
Chinese Reminder Theorem

Around 100 A.D., a Chinese mathematican solved the problem of finding
an integer x, that satisfied

x ≡ 2 (mod 3)
x ≡ 3 (mod 5)
x ≡ 2 (mod 7)

x = 23 is one solution, but so is 23 + 105k, for all k ∈ Z. The method of
general solution goes under the name the “Chinese Reminder Theorem.”

Let n =
∏k

i=1 nk, where gcd(ni, nj) = 1, for i �= j, then we will study
the structure of Zn and see it to be the Cartesian product of

Zn1 × Zn2 × · · ·Znk

This lets us work in the smaller groups, and piece the solution to the larger
group up from them. This often saves considerable computing time.

• Theorem:(Chinese Reminder) Let n =
∏k

i=1 nk, where gcd(ni, nj) = 1,
for i �= j, and consider the correspondence:

a←→ (a1, a2, ..., ak)

a ∈ Zn, ai ∈ Zni
, and

ai = a (mod ni), for i = 1, 2, ..., k
The this mapping is one-to-one and onto from Zn to Zn1×Zn2×· · ·Znk

,
and if also we have

b←→ (b1, b2, ..., bk)

we get

(a ∗ b) (mod n) = (a1 ∗ b1 (mod n), ..., ak ∗ bk (mod n))
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where ∗ means addition, subtraction, and multiplication.

Proof: Given a, we compute ai ≡ a (mod ni)
Given the ai’s, we obtain a as

a ≡∑k
i=1 aici (mod n) with

ci = mi(m
−1
i (mod ni)) with mi = n/ni

Thus mi ≡ 0 (mod nj) for i �= j
Note: gcd(ni, nj) = 1 so m−1

i (mod ni) is well defined. Also
cj ≡ δij (mod ni) so ci ←→ (0, 0, ..., 0, 1, 0, ..., 0)

where i is in the ith place
Thus the ci’s form the “basis.”

a ≡ aici (mod ni)
≡ aimi(m

−1
i (mod ni)) (mod ni)

≡ ai (mod ni)
This establishes the result. �

• Corollary: If n and ni are as above, then for all a1, a2, ..., ak ∈ Zn,
x ≡ ai (mod ni) for i = 1, 2, ..., k has a unique solution modulo n.

• Corollary: If n and ni are as above, then for all a and x ∈ Zn, x ≡ a
(mod ni)
for i = 1, 2, ..., k, if and only if
x ≡ a (mod n)

• Example:
a ≡ 2 (mod 5)
a ≡ 3 (mod 13)

a1 = 2, n1 = m1 = 5, a2 = 3, n2 = m2 = 13, n = 65

Also 13−1 ≡ 2 (mod 5) and 5−1 ≡ 8 (mod 13)
c1 = 13 · 2 = 26, c2 = 5 · 8 = 40,

a ≡ 2 · 26 + 3 · 40 (mod 65)
≡ 172 (mod 65)
≡ 42 (mod 65)

This example shows the Chinese remainder theorem in action.
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Figure 1: An illustration for the Chinese reminder theorem for n1 = 5 and
n2 = 13. For this example, c1 = 26 and c2 = 40. In row i, column j is shown
the value of a, modulo 65, such that column 12 contains a 64 (equivalent to
-1).


