Tight Timing Estimation With the Newton-Gregory Formulae *

Robert van Engelen, Kyle Gallivan, and Burt Walsh
Department of Computer Science
and School of Computational Science and Information Technology
Florida State University
Tallahassee, FL 32306-4530
{engelen,gallivan,walst@cs.fsu.edu

Abstract clude non-rectangular loops, zero-trip loops, and/or loops
with non-unit strides.

Parametric worst-case execution time (WCET) bounds  To count the number of loop iterations in the presence of
are critical in removing restrictions, such as known loop potential zero-trip loops, Haghighat [5] proposes a method
bounds, on algorithms for important applications such as that exploits sums over special functions that are similar
scheduling for real-time embedded systems. Current para-to the Dirac delta operator. Sakellariou [10] improves this
metric approaches have difficulties with loop nests that in- and earlier work by Clauss on Ehrhart polynomials [3] by
clude non-rectangular loops, zero-trip loops, and/or loops proposing the use of guarded sums. Unfortunately, the de-
with non-unit strides. This paper presents a novel approach termination of the size of loop iteration spaces with the
to parametric WCET estimation based on numeric/symbolic guarded sums proves impossible for certain complicated
manipulation of polynomial representations for the timing loop nests with symbolic loop bounds and non-unit strides.
of rectangular and non-rectangular loop nests including Another approach by Pugh uses Presburger formulas [8] to
those with zero-trip loops, non-unit strides, and multiple determine the iteration space size of a loop nest.
critical paths. This paper presents a novel approach to paramet-
ric WCET estimation for rectangular and non-rectangular
loop nests including those with zero-trip loops, non-unit
strides, and multiple critical paths in the loop body. The
method requires only very simple numeric/symbolic ma-

Worst-case execution time (WCET) estimation has im- nipulation capabilities on standardized representations of

portant applications in scheduling and real-time embeddedpmyknohm'als' fThIS paper (sj|gn|f:|Lc1anE|I_3r/]_e>_<terds theh framel-
systems. Traditional timing analysis statically determines wor that we Irst propose !n[ . This includes the anal-
the maximum execution time of a program, which requires ysis of multiple critical iteration paths through the body of
the maximum number of loop iterations to be statically a loop. . . . . ‘ol
known. Recent work on WCET estimation [7] incorporated ~ 1h€ remainder of this paper is organized as fol-
work on scheduling [10] to bound the number of iterations lows. Section 2 introduces loop timing estimation using the
of non-rectangular loops to derive WCET estimates. The Ne_vvton-Gregory formul_ae. A method_for_loop bounds _anal-
method requires the bounds of the outer loop to be constan¥/SiS based on monotonic Newton series is presented in Sec-

or to be bounded by constants, resulting in a loosening ofion 3. Section 4 describes a technique to estimate the
the WCET bound. timing of critical loop iteration paths. Finally, some con-

cluding remarks are given in Section 5.

1. Introduction

Parametric timing analysis produces formulae, where
the unknown values affecting the execution are param-
eterized [12]. These formulae can be quickly evalu- 2. Loop Timing Estimation
ated at run-time with real-time values to support dynamic
scheduling decisions. However, current parametric ap- This section introduces the timing estimation approach
proaches have difficulties with multiple loop nests that in- using the Newton-Gregory formulae. Most of the execution
time of a typical program is spent in loops. Therefore, tight
*  Supported in part by NSF grants CCR-9904943, CCR-0105422, CCR- timing estimation of loop nests is crucial to estimate the to-

0208892, EIA-0072043, and DOE grant 20026126. tal execution time of a program or time-critical task.




2.1. Bounding the Execution Time of Loops

To simplify the analysis of the timing of loop nests, loops
in loop nests are normalized first if not normalized already.
That is:

for i = ato b step s do

fori=0to [2=%] do
S

= g

where the loop body statemerfisare adjusted’ such that
all in-scope occurrences ofre replaced by * i + a.
The total real execution time of a loop can be ex-

pressed as an accumulation of the real execution times o

the individual operations in the loop, consisting of the loop
headerd and bodyS’ operations

12=2)
w=w(H(0))+
i=0

w(S'(@)+w(HGE+1) , (1)

wherew(H (0)) denotes the real start-up time of the loop
header at iteration = 0, w(S’(7)) denotes the real execu-
tion time of the loop body” at iteration:, andw(H (i + 1))

denotes the real execution time of the loop header opera-

tions required to commence with the next iteration or termi-
nate the loop when+ 1 exceeds the loop bound.

The total real execution time of the loop can be
bounded given sufficiently tight upper bounds on the real
execution times of the loop operatioAsand S’

w(H(0) <«
w(S' @) +wHE+1) < pl)
wherec, is a constant ang(i) > 0 fori = 0,...,|%¢]

is a bounding function. Given a sufficiently tight boimding
constantcy and bounding functiomp, the real total execu-
tion timew of the loop is bounded by

Lb—a

]
w<cy+ p(i) .

)

=0

The sumsiin (1) and (2) are only valid Wh@h;—aj >0, be-
cause a sum with negative bound requires evaluaiiip
for negative values of. In general, sums form a simple

2.2. Newton-Gregory Interpolating Polynomials

When the loop body’ includes non-constant time oper-
ations such as inner loops with bounds that can be expressed
as polynomials iri, then the upper bound functignon the
execution time of the outer loop header and body operations
is polynomial. Because inner loops are commonly bounded
by (symbolic) constants or affine functions of the outer loop
counter variables, functiop is polynomial of finite order
k, wherek is a relatively small constant. It follows, from
the Newton-Gregory forward formula for the interpolating

Eolynomial, that there exist coefficiendg, j = 0,...,k,

uch that

k .

p(i) =0 () @3)
=0 M

The coefficientsp; form the Newton series of the polyno-
mial p. The Newton series representation of a polynomial
proves to be particularly useful to represent loop iteration
count problems. The bound (2) requires a sum over an iter-
ation space that is potentially empty. Given the Newton se-
ries of polynomiabp, it follows from (3) that the sum can be
written as

n—1

gpu):i@(jﬁl)

Jj=0

(4)

foralln > 0, since

£5(0) -0 0-Ee0)

Therefore, a loop iteration count problem that involves the
evaluation of symbolic loop bounds can be translated into a
simpler summation problem with constant bounds, i.e. the
constant degreé of the polynomialp. More importantly,
the formulation is applicable to zero-trip loops, because

Xk:¢j<j31>zo

J=0

®)

by the properties of the binomial coefficients. Equations (4)
and (5) provide the basic requirements to define a loop tim-
ing function.

Definition 2.1 Let (i)

(¢o,...,dr); denote the

and attractive notation for loop iteration count problems, Newton series of a polynomial in. The sum reduc-
but their semantics provide a poor vehicle to accurately tion o (® (i), n) of ®(i) over a domain = 0,...,n — 1 of
eration space of a loop is given W;—’lj + 1, which can

lowest value of the upper bound of the sum-ta, as in The sum reductiom (®(i), n) of a Newton serie® (i) is

model loop iteration count problems. The sum in (2) is un- sjzen, > 0 is the polynomial defined by
defined for zero-trip loops because the total size of the it-
k
. def n
be zero or even negative. Furthermore, because the sum o(®(i),n) = D ¢, (j n 1)
operator satisfieg:f:a fi) = =>%, f(i), limiting the =0
b—a
Z;Z“S‘(_l’LTJ)p(i), still requires evaluating(—1). a polynomial inn. This important property of sum reduc-



tions enables the composition effunctions over polyno-

Therefore, the CR algebra construction rules for polynomi-

mials represented by Newton series to compute the size ofals can be applied to e.g. the Horner form of the polyno-

multi-dimensional iteration spaces of nested loops.
The sum reduction of a Newton series is related to the
Riemann approximation of the integral

However, the functiomr determines the exact size of the it-
eration space of a loop by exploiting the discrete formula-
tion of Newton-Gregory interpolating polynomials.

Note thato (®(7), 2) can be evaluated for any (symbolic)
real valuer > 0, because the binomial coefficients are de-

fined by
( )ZWﬂf(m—l)(“f—z)"'(fﬂ—j)

This combined with the fact that polynomiali) > 0

x 1

Jj+1

bounds the real execution time of the loop header and body[

operations for all iterations= 0, ... ,n—1, leads to the ob-
servation that(®(4),n) is monotonically increasing with
increasing iteration space size> 0. Therefore, non-unit
loop strides can be incorporated in thedunction by not-

ing that

| +1) < o(D(i), 52 4+ 1)

S

if (b—a)/s+ 1> 0, with equality whens evenly divides
b—a. When the remaindéb—a) mod s is small, the bound
is tight.

Definition 2.2 The worst-case execution time (WCET)
bound of a (possibly zero-trip) loop with iteration
i=a,...,band strides # 0 is

WCET = co + o(®(i), max(0, 2<% + 1))

which bounds the real execution timeof the loop, where
®(7) is the Newton series representation of the polyno-
mial p(i) overi = 0,...,[%=%] that bounds the execu-
tion time of the normalized loop header and body opera-
tionsw(S'(7)) + w(H (i + 1)) < p(z), and ¢y bounds the
initial loop header execution time(H (0)) < c¢o.

When the loop boundsg and/orb are symbolic, the WCET
estimation is parameterized.

2.3. Newton Series Conversions

The Newton series of a polynomial is unique and can
be efficiently computed. It is noteworthy to mention that
the coefficients of the Chains of Recurrences (CR) pure-
sum representation of a polynomial are equivalent to the co-
efficients of the Newton series of the polynomial [1, 13].

mial. However, a more efficient construction method exists
that is based on Newton’s triangle [1]. In this paper, the tri-
angle is represented as a matrix to apply series conversions
via matrix-vector products.

Given the coefficienty;, j = 0, ..., k, of polynomiat
p(i) = po + p1i + pai’ + - - - + pxi®, thek + 1 Newton co-
efficients¢;, j = 0,...,k, can be directly obtained from
the coefficienty; of the polynomial using Newton’s trian-
gle. Fork = 3, the Newton triangle in matrix form is

N3

o O O
OO = O
O N = O
SOy = O

The Newton serie® (i) of a polynomial is obtained by
the matrix-vector produciNyp(:) of the Newton trian-
gle N, and the vector of polynomial coefficientgi)
Poy - - - apk]i-

The Newton triangle is formed by a two-term recur-
rence [1]. The algorithm shown in Figur@ tomputes the
coefficientsg; for p; with O(k?) operations while requir-
ing O(k) temporary storage space. The algorithm computes
the matrix-vector producb (i) = Nyp(i), whereNy, is the
Newton trianglep(i) = [po, ..., pk]i IS @ vector of poly-
nomial coefficients, an@(i) = (o, ..., ¢x): iS a Newton
series represented by a vector of Newton coefficients
j=0,... k.

A similar two-term recurrence exists for the inverse
Newton triangleN; ' required to compute the polynomial
p(i) = N, '®(i) of a Newton serie®(i). Fork = 3, the in-
verse Newton triangle matrix is

0

Wi~ O

N|—=
-

N;!

1
6

N

10
0 1
0 0
0 0

=

An algorithm to compute the polynomial of a Newton series
is shown in Figure b.
The inverse Newton triangle matrix has an important

property.

Lemma 2.3 Let o(®(i),n) be the sum reduction cb(i)
over domaini = 0,...,n — 1. Then, the coefficients
50, - - -, Sg+1 Of the polynomiak(n) = o(®(i), n) are given
by the matrix-vector product

) ¢k>z

s(n) =80y, Sk+1]n = N,;_il_1<0, 0, - - -

1 The polynomial representatiopéi) = po +p1i+p2i? +- - - +pri®
and its vector fornp(i) = [po, p1, - - -, px]: Will be used interchange-

ably throughout this paper.



Input:  p[0 : k]
Output: ¢[0 : k]
Declare array m|0 : k] of integer
for j=0to k do
6l =0
mlj] =0
¢[0] = p[0]
if £ > 0 then
$[1] = p[1]
m[l] =1
fori=2to k do
for j =ito 1 step —1do
mlj] = § * (mlj — 1]+ m[j])
l5] += ml[j] * pli]

a. Algorithm to computed = Nyp

Input:  ¢[0 : K]
Output: p[0 : k]
Declare array m|0 : k] of rational
for j=0to k do
pl]l =0
m[j] =0
p[0] = ¢[0]
if £ > 0 then
pll] = (1]
m[l] =1
fori=2to k do
for j=ito 1step —1do
m[j] = (mlj — 1] — (i — 1)*m[j])/i
plj] +=m[j]*¢[i]

b. Algorithm to computep = N '®

Figure 1. Newton Series Conversion Algorithms

Therefore, the inverse Newton triangle can be used to effi-
ciently compute sum reductions of Newton series.

To demonstrate the applicability of the Newton-Gregory
approach to loop timing estimation, two examples are pre-
sented and the results are compared to existing worst-cas
execution time estimation techniques.

Example 2.4 Consider the following loop nest with trian-
gular iteration space:

forI=1to N do
for J=1to N do
S

The normalized iteration space is

i
J

0,..
0,..

LN -1
LN -—1—i

Suppose the following execution time bounds are obtained

w(H1(0)) < co
w(Hy(i,0)) <
w(S'(i,5)) + w(Hy(i,j+1)) < ¢z

wherecy, co, and ¢z are constants bounding the time of
the loop headel; of the outer loop, the normalized loop
headerH), of the inner loop, and the normalized loop body
S’, respectively. Constant boundsg c;, andc, can be es-
tablished with an algorithm that simulates the (cache) be-
havior of operations iteratively until the timing of the loop
body converges, see e.g. [7, 12]. This simulation technique
does not accurately handle the timing of (triangular) inner
loops. The combination of the loop timing estimation pre-
sented in this paper and the simulation of non-looping state-
ments by the iterative algorithm is particularly attractive.
The worst-case execution time of the two-dimensional
loop nest is expressed by the composition of swiunc-

this WCET estimation expression proceeds as follows

WCET
=c¢p+ o(Ni(c1 + 0(Ngeg, max(0, N — 7)), max(0, N))
e (0<i<N —1,soreplacenax(0, N —i) by N — 1)
¢o + 0(Ny(c1 + 0(Ngcz, N — i), max(0, N))

co + 0 (Ny(c1 + o({c2)i, N — 1)), max(0, N))
=co+ 0(Ni(c1 + caN — c2i), max(0, N))
co + 0’(<01 4+ co N, _C2>i7 Hla,X(O7 N))

co+c1+ (N + %) max(0, N) — %02 max (0, N)

2

Given constantsy, c¢1, and ¢ and (symbolic)V, the pa-
rameterized WCET of the loop nest is the tight upper bound
co+c1 + (N + ) max(0,N) — 2c;max(0, N)2. <

2

Example 2.5 Consider the following loop nest with a non-
linear iteration space and a non-unit stride:

forI =1to N do
forJ=1Itol«1— 2step2do
S

The normalized iteration space is

N-—1

i
J

0,..
0,..

Suppose the following execution time bounds are obtained

w(H1(0)) < co
w(H5(i,0)) < ¢
W(S/(Z7]))+M(Hé(l,]+1)) S C2 ’

wherecy, ¢1, andc,y are constants.

The worst-case execution time of the two-dimensional
loop nest is expressed by the composition of swiunc-

tions and two Newton series conversions. The evaluation oftions and two Newton series conversions. The evaluation of



symbolic bounds can be translated into a simpler summa-

1000 T T I T . tion problem with constant bounds, but also to facilitate ac-
288 B %gg% /] curate loop bound analysis. In many cases, the loop bound
700 - ! /| estimation enables the elimination of the limitingax op-

600 - / - eration from the WCET formulation given in Definition 2.2.
500 - ) . Bounds analysis is at the heart of tight timing analysis.
400 e 7 The value range of a symbolic expressibris denoted by
388 B /,/ ] [L(E),U(E)], where L(E) denotes the lower bound and
100 F P | U(E) denotes the upper bound Bf respectively. The value
0 LT ' | | range of an expression is derived by the application of rules
0 2 4 6 8 10 such asC(E1 +E;) = L(E1)+L(E-). Rules for arithmetic

operators are mostly straightforward, see e.g. [2, 4, 6, 5, 9].

The range of values of a symbolic expression evaluated
on an interval is of particular interest. The Newton series
representation of a polynomial provides a means to accu-
rately determine the value range of the polynomial on a

Figure 2. Comparison of WCET Estimations

this WCET estimation expression proceeds as follows

WCET, given interval.
= cp + (N1 (c1 + o(Ngca, max(0, i+2i2 ))), max(0, N)) It is well known that when a functioffi is monotonically
(i +i% > 0, so replacanax(0, #) by # increasing on an intervad, b], the full range of values of

on the interval is given byf(a), f(b)]. Similarly, whenf
is monotonically decreasing da, b], then the range of is

=cp+ O’(Nl(cl + O’(N()Cg, ZJ;Z )), max(O, N))
= ¢g + o(Ny(c1 + o(cz, ), max(0, N))

_ b), f(a)).
= o + 0(Ny(e1 + 5¢2(i +42)), max(0, N)) L/(0), f(a)]
= co + o({c1, c2, ¢2);, max(0, N)) Lemma3.ilet &) = (do.61,....én): denote
= co + (c1 = Ge2) max(0, N) + gep max(0, N)? the Newton series of a polynomigh(i) in i and

_ o o let h(i) = N_Yé1,...,0r)i If h(i) > 0 for all
Conventional worst-case execution time estimation teCh-i =0,....n—2,n >0, thenp(i) is monotonically in-

niques based on guarded sums [10], Ehrhart pqunomi- creasing on the intervdD, n — 1]. Similarly, if h(¢) < 0 for

als [3] or Presburger formulas [8] cannot handle this loop i = 0,...,n — 2, thenp(i) is monotonically decreas-

nest accurately because the inner loop bound is non-linear. ing on the intérva[o P 1].

These methods have to resort to computing overestimations ’

by establishing the maximum size of the inner loop itera- Proof. The polynomiali(7) is constructed from the Newton

tion space using the bounds < I < N. As a result, series(¢1, . . ., ¢r); starting with the second coefficient of

the inner loop’s iteration space size is overestimated by ®(i). Therefore, by the Newton-Gregory formula we have

LNzQi‘Nj. Therefore, the resulting overestimated parameter- .

ized WCET expression is i
h(i) = ;

WCETy = ¢y +¢1 N + ¢ N| 7N | (6)
for N > 1. This approach can result in very loose bounds Which leads to
for triangular loop nests, because the inner loop is bounded k )
by a non-negative constant over the entire iteration space of p(i) = Z ®; (2>
the inner loop. =0
Figure 2 shows the worst-case execution time estimation k ;
bounds using Newton-Gregory{CET1) compared to the = ¢+ Z b ( )
simple WCET (6) approachWCET'5) for increasing val- j=1
ues of N (shown on the x-axis). The sample boungls- 1, k i—l )
¢1 =1, ande, = 2 are used in the graph. & = ¢o+ ; b, g (j B 1)
. i-1 k
3. Loop Bounds Analysis _ -

The Newton-Gregory approach to timing analysis is im- i1
portant not only to demonstrate that a potentially problem- _

. X ’ h : = ¢o+ E h(¢)
atic loop iteration count problem that involves loops with et



for all i > 1 with p(0) = ¢y. Becauser(i) > 0 for all ablei occurs twice or more times in the expression. For ex-
i = 0,...,n — 2, we observe tha} ,_} h(¢) is mono-  ample, the Horner form of this polynomial gives the bound
tonically increasing with increasing= 1,...,n — 1 and  [-3N,3N? — iN].

thereforep(i) is monotonically increasing with increasing

i =0,...,n — 1. The proof of the monotonically decreas- 4, Loop Iteration Path Timing Estimation

ing case is similar. O

The fact that monotonicity of a polynomial can be observed  The objective is to find the critical paths in the body of a
from its Newton series combined with the fact that the range loop, i.e. the paths that are the most time consuming across
of a monotonic function can be easily bounded leads to thethe iterations of a loop. The following loop fragment gener-
following recursive definition of a lower and upper bound alizes this concept:

on the range of values of a polynomial. :
for_zzatobstepsdo
Definition 3.2 Let ®(i) = (¢q, ..., Pi); denote the New- if C then
ton series of a polynomial evaluated on= 0,...,n — 1 elfé
with n > 0. The lower bound of the polynomial defined by S
®(7) is
(©) If condition C partitions the iteration space fife.g.C is a
L (o) if L({¢1,...,01)i) >0 condition such as > ¢, then loop timing analysis can be ap-
L(®(i) = LN ' ®(n—1)) HU((¢1,...,d0)i) < plied by splitting the loop into partitioned loops which can
LN, (1)) otherwise be separately analyzed. The partitioning is not performed
on the physical code but virtually to aid the timing analy-
and the upper bound of the polynomial definedfy) is sis. For example:
U (o) ifU{P1,...,dk)i) <0 fOI’ngzz'[Omin(b,c) step s do
. 1 .
L{(@(z)) = U(N]il(l)(n— 1)) if £(<¢1,,¢k>L) >0 foriimax(a,c+ 1) to b step s do
UN, (7)) otherwise Sy
where lel@(n — 1) denotes the expression obtained by However, it is far more common in practice that condition
converting® to a polynomial that is evaluated at= n — 1, C exhibits switching behavior that is unknown at compile
that is, by replacing withn — 1. time. Therefore, a conservative timing estimation must be

made for a loop nest by determining the critical path(s)
through the body of a loop. Worst-case execution timing
analysis then assumes that the critical path(s) are always
taken at each iteration of the loop nest.

Whether a path is critical may also depend on the cur-
Lemma 3.3 Let®(i) denote the Newton series of a polyno- rent iteration executed in the loop. Interesting cases arise

The conditions in the guards in this definition exploit the
factthatwhenZ(®(¢)) > 0 on an interval the polynomial of
®(4) is non-negative on the interval and whgd(i)) < 0
then the polynomial is non-positive on the interval.

mial p(i) evaluated o = 0,...,n — 1 withn > 0. Then, when one path is critical at the first few loop iterations but
then gradually decreases in execution time during subse-
L(@(i)) < p(i) <U(D(1)) quent iterations while another path increases in execution

) time eventually exceeding the time of the former path. The
foralli=0,...,n 1. analysis should take both paths into consideration. Unfortu-

The following example demonstrates that the bound is morenately, finding the break-even point is not always possible,
tight compared to conventional value range analysis appliedoecause it requires root-finding on an interval with symbolic
to polynomials. bounds.
. o , ) However, the path timing analysis can be performed in-
Egample 34 Conj5|der the ponnomla;bgz)lz %?2 - %Z dependently on each path, even when these paths include
with Newton serieg0,0,1); = N»[0, —3, 3];- Given the the same loon bod fi b the choi f path
g ; . p body operations, because the choice of pa
domain; =0,...., N, the value rfmgze Oflth's polynomial is taken in the loop body cannot be determined at compile
[£((0,0,1):),U((0,0,1))] = [0, 5N= — 3 N]. © time. Furthermore, no assumptions of data dependences car-
Conventional value range analysis methods applied to poly-ried from one iteration to the next have to be made for tim-
nomials fail to establish accurate bounds [2]. For the ex- ing estimation of multiple paths. Therefore, to align and
ample polynomialp(i) we obtain the range overestima- compare the timing of a path with a descending time curve
tion 20, N]? — 1[0, N] = [-1N,iN?]. In fact, differ-  to a path with an ascending time curve, the iteration order of
ent closed-form polynomial representations result in differ- one of the paths in the loop can be virtually reversed. If af-
ent bound estimations, none of which is exact when vari- ter alignment it can be observed that one path always dom-



inates the other in the estimated execution time, then it iswhere
safe to assume that the dominating path determines the to-

tal estimated execution time of the loop. Al(l_) (I)(Z_) = (i)

Without loss of generality, the paper presents an ap- Bo(i) = () —¥(n—i—1)
proach to analyze two paths in the body of a loop. The ex- AS(’_) = ®(n—i-1)-Y()
tension to multiple paths is straightforward. If the worst- Aa(i) Pn—i-1)=¥(n—i-1)

case execution time bounds SpandS; are polynomial in

¢ (including constant), then the worst-case execution time
of the entire loop nest can be accurately determined. To this .
end, the timing of the paths is compared by computing the With coefficients

and
R omax(k7€)>i

difference series of the Newton series of the polynomials max(¢;,1;) if j < kandj < ¢
that bound the execution time of the paths. 0, = { max(0,¢;) ifj<kandj >/
max(0,1;) ifj>kandj </

Definition 4.1 Let ®(7)

(%o, . . .

by

= (¢o,....¢x)i and W(i) =

- Omax(k,¢))i IS defined

,1¢); denote Newton series. Then, the difference se-forall j = 0,. .. ,max(k, ).
riesA(i) = ®(i) — ¥(i) = (do, - .

The difference® (i) — ®(:) and©(i) — ¥ (i) are always
positive and therefor®(:) bounds bothb (i) and ¥ (7).

¢ = Vi ']:‘7 E Zang]: < i The Newton serie®(n — i — 1) is obtained from the
0= !fj, Sk andq z v series®(i) by reversing the evaluation of the polynomial
—¥ M) >kandj = on the intervall0, n — 1]. There are several ways this can

forall j =0,...,max(k,?).

be accomplished. A simple implementation is to convert
the Newton series back to a polynomial usip) =

The difference series of the Newton series of two polyno- N, '&(i) which gives the coefficients @fi) or with p(i) =

mials gives the necessary information to determine which Zk

of the two polynomials is the largest on an interval.

Lemma 4.2 Let ®(i) be the Newton series of a polyno-
mial p(i) and let¥ (i) be the Newton series of a polyno-
mial q(). If £L(®(i) — ¥(i)) > 0 thenp(i) > q(i) for all
i=0,....,n—1,n>0,and ifd(®(i) — ¥(i)) < 0then
p(i) < q(i)foralli=0,...,n —1.

=0 ®; (]’) which gives a closed-form polynomial expres-
sion. Then replacéwith n—i—1 in p(), simplify the poly-
nomial, and convert to Newton series wiltin — i — 1) =
Nip(n —i—1).

The generalization of this approach to multiple paths and
multiple loops follows from the fact thab(:) T ¥(7) is
closed under polynomial formation. Therefore it can be ap-
plied to multiple paths to maximize the Newton series rep-

A maximizing operator on Newton series is introduced that resentation of the timing of the paths.
exploits iteration reversal. The maximizing operator returns

the larger of two series. If neither of the two series domi- ; : )
that contains two execution paths:

Example 4.4 Consider the following loop with a loop body

nates, a new series is constructed that bounds both polyno-

mials of the series. 1: fori=0to N do

2 if a[é] > 0 then
Definition 4.3 Leti = 0,...,n — 1, n > 0, be the itera- 3 forj =0toido
tion space of a (hormalized) loop with two execution paths g' else 54
through the loop body. L&k(i) = (o, . . ., ¢x); denote the 6 forj=0to N —ido
Newton series of the parameterized WCET of the first path r for k=0to j do
and let® (i) = (¢y,...,1,); denote the Newton series of & S

the parameterized WCET of the second path. We define th&Suppose the following execution time bounds are obtained
maximizing operatof of the two series by

w(Hl(O)) S 1
®(i) if L(A1(i) >0 w(Ca(i) < 1
or L(As(i)) = 0 w(H3(i,0) < 1
or L(Az(i)) >0 w(Sa(i,j)) +w(Hs(i,j+1)) < 2
or L(A4(i)) >0 w(Hg(i,0)) < 1
(i) TW(i) = V(i) HFUAL() <0 w(Hq(i,0)) < 1
or U(Ax(i)) <0 w(Ss(i,§)) + w(Hr(i,j+1)) < 2
orU(As(i)) <0
or U(A4(i)) <0 The analysis begins with the inner loops and proceeds to
O(i) otherwise the outer loop. Loop bounds analysis revealed that none of



Difference Series Value Range on Domain 0..., N

Ai(i) =®() — V(i) = (-1 —4N — N2 )5+ 2N, —2); [L(AL),U(A1)] =[-1—-4N — N?, -1 +2N]
A2(7’) = (b(l) - \IJ(N - 7’) = <_17 -3, _2>i [‘C(AZ)ﬂU(AZ)] = [_1 —2N — N27 _1]
As(i) = ®(N —i) — (i) = (=1 —2N — N2, 1 + 2N, —1); [L(A3),U(A3)] =[-1—-2N — N? —1]

Ay(i) = ®(N —i) — U(N —i) = (=1 + 2N, =7, -2); [L(AL),U(Ay)] = [-1 —4N — N2, —1 4 2N]

Table 1. Difference Series of ®(i) and ¥ (i) and Their Value Range for Example 4.4

the iteration space sizes of the loops is negative and there-

fore themax operations can be eliminated from theunc- 3000 x x ] x 7
tions. The first path spans stateme2t® 4 and the second 2500 - %ggg?) —
path spans statemer2sand 6 to 8. The Newton series cor- WCET?
responding to the two paths are 2000 |
1500

(i) = Ni(3+0(No2,i+1))

= Ni(5+2i) 1000 |-

= (5,2); 500 |-
V(i) = No(B3+o(Ni(1+0(No2,j+1)),N—i+1) 0

= No(6+4N + N? — (2N + 4)i +1i?) 0

= (6+4N 4+ N? -3 —2N,2),
Figure 3. Comparison of WCET Estimations
and the reversed series are

O(N —i) = Ni(3+0(No2, N —i+1)) Yet even more simple estimation methods are commonly
= N;(5+2N —2i) used in practice that bound the iteration space of loops
= (5+2N,-2); by using value range analysis that provides only very sim-

U(N —i) = No(3+0((3,2);,i+1) ple bounding expressions on the loop iteration space sizes.
= Ny(6 +4i +i?) These methods cannot accurately estimate the timing of

6,5,2); . triangular loops, because inner loops are decoupled from

outer loops. For example, loop statemé&riterates at most

The difference series and their value ranges on the domainy + 1 times thereby executing a loop body with casEhis
i = 0,...,N are shown in Table 1. The value range of gives2(N + 1) + 3, where3 is the cost of the header of
Ao (i) is negative. Therefore, it can be concluded that the |oop statement, the cost of the conditional statement
polynomial of the seried(N — i) bounds the polynomial  and the cost of the header of loop statem@ritoop state-
of the series(i). Thatis, ¥ (i) (and the reversed (N —1)) ment8 iterates at mostV + 1 times thereby executing a
representS the execution time of the critical path thrOUgh the |Oop body with cosp. Loop statement iterates at most
|00p bOdy The total worst-case execution time of the |00pN +1 times thereby executing the inner |00p with cost
fragment is given by 2(N + 1) + 1. The cost of the loop nest stateme6itso

. 8is (2(IN 4+ 1) + 1)(N + 1) + 3). The total estimated exe-

_ _ 1 172 173

WCOET, = 1+0(¥(i), N+1) = T+65N+25N"+ 35N cution time using this simple approach is
Now consider a conventional WCET estimation that is de- 9
termined by decoupling the outer loop from the inner loops. VCETs =1+ (N +1) max(5 + 2N, 6 + 5N + 2N7)
This WCET is the best estimation that current methods CaNcigure 3 shows the worst-case execution time estima-

achieve. This e_stimation is (_)btained by simplifying the prob- /- 'v o unds using Newton-Gregory estimatidii (T, ),
lem by assuming that the inner loops are bounded by thedecoupled estimation WCET,), and simple estima-

maximum value of which is N. E_ffectively, _this WCET tion (WCETs), for increasing values ol (shown on the
is computed from the Newton series of the inner loops byx-axis) o

replacingi by N giving N;'®(N + 1) = 5+ 2N and
N, 'W(N +1) = 6 +4N + N2. Because the outer loop it- .
eratesN + 1 times and the loop header execution time,is 9. Conclusions and Future Work

the simplified worst-case execution time estimation is ) _
This paper presented a novel approach to parametric

WCET3 =1+ (N + 1) max(5 + 2N, 6 + 4N + N?) WCET estimation for rectangular and non-rectangular loop



nests including those with zero-trip loops, non-unit strides,
and multiple critical iteration paths. Future work includes
the elimination of the limitingnax operations from the

sum function through the addition of guarding conditions to
the Newton series, to represent piecewise polynomials. This
is necessary when the bounds of an inner loop includes un-
knowns such that the iteration space is possibly negative. In
addition, the bounding polynomi& used by the maximiz-

ing operator] will be improved.
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