from the sum of the
fundamental products (minterms) for whose associated
assignent f = 1. These minterms are often called the
1-minterms of f.

For the table above,

f(z,y,2) =2'y2' + 2'v2 + 2'yz + xy/'2" + z¢/z2

Note the position of the complements (as 0) and the
variables (as 1) induce the binary representation of the

row numbers (starting at 0) of the assignments for
which f = 1.
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If the rows of the truth table are ordered based on in-
terpretting the binary pattern of the inputs as a row
number then the canonical product induces the nota-
tion

f(z,y,2) =) (0,1,3,4,5)

where the row numbers for which f = 1 are listed.

Note that one can get the canonical sum notation for
f’ by using the remaining minterm numbers, i.e., those
that have f = 0 in the original table:

f'(z,y,2) =) (2,6,7)
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Definition: The canonical product of sums is formed
by taking the product of maxterms or fundamental
sums corresponding to rows where f = 0. The max-
term for a given row is the sum of literals produced by
using the complement for variables whose input for that
row is 1 and the uncomplemented variable for those
whose value is 0.

Example: The maxterm for the third row of the table
(formally row with binary index 010) is

z+y +z

The canonical product is denoted by the indices of the
rows for which f =0

f(x,y,2) = ][](2.6,7)
= (@+y+2)@ +y +2) +y +2)
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Forms that Specify a Switching Function of n
variables
e Canonical sum of products
— one product of literals for each 1-minterm
— each product has n literals (one for each vari-
able)
e Canonical product of sums
— one sum of literals for each O-maxterm

— each sum has n literals (one for each variable)

e Standard forms:

— sum of products — each product may have fewer
than n literals and there may be fewer than 1
product for each 1-minterm.

— product of sums — each sum may have fewer
than n literals and there may be fewer than 1
sum for each O-maxterm.

e Nonstandard form — Any switching expression that
is not one of the above.
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These forms correspond to particular switching net-

work structures.

X' —— AND

——1 AND

X — AND L _ | OR

— S (01,345)

X AND

— AND
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Switching networks may consist of gates other than
AND, OR and NOT. Any truth table can be used to
define the function of a gate. (See text for examples)

However, if we are given a set of such gates and are
allowed to implement switching functions via networks
consisting of only those gates, we need to determine if
all switching functions admit such an implementation.

Definition:A set of operations is complete if every
switching function can be expressed in terms of oper-

ations from this set only.
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Examples:
e { AND, OR, NOT } is complete by construction

e { AND, NOT } is complete by DeMorgan —
E+F = (E'FY

e { OR, NOT } is also complete by DeMorgan —
EF = (E'+ F"

e { AND, OR } is not complete — no NOT function

Note constants O and 1 cannot be assumed to exist as
input to gates unless explicitly listed in set. (If they
are not you have to be able to create them from an
arbitrary switching variable and the gates in the set,
e.g, 1 =z + 2’ can be constructed for the set { AND,
OR, NOT }.)
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The NAND gate is complete

NAND —-———- > (XVY)’
X — &
O— (X X)' =X
X
NOT can be implemented
X — & X

O— (XY) =X+Y

OR can be implemented

Analysis and design techniques specifically targetting
NAND gate realizations will be discussed later

40



The NAND gate is complete

A two-level AND/OR network from the
canonical sum is easily converted to a
two-level NAND circuit

Recall that De Morgan says

XY)' = (X' +Y")

or in terms of gates

Conversion is trivial

& — &
_ O
& — &
i - o— 7 |—
& — &
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Other gate definitions and the VLSI technol-
ogy used to implement them are discussed
fairly well in the text.
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