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Abstract

Parametric worst case execution time (WCET) bounds
are useful in removing restrictions, such as known loop
bounds, on algorithms for important applications such as
scheduling for real-time embedded systems. However, cur-
rent parametric approaches have difficulties with multi-
ple loop nests that include non-rectangular loops, zero-trip
loops, and/or loops with non-unit strides. These difficulties
may result in the increased looseness of the upper bound,
increased complexity in determining the bound, or loss of
the upper bound property of the estimate. In this paper, we
propose a new framework to compute tight parameterized
WCET bounds for multiple loop nests that may include non-
rectangular loops, zero-trip loops, and loops with non-unit
strides. The framework requires only very simple symbolic
manipulation capabilities and is restricted only by certain
monotonic properties required of the iteration spaces of the
inner loops.

1. Introduction

Worst-case execution time (WCET) estimation has im-
portant applications in scheduling and real-time embedded
systems. Traditional timing analysis statically determines
the maximum execution time of a program, which requires
the maximum number of loop iterations to be statically
known. Recent work on WCET estimation [4] incorporated
work on scheduling [5] to bound the number of iterations
of non-rectangular loops to derive tight WCET estimations.
The method requires the bounds of the outer loop to be con-
stant or to be bounded by constants, resulting in a loosening
of the WCET bound.
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Parametric timing analysis produces formulas, where
the unknown values affecting the execution are parameter-
ized [8]. This formula can be quickly evaluated at run-time
with real-time values to support dynamic scheduling deci-
sions. However, current parametric approaches have diffi-
culties with multiple loop nests that include non-rectangular
loops, zero-trip loops, and/or loops with non-unit strides.
These difficulties may result in the increased looseness of
the upper bound, increased complexity in determining the
bound, or loss of the upper bound property of the estimate.

In this paper, we propose a new framework to compute
tight parameterized WCET bounds for multiple loop nests
that may include non-rectangular loops, zero-trip loops, and
loops with non-unit strides. The proposed framework re-
quires only very simple symbolic manipulation capabili-
ties on representations of polynomials. The technique is re-
stricted only by certain monotonic properties required of the
iteration spaces of the inner loops.

The remaining part of this paper is organized as follows.
In Section 2 we present the proposed framework for tight
loop timing estimation. Section 3 illustrates the application
of the technique to an example loop nest and discusses the
results. Finally, some concluding remarks are given in Sec-
tion 4.

2. Tight Loop Timing Estimation

In this section, we present the proposed framework for
tight loop timing estimation.

2.1. General Formulation

Consider the following generalized form of a loop:

for I = a to b do
stmt

od



whereI denotes the loop counter variable with lower bound
a and upper boundb. The entire loop body is denoted by
stmt, which may consist of a block of statements that may
include inner loops.

To analyze the timing of the loop, a normalized itera-
tion variablei will be used to denote theith loop iteration
with i = 0, . . . , b − a. Furthermore, lettime(stmt , i) de-
note the execution time of the loop bodystmtin theith iter-
ation and lettime(hdr , i) denote the execution time of the
loop header in theith iteration. The total execution timeω
of this loop can be expressed as an accumulation of the ex-
ecution times of individual operations in the loop. This is
depicted by the loop fragment

ω := time(hdr)
for i = 0 to b− a do

ω += time(stmt , i) + time(hdr , i)
od

Obviously, the value ofω at the termination of the loop
holds the exact total execution time of the loop fragment.
This formulation provides insight into the mechanics of the
proposed generalized worst-case execution time (WCET)
analysis framework and to show that it subsumes conven-
tional static WCET analysis techniques.

The proposed framework allows the use of non-constant
upper bounds on the execution time of the loop header and
body, e.g.

time(hdr) ≤ c0
time(stmt , i) + time(hdr , i) ≤ T (i)

for all i = 0, . . . , b− a. The use of a constant upper bound
T (i) = c1 on the loop body execution time results in a con-
ventional form of WCET analysis. The use ofT (i) = 1 re-
sults in solving the loop iteration count problem, e.g. for
scheduling. Given sufficient information on the behavior of
the program, the timing analysis can be made more accu-
rate when a non-constant upper boundT (i) is provided on
the loop body execution time, such that

time(stmt , i) + time(hdr , i) ≤ T (i) ≤ c1

for all i = 0, . . . , b− a.
For example,T (i) may be a linear function ini in case of

a triangular loop nest, where the inner loop iteration space
depends on the outer loop counter variable:

for i = a to b do
for j = 0 to i do

stmt
od

od

An inner loop may also result from a library call such as a
string and/or memory move operation.

The proposed framework handles these cases with a uni-
fied approach. For any choice of boundsc0 ≥ 0 andT (i) ≥
0, we can assert that the total timeω of a loop is bounded
by

ω = time(hdr) +
b−a∑
i=0

time(stmt , i) + time(hdr , i)

≤ c0 +
b−a∑
i=0

T (i) .

Due to the semantics of the
∑

operator, the bound is valid
only if the loop has a non-empty iteration space, i.e.a <
b. Otherwise, whena ≥ b the loop has an empty iteration
space and is called azero-trip loop.

To count the number of loop iterations in the presence of
potential zero-trip loops, Haghighat [3] proposed a method
that exploits summations over special functions that are
similar to the Dirac delta operator. Sakellariou [5] proposed
the use of a summation operator with semantics that dif-
fer from the usual semantics of the summation operator

∑
,

that satisfies

b∑
i=a

X(i) = −
a∑
i=b

X(i) .

For example, the computation of the number of iterations of
the loop with iteration spacei = 0, . . . , 3 andj = i, . . . , 2
by summing gives

3∑
i=0

2∑
j=i

1 =
3∑
i=1

i− 1 = 2

while the actual count is6. The bounds derived by summa-
tion are not upper bounds on the size of iteration space and
cannot be used in WCET estimation.

In this text, we will use the �
∑

operator to denote
Sakellariou’s summation operator, which is defined by

�
b∑
i=a

Xi =
{∑b

i=aXi if a ≤ b
0

.

With this summation operator, we can derive a bound that
is valid in the presence of potential zero-trip loops

ω = time(hdr) + �
b−a∑
i=0

time(stmt , i) + time(hdr , i)

≤ c0 + �
b−a∑
i=0

T (i) .

Unfortunately, the computation of the WCET with�
∑

is
problematic for multi-dimensional loop nests with symbolic
bounds and strides. We present a novel solution based on



Newton’s forward formula for the interpolating polynomial.
If the upper boundT (i) on the execution time of the loop
body is polynomial of finite orderk, then it follows, from
the Newton’s forward formula for the interpolating polyno-
mial, that there exist constant coefficientsφj , j = 0, . . . , k,
such that

T (i) =
k∑
j=0

φj

(
i

j

)
. (1)

Observe that
n−1∑
i=0

T (i) =
k∑
j=0

φj

(
n

j + 1

)
(2)

for all n > 0, because

n−1∑
i=0

k∑
j=0

φj

(
i

j

)
=

k∑
j=0

φj

n−1∑
i=0

(
i

j

)
=

k∑
j=0

φj

(
n

j + 1

)
.

As a result, a potentially problematic loop iteration count
summation with symbolic bounds can be translated into a
simpler summation with constant bounds. The summation
on the right-hand side of Equation (2) can be computed
with symbolic boundn, provided that the coefficientsφj
for j = 0, . . . , k can be obtained from the polynomialT (i).

To effectively deal with zero-trip loops, we define the
polynomial

p(Φ, n) =
k∑
j=0

φj

(
n

j + 1

)
. (3)

It can be easily verified that

p(Φ,max(0, n)) = �
n−1∑
i=0

T (i)

which follows immediately from Equation (2) forn > 0,
and by noting that both sides reduce to0 for n ≤ 0. This
also implies thatp(Φ, n) is monotonically increasing with
increasing sizen > 0 of the iteration space of the loop be-
causeT (i) ≥ 0 for all i = 0, . . . , n. In addition, note that

p(0) =
k∑
j=0

φj

(
0

j + 1

)
= 0 .

Hence,

p(Φ,max(0, n)) = max(0, p(Φ, n)) .

Based on this, the WCET is defined by

WCET = max(c0, c0 + p(Φ, b− a+ 1)) (4)

which bounds the real execution timeω of the loop

ω ≤ c0 + �
b−a∑
i=0

T (i) = max(c0, c0 + p(Φ, b− a+ 1)) .

When the loop boundsa andb are symbolic, the result is a
parameterized WCET estimation.

It follows that conventional WCET analysis is a simple
application of Definition (4) withk = 0 andφ0 = T (i) =
c1. This amounts to the computation of WCET by

WCET = max(c0, c0 + p(c1, b− a+ 1))
= max(c0, c0 + c1(b− a+ 1))

wherec1 is the upper bound on the execution time of the
loop body

time(stmt , i) + time(hdr , i) ≤ c1 .

The boundc1 may be established by an iterative algo-
rithm that simulates the cache behavior of the loop body
repeatedly until the timing of the loop body converges, see
e.g. [4, 8]. This WCET bound can be very loose for trian-
gular loop nests, because the inner loop is bounded by a
non-negative constant over the entire iteration space of the
inner loop.

The definition of the WCET bound (4) requires the co-
efficientsφj of Φ to be computed in order to evaluate (3).
The coefficients can be obtained with the CR algebra [1, 9]
by application of CR rewrite rules on a symbolic form
of polynomial T (i). For example, suppose that the exe-
cution time of the loop body is bounded by polynomial
T (i) = c1 + c2 i + c3 i

2. This execution time bound can
be the result of an inner loop nest that is triangular. An ex-
ample of such a loop nest can be found in the TRFD code,
which has been extensively studied for compiler optimiza-
tion [2, 3, 6]. Application of the CR rewrite rules onT (i)
gives

c1 + c2 i+ c3 i
2 CR⇒

= c1 + c2 {0,+, 1}i + c3 {0,+, 1}2i
= c1 + c2 {0,+, 1}i + c3 {0,+, 1,+, 2}i
= c1 + {0,+, c2}i + {0,+, c3,+, 2 c3}i
= {c1,+, c2 + c3,+, 2 c3}i .

See also [7] for a list of CR algebra rewrite rules. Hence, the
CR coefficients areφ0 = c1, φ1 = c2 + c3, andφ2 = 2 c3.
The closed form expression that defines the WCET of the
loop over the possibly empty iteration space sizeb− a+ 1
is obtained by using Definition (4)

WCET

= max(c0, c0 + p(Φ, b− a+ 1))
= max(c0, c0 + (c1 − 1

2c2 + 1
6c3)(b− a+ 1)

+ 1
2 (c2 − c3)(b− a+ 1)2 + 1

3c3(b− a+ 1)3) .

The CR algebra derives the coefficientsφj in O(k3) time
by application of rewrite rules on a symbolic form ofT (i).
However, the coefficients can be determined inO(k2) time



by computingφ0

φ1

φ2

 =

 1 0 0
0 1 1
0 0 2

 c1
c2
c3


where the matrix is based on an underlying Pascal’s trian-
gle. This matrix has fixed coefficients that only depend on
the polynomial order ofT (i).

Instead of applying Definition (3) to computep(Φ, n),
the linear system

0
φ0

φ1

φ2

 =


1 0 0 0
0 1 1 1
0 0 2 6
0 0 0 6



p0

p1

p2

p3


can be solved to determine the coefficients of polynomial
p(Φ, n) = p0 + p1 n+ p2 n

2 + p3 n
3. Solving this system,

e.g. with backward substitution, gives

p0 = 0
p1 = c1 − 1

2c2 + 1
6c3

p2 = 1
2 (c2 − c3)

p3 = 1
3c3

which can then be directly used to compute the WCET with
Definition (4).

Note that the WCET can also be computed with

WCET = c0 + �
b−a∑
i=0

c1 + c2 i+ c3 i
2 .

However, straight forward computation of this summation
requires more extensive symbolic manipulation. Further-
more, the approach in general suffers from complications
with non-linear and symbolic bounds, zero-trip loops, and
loop nests with strides. In contrast, the use of the WCET
metric given by Definition (4) avoids these complications
and is faster to compute provided that the coefficientsφj
can be efficiently obtained from any polynomialT (i).

2.2. Timing of Loops With Strides

The timing of a loop with iteration boundsa andb and a
non-unit strides can also be estimated with this framework.
If this loop is non-zero-trip, i.e.(b− a)/s ≥ 0, then

p(Φ, b b−as c+ 1) ≤ p(Φ, b−as + 1) .

This relation is valid becausep is monotonically increasing.
Note that the relation is an equality whens evenly divides
b − a. The WCET of a possibly zero-trip loop with strides
is defined by

WCET = max(c0, c0 + p(Φ, b−as + 1)) (5)

which bounds the real execution timeω of the loop, where
a, b, ands 6= 0 are arbitrary (symbolic) expressions, and
Φ is the CR representation of the polynomial WCET of
the loop body statement. If the remainder(b − a) mod s
is small, the bound is tight.

2.3. Timing of Loop Nests

Consider the general representation of a double loop nest

for I = LI to UI step SI do
for J = LJ(I) to UJ(I) step SJ do

stmt
od

od

which has the normalized iteration space

i = 0, . . . , bUI−LISI
c

j = 0, . . . , bUJ (LI+SI i)−LJ (LI+SI i)
SJ

c .

Suppose the following execution time bounds are given

time(outer loop hdr) ≤ c0
time(inner loop hdr) ≤ c1

time(stmt) + time(inner loop hdr) ≤ T (i, j) .

The WCET of the inner loop is computed first. LetΨ denote
the CR representation of the polynomial ofT (i, j) with re-
spect toj (i can be considered constant, since it is loop-
invariant in theJ loop). Then the WCET of the inner loop
by Definition (5) is

WCET = max(c1, c1+p(Ψ, UJ (LI+SI i)−LJ (LI+SI i))
SJ

+1)

which bounds the real execution timeω of the inner loop.
To derive the WCET of the entire loop nest, the WCET ex-
pression of the inner loop is required to be polynomial ini.
This requires the elimination of themax operation from the
WCET expression above. Themax operation can be elimi-
nated if it can be shown that

p(Ψ, UJ (i+LI)−LJ (i+LI))
SJ

+ 1) ≥ 0 .

This is verified as follows. If the bounds on the inner loop
LJ(I) andUJ(I) are polynomial expressions inI, then

q(i) = p(Ψ, UJ (i+LI)−LJ (i+LI))
SJ

+ 1)

is guaranteed to be polynomial ini. By Equation (1), there
exist CR coefficientsΦ for polynomial q(i). To conclude
thatq(i) ≥ 0 so that themax operation can be eliminated,
we verify whetherφj ≥ 0 for j = 0, . . . , k. This holds if
the size of the iteration space of the inner loop monotoni-
cally increases through the iterations of the outer loop.

Themax operation can still be eliminated when the size
of the iteration space of the inner loop monotonically de-
creases through the iterations of the outer loop. To do so,



the iteration order of the inner loop is reversed and thej pa-
rameter of WCET bound functionT (i, j) on the execution
time of the inner loop is changed accordingly.

Finally, themax operation can be eliminated when deal-
ing with inner loops whose iteration space is not monotonic.
In that case, conservative bounds on the size of the iteration
space of the inner loop are used. That is, (symbolic) con-
stant boundsL andU are used such thatL ≤ LJ(LI+SI i)
andU ≥ UJ(LI + SI i). This results inq(i) being equal to
a constantφ0 ≥ 0 if L ≤ U . However, this change to the in-
ner loop bounds results in a loosening of the WCET bound
of the entire loop nest.

Finally, the WCET of the entire loop nest is computed
by application of Definition (5)

WCET = max(c0, c0 + p(Φ, UI−LISI
+ 1))

which bounds the real execution timeω ≤ WCET of the
entire loop nest.

The proposed framework for WCET estimation is appli-
cable to multi-dimensional loop nests. The algorithm iter-
ates the steps described above by starting with the estima-
tion of the WCETs of the inner most loops and by working
toward the outer loops until the WCET of the entire loop
nest is computed.

3. An Example

In this section, we present the application of the proposed
framework to an example loop nest. We compare the WCET
to other parameterized WCET estimation techniques and
discuss the results.

Consider the loop nest

for I = 1 to N do
for J = I to I ∗ I − 2 step 2 do

stmt
od

od

Suppose the following execution time bounds are given

time(outer loop hdr) ≤ c0
time(inner loop hdr) ≤ c1

time(stmt) + time(inner loop hdr) ≤ c2 .

Normalization of the loop nest yields the iteration space

i = 0, . . . , N − 1
j = 0, . . . , b i+i

2

2 c − 1 .

Note that the inner loop is zero-trip fori = 0. The WCET
of the inner loop is

WCET = max(c1, c1 + p(Ψ, i+i
2

2 ))

whereΨ has a single CR coefficientψ0 = c2. Hence,

c1 + p(Ψ, i+i
2

2 ) = c1 + 1
2c2(i+ i2) .

The CR coefficients of this polynomial areφ0

φ1

φ2

 =

 1 0 0
0 1 1
0 0 2

 c1
1
2c2
1
2c2


which givesφ0 = c1, φ1 = c2, andφ2 = c2. All of the
coefficients of are non-negative, becausec1 ≥ 0 andc2 ≥
0. Therefore, themax can be eliminated from the WCET
estimation of the inner loop

WCET = c1 + p(Ψ, i+i
2

2 ) .

To compute the WCET of the entire loop nest, the linear
system 

0
c1
c2
c2

 =


1 0 0 0
0 1 1 1
0 0 2 6
0 0 0 6



p0

p1

p2

p3


is solved to obtain the coefficients of polynomialp(Φ, N)

p0 = 0
p1 = c1 − 1

6c2
p2 = 0
p3 = 1

6c2

which are used to establish the WCET of the entire loop
nest

WCET = max(c0, c0 + p(Φ, N))
= max(c0, c0 + (c1 − 1

6c2)N + 1
6c2N

3) .

In contrast, conventional (parameterized) WCET analysis
computes the maximum size of the inner loop iteration
space by using the bounds1 ≤ I ≤ N resulting in the
iteration space boundbN

2−1
2 c. Since the number of itera-

tions of the outer loop is bounded byN , the parameterized
WCET is

WCET = c0 + c1N + c2NbN
2−1
2 c

which is valid forN > 1.
Table 1 shows the WCET numbers of simple WCET

compared to the proposed WCET estimation framework
and a WCETΩ obtained by an exact count. The example
uses the boundsc0 = c1 = c2 = 1. The exact count is ob-
tained by execution of the loop nest

Ω := c0
for I = 1 to N do

Ω += c1
for J = I to I ∗ I − 2 step 2 do

Ω += c2
od

od



N Simple New Ω
1 2 2 2
5 66 26 26

10 501 176 176
50 62501 20876 20876

100 500001 166751 166751

Table 1. Comparison of WCET Estimation

Because the stride2 evenly dividesi + i2, the proposed
WCET estimation framework returns the exact count.

In some cases, a bound can be derived with Sakellariou’s
summation operator�

∑
. However, the operator cannot be

used for this example because it requires a summation over
an expression guarded by a non-linear condition on the in-
dex variablei

WCET

= c0 + �
N−1∑
i=0

(
c1 + �

∑b i+i
2

2 c−1

j=0
c2

)

= c0 + �
N−1∑
i=0

(
c1 + c2

{
b i+i

2

2 c if 1 ≤ b i+i
2

2 c
0

)
.

This cannot be further simplified [5] without sacrificing the
accuracy of the WCET bound.

4. Conclusions

In this paper, we have proposed a framework for para-
metric WCET estimation and iteration counting for mul-
tiple rectangular and non-rectangular loop nests including
those with zero-trip loops and non-unit strides. Symbolic
bounds are produced via an algorithm based on our previous
work on CR algebra [7] that only requires symbolic polyno-
mial manipulation capabilities that amount to slight exten-
sions of constant folding. Additionally, an alternative form
of the computations that depends only on symbolic manip-
ulation of pre-computed matrices was presented. The only
restrictions on the multiple loop nest imposed by the frame-
work are certain monotonicity properties of the growth of
the iteration spaces of the inner loops.

The proposed framework is also applicable to generat-
ing bounds on power requirements for simple power mod-
els, counting instructions, and counting memory accesses.

Extensions are currently under consideration. These in-
clude the relaxation of the monotonic properties of the it-
eration spaces of the inner loops, characterizing the tight-
ness of the bounds on WCET and other counts, and bounds
for more complicated loop structures.
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