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Dirichlet problem for Laplace Equation
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Ω

first−passage location
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\Walk on Spheres" (WOS) and Green's

Function First Passage (GFFP)

Algorithms

WOS:

O

ε
Shell thickness
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Green's Functions

O
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O

Putting back (a) Void space(b) Intersecting(c)
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GFFP:
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δ
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Darcy's Law

q = −−−−−−−k 

L

∆

η

P

dynamic viscosityη : 

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

q

L

Porous mediumFluid Fluid

∆P : pressure difference

flux

thickness

Dr. Chi-Ok Hwang Slide 10



'&

$%

D
a
rcy
's
L
a
w

q
=
k
�
P

�
L

(4)

�
A
slow
stead
y

ow
of
a
sin
gle
N
ew
ton
ian

u
id
th
rou
gh
a

station
ary,
in
ert
an
d
isotrop
ic
p
orou
s
m
ed
iu
m

�
k
:

u
id
p
erm
eab
ility

�
�
P
:
ap
p
lied
p
ressu
re
d
i�
eren
ce

�
L
:
th
ick
n
ess
of
th
e
p
o
rou
s
sam
p
le

�
�
:
d
y
n
am
ic
v
iscosity

�
q
:
volu
m
etric

ow
p
er
u
n
it
cross-section
al
area
(
u
x
)

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
1



'&

$%

H
u
b
b
a
rd
-D
o
u
g
la
s
T
F
C
fo
r
a
n
A
rb
itra
ry

N
o
n
sk
e
w
O
b
je
ct

�
U
sin
g
an
gle
averagin
g,
H
u
b
b
ard
an
d
D
ou
gla
s
d
erived
:
vector
or

ten
sor
L
ap
lace
eq
u
ation
s
to
scalar
L
ap
lace
eq
u
ation
s

f
=
6
�
�
C

(5)

�
f
:
tran
slation
al
friction
co
eÆ
cien
t

�
�
:
d
y
n
am
ic
v
iscosity

�
C
:
electrical
cap
acitan
ce

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
2



'&

$%

F
e
ld
e
rh
o
f's
T
F
C
fo
r
a
M
a
cro
m
o
le
cu
le

�
F
rom
th
e
D
eb
ijf-B
rin
k
m
an
eq
u
ation
for
p
oro
u
s

ow
u
n
d
er

p
ressu
re:

r
P
=
�r
2V
�
�k

V
;

(6)

w
e
get:

f
=
6�
�
R
G
0 (�
)f1
+

3
2
�
2
G
0 (�
)g
�

1

(7)

{
f
:
tran
slation
al
friction
co
eÆ
cien
t

{
�
:
d
y
n
am
ic
v
iscosity

{
R
:
m
acrom
olecu
lar
rad
iu
s

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
3



'&

$%

F
e
ld
e
rh
o
f's
T
F
C
fo
r
a
M
a
cro
m
o
le
cu
le

w
ith
:

G
0 (�
)
=
1�
1�

tan
h
�

(8)

d
im
en
sion
less
q
u
an
tity
:

�
=

Rp
k

(9)

k
:

u
id
p
erm
eab
ility

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
4



'&

$%

P
o
ro
u
s
M
e
d
ia

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
5



'&

$%

U
n
it
C
a
p
a
cita
n
ce
M
e
th
o
d

�
C
om
b
in
in
g
tw
o
p
rev
iou
s
eq
u
ation
s

CR
=
G
0 (�
)f
1
+

3
2�
2
G
0 (�
)g
�

1

(10)

�
G
ettin
g
C
=R
gives
u
s
�

�
F
rom
:

�
=

Rp
k

(11)

w
e
get
p
erm
eab
ility

D
r.
C
h
i-O
k
H
w
a
n
g

S
lid
e

1
6



'
&

$
%

Sampling Methods

Sharp Boundary Method

sampling sphere

intersected fragment of a sphere
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Polydispersed Spheres
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Solc-Stockmayer Model without Potential

a

b

Θ

Basic model for diffusion−limited protein−ligand binding

:  launching 
   spherenonreactive (reflecting)

circular reactive patch (absorbing)

diffusing small ligand

Ω L
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Simulation-Tabulation Method

� Green's function for the non-intersected surface of a sphere

located on the surface of a reecting sphere

O2Ω

Absorbing Sphere

   Reflecting Sphere

1

Ω2

O

O

r 1

r 2

1
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Solc-Stockmayer Model without Potential
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Solc-Stockmayer Model without Potential

Timing with WOS :
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Solc-Stockmayer Model without Potential

Timing with GFFPA :
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Mean Trapping Rate

In a domain of nonoverlapping spherical traps :

O

δ
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Simulation-Tabulation Method

� Average First-passage time

τ = Σ τ i = Σ −−−
6

r i
2

rr

r

1
2

3

...
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Mean Trapping Rate

In a domain of nonoverlapping spherical traps :

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Zheng−Chiew simulation
our simulation
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Mean Trapping Rate

In a domain of nonoverlapping spherical traps : Timing with WOS
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Mean Trapping Rate

In a domain of nonoverlapping spherical traps : Timing with

GFFPA

0 0.05 0.1 0.15 0.2
δ

1000

1100

1200

1300

1400

ru
nn

in
g 

tim
e 

(s
ec

s)

quadratic regression

Dr. Chi-Ok Hwang Slide 29



'
&

$
%

E�ective Conductivity

Perfectly insulating, nonoverlapping spherical inclusions :

X

6 X )
σ  =e τ  (e

2

X
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E�ective Conductivity

Perfectly insulating, nonoverlapping spherical inclusions :
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E�ective Conductivity

Perfectly insulating, nonoverlapping spherical inclusions : Timing

with WOS
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E�ective Conductivity

Perfectly insulating, nonoverlapping spherical inclusions : Timing

with GFFPA
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Charge Density on a Circular Disk
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