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Brownian Motion

Introduction to Brownian Motion as a Measure

Introduction to Brownian Motion

» LetQ = {5 € C[0,1]; 8(0) = O}dngo[O, 1], be an infinitely dimensional space we consider for

placing a probability measure
» Consider (2, B, P), where B is the set of measurable subsets (a o-algebra) and P is the
probability measure on Q

» We would like to answer questions like P [f(; G2(s)ds < a] ?

» We now construct Brownian motion (BM) via some limit ideas
» Central Limit Theorem (CLT): let X1, X2, ... be independent, identically distributed( i.i.d.) with
E[X]] =0, Var[X] = 1 and define S, =37, X;
1. Note if X, X5, ... are i.i.d. with E[X*] = u, Var[X;] = 02 < oo, then X; = @ has
E[X]] =0, Var[Xj] =1

2. Then % converges in distribution to N(0, 1) as n — oo




Brownian Motion

Introduction to Brownian Motion

» Let Xi, Xo, ... be as before, then it follows from the CLT that

. Sh 1 /D‘ 2
lim P|—= < = — e
n—=oo |:\/ﬁ - a:| Ver J o
» Erdds and Kac proved (we will find the o4(+)’s):

1. limnoso0 P [max (54, %2, S) <] = o1(a) = [fo e~ % ay

. S24+82 s2
2. limp—oo P S5t 5, + +5, <a:| = oo(a)

3. liMpsoo P [51+32+ 450 < a] = o3(a)
> Let Ny = #{S1,...,Sn|Si > 0}, then
ifa<0

nle P{ﬁ<a} = arcsmf fo<a<i
ifa>1

n O

\._.l 3




Brownian Motion
Introduction to Brownian Motion as a Measure
Definitions

Definitions

> Xi,Xo,... are as above, and Vn € Nand t € [0, 1] define

") {Sf t=0
X0 =1%o -
Jn 7<t<% i=1,2,...,n

» Let R denote the space of Riemann integrable functions on [0, 1].
» Theorem: F : R — R and with some weak hypotheses, then

Jim P [F (X)) < o] = Pw[F(8) <al.

where Py denotes the probability called “Wiener measure,” and this result is called Donsker’s
Invariance Principal
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Introduction to Brownian Motion as a Measure

Donsker’s Invariance Principal

Examples of Donsker’s Invariance Principal

1. F[8] = [, 5?(s) ds, then by the theorem

[n 2 1
iim P Zf;ga] — Pu [/ 52(s)dsga]
n—oo 0

Li=1

2. F[B] = B(1), then

: [ Sn 1 /o‘ iyl
lim P|—= <a| =P 1)<a]=— z d
M _\/E_a} w [B(1) < o] oz | e u
3. Flgl= fo1 1+ngn5(5) ds, where sgn(x) = {1’1 i Z g Then

n—oo

1
lim P{%ga}:Pw{/o H_#n'g(s)dsga]
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Introduction to Brownian Motion as a Measure

— Donsker’s Invariance Principal

Defining Wiener Measure Using Cylinder Sets

» For any integer n, any choice of 0 < 71 < -+ < 7, < 1, and any Lebesgue measurable (£-mb)
set, E € R" define the “interval”

I'=1I(n;7;...;m0 E) == {B(:) € Co[0,1]; (B(71),...,B(mn)) € E}

» Let A be the class of intervals containing all the /for all n, 4, ..., 7, and all L—mb sets E € R",
then A is an algebra of sets in Cy[0, 1]

» The I's are the cylinder sets upon which we will define Wiener measure, and then standard
measure theoretic ideas to extend to all measurable subsets of the infinite dimensional space,
Co[0, 1]
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Introduction to Brownian Motion as a Measure

— Donsker’s Invariance Principal

Defining Wiener Measure Using Cylinder Sets

» Given /, we define its measure as

1

:\/(QW)"W(Tz —71) - (Th — T1)

_ B - (un—upq)?
/. . / e 271 Am—my) 2(tn—7p—1) duy - - - dup.
E

» Let B be the smallest o—algebra generated by A, this is the class of Wiener measurable
(W-mb) sets in Cy[0, 1]

» This extension of Wiener measure, also creates a probability measure on [0, 1], and
expectation w.r.t. Wiener measure will be referred to as a

1. Wiener integral or Wiener integration
2. Brownian motion expectation

w(l)
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Introduction to Brownian Motion as a Measure

Donsker’s Invariance Principal

Examples

> Let Ac R™"with Aj = min(7;, 7;), i.e forthe case n =3, 71 <2 < 73 we have

(B KB (A
A=| 11 m n
T T2 T3
and in general we can write U = (uy,...,u,)" and

dun,

—71 -uTA 'y
u(l)_\/m/ /Ee dui ...

» Letg(-)beaBM,and 0 < 74 < 12 < 1, then
1 by 2
< <bl]l=-— T2n
Pla < 8(m1) < bi] - /a1 € 271 duand

Pla; < B(m) < bjnax < B(m2) < by

s U2 Y )2

e 2 2Amp—m) duy dus

by
- .
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Introduction to Brownian Motion as a Measure

Properties of Brownian Motion

Useful Properties of Brownian Motion

» Theorem: Let I = U, [y where ;N I = 0Vi # kand I, h, b, - -- € A, then pu(l) = 32, u(l)

» we will see that the BM, j3(t), satisfies:
1. Almost every (AE) path is non-differentiable at every point
2. AE path satisfies a Holder condition of order o < 3, i.e.

1B(s) = B(O < Ls— 1%
- E[B(H] =0
. E[B?(1)] = t,and so B(t) ~ N(0, t)

- 8(0) = 0, 8(t) - B(s) ~ N(O,t - §)
- El5(1)8(s)] = min(s, 1)

oUW
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Introduction to Brownian Motion as a Measure

Properties of Brownian Motion

Useful Properties of Brownian Motion

> Let EER"(L—mb),0< 71 <---<1p< 1, I=1I(n;7;...;mn; E), then

/)—/ /P7'1,0 u)p(re — 71, Uy, Up) - -

P(TN — Tn—1, Un, Un—1) AUy - - - dUp

(x=y)?
2t

where p(t, x,y) = e

» Note that p(t, x, y) = ¥(t, x, y), the fundamental solution for the initial value problem for the
heat/diffusion equation

U= gt 9(0.%,y) = 6(y — X)

» u is finitely additive since integrals are additive set functions
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Introduction to Brownian Motion as a Measure
Properties of Brownian Motion

Useful Properties of Brownian Motion

» Theorem 1: Leta > 0, 0 < v < 3 and define
Aay = {B € Co[0,1];[B(12) — B(m1)| < ale — 71|" V71,72 € [0,1]}
For any interval | C Co[0, 1] s.t. /N Aa, = 0 there is a K indepedent of a for which
m(l) < Ka~ 72

» Remark: A~ is a compact set in Cy[0, 1] and eventually one can prove that AE 5 € Gy[0, 1]
satisfy some Hélder condition

» Theorem 2: v is countably additive on A, i.e. if I, € A, n € Ndisjoint (N Ik = 0, j # k) then

I=heA=u(l)y=>" ulh)

NIST
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Brownian Motion

Introduction to Brownian Motion as a Measure

Properties of Brownian Motion

Useful Properties of Brownian Motion

v

Suppose F : Cy[0, 1] — R is a measurable functional, i.e. {8 € Cy[0,1]; F[B] < a} is
measurable Vo
» We can consider

E[F] = Ew[FIB()] = / FI5(-)|6w, a Wiener integral

» Consider Cx[0, t] = {f € C[0, t]; f(0) = x}, then
PIB(0) = x, (1) € Al = \/%ﬂ /A 7L gy
» Furthermore
E[3(7)] :\/% /_ ve % du = 0, ¥r>0
1
Elo). Al = V@r) (e — 71) - (Tn — Tn—1) -

(up —uy )2 (Un—un_1)2

2
4 N
/"'/Q(U1,-.~,Un)e 2T 2(rp—7) 2(tn=7p_1) duy - - - dup @Eﬂlﬁﬁ.,

Siondords ond Tchnology
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Brownian Motion

Introduction to Brownian Motion as a Measure

Properties of Brownian Motion

Useful Properties of Brownian Motion

» Let us now consider, without proof, a large deviation result for BM:
» Theorem (The Law of the Iterated Logarithm for BM): Let 3(s) € Co[0, 0o) be ordinary Brownian

Motion, then
W B(1)
P (Ilgso:p Vatinint 1) =
(2)

- B(1) __)_
P('mé’lf\/m‘ 1)=1




Brownian Motion

Introduction to Brownian Motion as a Measure

Properties of Brownian Motion

Dirac Delta Function

» Let g be Borel measurable (B-mb), then
Elo(B()] = 5= [ glwe & au
CVorr )

» Let g(u) = §(u — x), using the Dirac delta function, then

1 oo 2 1 2
Elo(B(t) — x :7/ o(u—x)e = du= e =
65~ = o= [ 8- =
x2
thus u(x, t) = E[6(8(t) — x)] = —==e~ = is the fundamental solution of the heat equation

vert

ur = %uxx, u(x,0) = 46(x)
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The Feynman-Kac Formula

The Feynman-Kac Formula

» Consider now V(x) > 0 continuous and consider the equation

U = %uxx — V(x)u, u(x,0)=4(x),

then we can write
u(x,t) = E [e— Js V(B 5 (£) — x)]

This is the Feynman-Kac formula
» Example:

2 2
V(x) = %, ur = %uxx — %u, u(x,0) = é(x), then

1

u(x,t) = E [e‘f I3 A2 ) s 534y — x)]
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The Feynman-Kac Formula

The Feynman-Kac Formula

» The following is clearly true:
P[B(r) < x] =P ({8 € Go[0,7]; B(7) € E = (—00,X]}) =

1 /" s L
— e 27 du, and similarl
VerT J-os y
With0 = <7y --- < 7, Wwe have
2 —n/2
PIB(r) < Xt -, Blra) < Xa] = (2m) x

V(= 10)(r2 — 7)) - (70 — Ta_1)
Xn X B (p—w)?  (Un—up_q)?
/ .. / e 211 Am-m) 2Amn=7n-1) duy - - - dup
— 00 — 00
» Hence with A; = min(;, 7;)

Elg(B(m),....B(m))] =

1

J@nma

~ > -tuTaly
g(u17...7un)e 2 du1...dun
— 00 — 0o
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The Feynman-Kac Formula

Feynman-Kac Formula: Derivation

» Let us consider the Wiener integral below, where expectation is taken over all of Co[0, ]
E { e Jo V(B(m) dr }

» We will show that this is equal to the solution of the Bloch equation using an elementary proof of
Kac

» We assume that 0 < V(x) < M is bounded from above and non-negative; however, the upper
bound will be relaxed

» We know

&S] t k
E{e VMol _ S q)k { V(,B(T))dT] /K!
{ b=y
» Since V/(-) is bounded we also have
t
0< / V(B(r)) dr < Mt
0

» This allows us to use Fubini’s theorem as follows

E{e_ p v(ﬂm)dT} _ i(_”kE{ V V(B(r)) dT]k} /K!
k=0 0
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The Feynman-Kac Formula

Feynman-Kac Formula: Derivation

» Now let us consider the moments

Jk(t) = {V V(3(r )dT]k}
» Consider first k = 1

{/VB(T))d}F”b'"'/E{V(,B )}df—// V(e

» The case k = 2 is a bit more complicated

E{ [/01 V(B(r)) dT]z} _ 2!E{/Ot/072 V(B(m))V(B(r2)) dri dTg} Fubini

21/ /Tz E {V(B(m))V(B(2))} dri drs =

(62—£1)?

e_ 2(tp—71)
21 / / / / V(€)V(%) \/27m \/27r(7'2—7'1)d€1 dé, dry dr wer

e & d§dT
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~Trermaeroma
Feynman-Kac Formula: Derivation

» For general k we will proceed by defining the function Qn(x, t) as follows

x2
1L Qx,t)= A= =
_ )2

2. Qurlx) = [§ [ e BT V(OQ( ) d dr
We have that u(t) = k! fo Q«(x, t) dx

By the boundedness of V(-) we also have, by induction, that 0 < Qu(x, t) < %Qo(x, t)
Now define Q(x, t) = 322 (= 1) Q(x, 1)

This series converges for all x and t # 0 and |Q(x, t)| < eMQu(x, t)

» One can easily check that the definitions of the Q«(x, t)’'s ensures that Q(x, t) satisfies the
following integral equation

v

v

v

v

Q. ) + o™ 50T V() Q(E, 7) dE o = Qo(x, 1)

L
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The Feynman-Kac Formula

Feynman-Kac Formula: Derivation

It also follows that

v

E {ef fot V(B(T)) d'r} _ / Q(X, t) dX

Recall that his Wiener integral is over all of Cy[0, t], let us restrict this only to a < (t) < b, thus

v

. b
E{e‘ Jovsmydr. o B(t) < b} = / Q(x,t) dx

v

This tell us immediately that Q(x, t) > 0
» Now we will relax the upper bound on V/(-) by considering the function

V(x), ifV(x)<M

Vu(x) = {M, if V(x) > M

and we denote Q™ (x, t) as the respective “Q” function

NIST
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Brownian Motion

The Feynman-Kac Formula

Feynman-Kac Formula: Derivation

» By the additivity of Wiener measure we have that

lim E{e I8 W@ o - (1) < b} - E{e— JVBEN 9T g < B(t) < b}

M— oo
» Furthermore, as M — oo the functions Q™ (x, t) form a decreasing sequence with
limu— .o Q" (x,t) = Q(x, t) existing with the resulting limiting function, Q(x, t) satisfying the
(Bloch) equation
oQ 19°Q
9 2ok V@
with the initial condition Q(x,t) — d(x)ast — 0

i2

{

o

ST
o
bk

i
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The Feynman-Kac Formula

Feynman-Kac Formula: Derivation Variation

» Recall the integral equation solved by Q(x, t)
ax, z‘)juL/t/oo 1 S veae ) dedr = — o5
Var o o JT—7) V2t
> Let us define W(x) = [*_Q(x, He~s dt with s > 0, this is the Laplace transform of Q(x, t)

» Now multiply the integral equation by e~*' and integrate out ¢ to get the equation satisfied by the
Laplace transform of Q(x, t)

W+ o [ e gu(e de = e

» It is easy to verify that W(x) also satisfies the following differential equation

%\IJ” — (s+ V(x))¥ = 0, with the following conditions

1. W —>0as x| - oo
2. V' is continuous except at x = 0
3. V/(-0)-Vv/(-0)=2
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The Feynman-Kac Formula

Explicit Representation of Brownian Motion

Explicit Representation of Brownian Motion

v

Suppose that F[3] = [ 5%(s) ds, then it follows

2

E[/OtﬁZ(s)ds] F‘gni/:E[/Bz(s)] dS:/Otsds: 1‘2

v

To compute E [efé B(s) ds] , we need to do some classical analysis

v

Consider the eigenvalue problem for this integral equation

p/o u(s) min(r, s) ds = u(r)

v

Find eigenvalues po, p1, . .. and corresponding orthonormalized eigenfunctions uo(7), u1(7), - . .
with [ u()uk(r) dr = 8, Vj, k > 0

NIST
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Brownian Motion

The Feynman-Kac Formula

Explicit Representation of Brownian Motion

Explicit Representation of Brownian Motion

» Fort > T we have
T t
p/ su(s)ds + p/ Tu(s)ds = u(r)
0 T
d t
=L pru(r) — pru(T) + p/ u(s)ds = u'(r)
l‘r
L —pu(r) = u'(7)
Thus u” (1) + pu(r) = 0 and with u(0) = 0, u’(t) = 0 we get
= (k+ 1 272
=ikl k=0,1,2,...
uk(s) = \/;sm ((k+3)%2)
» By the spectral theorem the integral equation kernel can be represented as:

i uk(s)ux(r)

min(s, 7) = p
k

k=0
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The Feynman-Kac Formula

— Explicit Representation of Brownian Motion

Explicit Representation of Brownian Motion

> Let ap(w), a(w), ... beii.d. N(0, 1), then we claim that the following is an explicit
representation of BM

o ak(w)Uk(T) _
; 7 = () (2.1)

» This is a Fourier series with random coefficients and we will prove that this converges for AE
path w with the following properties
1. We use w to denote an individual sample of i.i.d. N(0,1) a;(w)’s
2. Eloj(w)]=0,Vi>0
3. Elaj(w)aj(w)] = 6;, Vi,j >0

» This is the simplest version of the Karhunen-Loéve expansion of stochastic processes




Brownian Motion

The Feynman-Kac Formula

Explicit Representation of Brownian Motion

Explicit Representation of Brownian Motion (Proof)

» We now use the representation (2.1) to compute some expectations w.r.t. the a;’s ~ N(0, 1)

E Z ak(w) Uk(T):| i.i.d. N(0,1 ) & Fubini
|:k—0 \/PT<

=\ Elon(@)]u(r) _ 0% U(r) _ g _ prac
> S = 0 el

» We now use the representation (2.1) to compute some expectations

ay( U/( )] i.1..N(0,1)

MS
Mg

Uk (T

E

|:k =0 \F 1=0
>
k=0

3?!\7

=min(r,7)=7= [ﬂZ(T)]



Brownian Motion

The Feynman-Kac Formula

Explicit Representation of Brownian Motion

Explicit Representation of Brownian Motion (Proof)

» Similarly we compute

oo

o ax(w) . ay(w) i.i.d.N(0,1)
E kz:%i\/p? ui( )/z:o: NG u(s)| =

i UT)U(S) _ inr, s) = = = E[B(r)3(5)]

» We have computed the mean, variance, and correlation of the process defined in (2.1), and it is
clear that it is ~ N(0, 7) and hence Brownian motion, 5(7)
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The Feynman-Kac Formula

— The Karhunen-Loéve Expansion

An Introduction to the Karhunen-Loéve Expansion

» Karhunen-Loéve (KL) expansion writes the stochastic processes Y (w, t) as a stochastic linear
combination of a set of orthonormal, deterministic functions in L2, {e;(t)}%,

Y(w 1) => Z(w)e(t)

i=0
1. Given the covariance function of the random process Y(w, t) as Cyy(s, 7) the KL expansion is
oo
Y(w, 1) = VAii(w)ei(t)
i=0

2. Here )\; and ¢;(t) are the eigenvalues and L?-orthonormal eigenfunctions of the covariance function
and &j(w)¢;(t) are i.i.d. random variables whose distribution depends on Y (w, t),
i.e. Zi(w) = VAi&i(w), and e(t) = ¢i(t)

3. It can be shown that such an expansion converges to the stochastic process in L2 (in distribution)
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The Feynman-Kac Formula

— The Karhunen-Loéve Expansion

An Introduction to the Karhunen-Loéve Expansion

4. By the spectral theorem, we can expand the covariance, thought of as an integral equation
kernel, as follows

Crv(s.1) = 3 Nibi(8)6(r)

i=0
5. Here \; and ¢;(t) are the eigenvalues and eigenfunctions of the following integral equation

/O " Cyv(s,7)i(r) dr = Ngi(s)

» For ordinary BM, Y(w, t) = 3(t), we have from above
Cyy(s,7) = Csp(s,7) = min(s, 7)

A= ,,l/ where p; = (j + 3’ %

4i(t) = u(t) = /Zsin((j + 5) %)

§j(w) = aj(w) ~ N(0,1)

Y(w, 1) = 3252, 220 = (1)

ok w b=
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The Feynman-Kac Formula

Explicit Computation of Wiener Integrals

Explicit Computation of Wiener Integrals

» We are now in position to compute

Efefiros] - [ ol TR0 S dS] _

£ [ezggo S uts) ds] indep. 10—0[ £ [e% I u(s) ds:| _

e T

H eﬁ(fot Ui (s) d5)2 _ ez 15 I /2 7”"(5 U(7) s dr _
k=0

ob f [imins,rydsar  _ ot SR +(r (=N dr _ e§

» We have used the following results

. E[e*¥] = e? with o ~ N(0, 1) via moment generating function
2. fo min(s, 7) ds = [ sds—i—f Tds =% + (7(t— 7))




Brownian Motion
Explicit Computation of Wiener Integrals
Explicit Computation of Wiener Integrals

» Moreover

e T

k=0 k=0 V&T J—o0
oo 0o «? i
~Tr-- e ? (1+ Pk ) da
k=0 \Y4 271' —o0
B ﬁ 1 B 1
o /1 + 2 o0 22
\/ Pk \/Hk—o (1 + U“*’Eﬁ)

_ 1

~ /cosh(Ab)
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The Feynman-Kac Formula

The Schrédinger Equation

The Schrédinger Equation

» Let us review the Schrédinger equation from quantum mechanics
1. The “standard," time-dependent Schrédinger equation

i3} —h? N
ih— =|— v = H v
Ihatw(x’ t) [ om A+ V(X t)| W(x,t) (x, 1)

2. We can make the equation dimensionless as
.0 1
15t t) = [ 38 - V| vix. ) = Hix, s
ot 2
3. We also are interested in the spectral properties of the time-independent problem

[%A —V(x, t)} b(X, 1) = H(X, )b = A




Brownian Motion

The Feynman-Kac Formula

The Schrédinger Equation

The Schrédinger and Bloch Equations

» We now arrive at the Bloch equation
1. Consider transformation (analytic continuation) of the Schrddinger to imaginary time, = = it, this gives
us the Bloch equation, but is sometimes also called the Schrédinger equation (going back to u(x, t))
ou(x,t) 1
aor 2
2. The time dependent Bloch equation can be solved via separation of variables as

Au(x,t) — V(x, t)u(x, t)

u(x,t) = U(x)T(t), and so we apply this to the Bloch equation

au(x, t)
ot

=UX)T'(t) = %AU(X)— V(x, hU(x)| T(t)



Brownian Motion

The Feynman-Kac Formula

— The Schrédinger Equation

The Schrédinger and Bloch Equations

3. Placing the time and space dependent on different sides of the equation gives

T _ (34 — V(x,1)] U(x)

T U ,where X is constant

4. Thus we have that T(t) and U(x) satisfy the following equations
T'(t) — AT(t) =0,

[%A — V(x, t)] U(x) = AU(x)

5. Thus the \;’s and ;(x, t)’s are eigenvalues and eigenfunctions of the above eigenvalue
problem, and the solution by separation variables is

u(x, t) = ic,e‘*f'wj(x), where, ¢ = /OO Uo(X)1;(x) dx

= -




Brownian Motion

The Feynman-Kac Formula

The Schrédinger Equation

The Schrédinger and Bloch Equations

~2e"

l\:\
3

_ —lf'ﬁz(s)ds] _
>Let)\_1,ast—>oo,E[ezo _\/COT(

lim }InE [e—%fo'ff%)“] -1

t— oo 2

» Theorem: If V(y) — oo as |y| — oo, then

lim ?InE[e v S”"S] =1,

t—o0

where )\ is the lowest eigenvalue of the Bloch equation

20) = VW) = 2(y)
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The Feynman-Kac Formula

The Schrédinger Equation

The Schrédinger and Bloch Equations

» Feynmann-Kac: Let V be measurable and bounded below, then the solution of the Bloch
equation

ur = %uxx —V(x)u, u(x,0) = up(x)

is u(x, ) = B [ 18 V@ Sy 5(1))|
» This equation is the imaginary time analog of the Schrédinger
1
SV = VNe(y) = X(y)
Equation

1. Special case: V =0:

(=

Edw(®)] = = [ w(e " dy = uix.




Brownian Motion

The Feynman-Kac Formula
T . )

he Schrédinger Equation

Another special case

2

2. ForV(x) =%, u =1:

u(x, t)y== —3 Jo () 05 1] =FE [¢.3—%fo'(ﬁ(s)+x)2 ds]

I\)‘X

[
E [ 7xfo B(s)ds—3 [¢ B3(s) ds]

2
_ oo - %%kt _ 1y oo %k
e XZk:O N fo Uk(s) ds 2 Ek:ﬁ Pk :|

2, > 2
x2 HE |:e rfouk s)ds—EH

k=0

2ty 1 ® _x—a [tu(s)ds— o2 (1+ 1
=e 7 [[-= / e vk ot ) da
koo V2T J oo
:e_% 1 oF 2 s, Mdsdr

cosh(t)




Brownian Motion

The Feynman-Kac Formula

The Schrédinger Equation

» Define R(s, ; —)?) such that
t
min(s, 7) = A2 / min(s, )R(E, 7 —\2) de
0

Note that R(s,7; —1) = — >, OM_

Pr+1
» Consider

_ i Uk(S)Uk(T) n i Uk(S)Uk(T)

— Pt A2 Pk

_ 32 Z Uk(S Uk(§) Z u(§)ui( T)

2
0 k=0 = PR




Brownian Motion

The Feynman-Kac Formula

The Schrédinger Equation

» For 0 < s < twe have

__cosh(A(t—7)) sinh(As) <7

R(S,T' _)\2) _ { cosh A cosh(At) —
' (A(t—s)) sinh(AT)
— ey~ ST
» Thus
1 e 4t R(s.r—1) ds d 1 _ XPtanht

ux.t)=———e 2(+fofo (s,7: )57): e 2
(x. 1) cosht cosht

» Exercise: compute u(x, t) for V(x) = %, uo(x) = x. Hint: the solution is
u(x,t) = Ex [e—% 1§ B2(s) dsﬁ(t)] . Calculate

9 px,t,0)

- _ AB(D—3 J§ BP(s) ds _
U(x, t,\) =Eq [e 2 ] u(x, 1) = — =




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

» Theorem: Let Xi, Xz, ... be ii.d. r.v’s with E[Xj] = 0, Var(X;) = 1, and N, is the number of
partial sums S; = >/_, X; outof S, .., S, which are > 0:

N 0 a<0
lim P{—n <a] =¥(a)=< 2arcsiny/a 0<a<i
n— o0 n i
1 a>1

» Proof: (Using the Feynman-Kac formula and Donsker’s Invariance Principal) Define the random
step function

Q) 2 T=0

n

X0(r)=1¥§ SR
vn n —n

The invariance principle states that for a large class of functionals 7 and F € F

lim P [F [XW(-)] < a] = Paw [F[B(")] < o] (2.2)

n—oo
®=



Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

» For example, let

("1 +sgn[B(s)] _J1 x>0
F[ﬁ]_/0 fd& where sgn(x) = 1 x<o0

» Then (2.2) says that

lim P{%ga}:PBM[/11+#n[ﬂ(s)]ds§a]

n— oo 0

of the Brownian motion that is positive
» We drop the BM from the probabilities as it is understood




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

> Let U(at)zp[/’wds<a]
; s 2 -

» Then for A > 0 we can define the Laplace Transform/Moment Generating Function of o(«, t)

E {e‘* Jg el ds] = /oo e do(a,t)
0

» Now define
1+sgn[3(s
) = E [ 5500 |




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law
» By Feynman-Kac this is a solution to the following PDE

(X, £ \)e = %u(x, £ A ) — AVOOU(K £ A), (X, 0: \) = 6(x)

1 x>0

where V(x) = {0 X< 0

» We also realize that

/ u(x, t; X) dx = / E [e**fot efelas 554 — X)] P
£ |:/oo A J§ LsorB(sl "Sa(f}(t) —X) de| _ [ e J sanlB(s)] ds:| _

/ e do(a,t)
0




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

» Itis know that u(x, t; \) also solves the following integral equation
1 —x®
e 2t —
vent
1 —(x—£)?

s [lar [ V(e ) e

» Now we apply the heat equation operator, -2

u(x,t;\) =

102
s 57 — 25,2 L0 this

du 18%u
5t soxe =0 AVMu(x. 1)

» And we the Laplace transform of u(x, t; \)

V(x,s\) = / e u(x, t; \)dt
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The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

» |f we take the Laplace transform of the integral equation we get
1 —V/2s|x|
V(x,8\)=—€
( ) s
- T —vesix—¢|
—A/ deV(EOV(E s;\)——e

VOV SN

» This is equivalent to the following ordinary differential equation (ODE)

%\u"(x) (S AV))W(x) = 0,¥ — 0 as x| — oo

W(x) and W'(x) is continuous at x # 0, and ¥'(0~) — W/(0") =2




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Proof of the Arcsin Law

» The solution to the above ODE is
V2 —/2(s+A)x
—Ys ¢ x>0
V(x5 0) = { VAP,

N ey x<0

e

» Thus we have that

/_Oo V(x,s;\)dx = 73(3 Y

» So we have the following

/ W(x,s; \) dx:/ e‘St/ u(x,t; \) dx ds =
0 —o0

oo _ oo _ 1
es’/ e M do(a,t)ds = ———
/o 0 o(e.) Vs(s+ )
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Proof of the Arcsin Law

Proof of the Arcsin Law

» The last line test us that we know the Laplace transform of
F(f) = / e do(a, ) ds
0

1

\V/8(s+X)

F =e Yi(y) = [ o0 (at)da
0

tells us that

» The inverse Laplace transform of

» Which is itself the Laplace transform of o’ («, t), so we have

1

0.’(a7 t) — 7/ a(t—a)
0

O<acxt

a>t
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Proof of the Arcsin Law

Proof of the Arcsin Law

» We now integrate the previous result

o 0 0<a«
/ o'(a,t)da = o(a,t) = { 2 arcsin Vi O0<ac<t
e 1 a>t

» Setting t = 1 we get the Arcsin Law

0<a
arcsin/§ 0<a<1 Q.E.D.
a>1

o(a,1) =X(a) =

— 3 O




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Another Wiener Integral

» We wish to compute the probability of
<
Plmax i) <o
» By Donsker’s Invariance Principal this is equal to
. S S Sn
| — =, ) < = H(o,t
g {max (Z Jeoee 2 ) saf =M
» Consider the step-function potential
>
Va(x) = {1 X>a«
0 x<a«
» Since 3(-) is a continuous function AE, if maxo<s<: 8(S) < a then V,(3(s)) = 0 on a set of

positive measure




Brownian Motion

The Feynman-Kac Formula

Proof of the Arcsin Law

Another Wiener Integral

» Consider the following Wiener integral

im £ [¢7 8 V%] — pi(a, 1)

A—o00

» This is because the X limit kills walks that exceed o and only count the walks that satisfy the
condition

» for a fixed X this is, by Feynman-Kac, the solution to
U(X, £ \)e = %u(x, £ A ) — AVOOU(K, £ A), (X, 0:0) = 1

1 x>«
0 x<a

where V(x) = {

» The solution of the PDE is very similar to the solution of the PDE from the Arcsin Law, and is left

to the reader .
2 (Vi __&2
H(a, t) = \/;/O e % du yer
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Advanced Topics

Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integrals

» Von Neumann proved that there is no translationally invariant Haar measure in function space;
Wiener measure is not translationally invariant

v

Consider the following problem where we write our heuristic via a “flat” integral

E{FI8]} " = ”J_F [Ble 2 ol N'ar s

v

Here we define the Action as .
1 ,
Ap) =5 | 18] ar
0

This is obviously a heuristic, as BM is nondifferentiable AE

v
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Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integrals

» Now consider computing the following with Action Asymptotics
E [e% JEB(s) ds]

» We first compute this using our standard techniques

E [eﬁ fotﬂ(s)ds] = E {effﬁ ko %ﬂ =
1 oo t Yk i a?
E [eﬁ Yo Jo NNTIC) ds:| indep. / eﬁ Jg k() ds ~% da
= ese

» And thus

o 6

lim eln £ [effo P ds] -




Brownian Motion

Advanced Topics

— Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integrals

» Let’s “derive” the action asymptotics heuristic with a construction due to Kac and Feynman by
considering
Qt)=E {e, I V(ﬁ(‘r))df}

where 5(-) € G0, t], and the expectation is taken w.r.t. Wiener measure

» Since we assume that V(-) is continuous and non-negative, and §(:) € G0, t]) is continuous,
F(t) exists as fO’ V(B(r)) d7 is measurable

» Now let us consider a discrete approximation of this Wiener integral by breaking it up into N

sized time intervals of size t/N, which gives us F(t) from bounded convergence and the
Riemann summability

F(t) = lim E {e Xk V(R
N— oo
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Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integrals

» |f we consider the expectation in the limit we can rewrite it as follows

im E{e# =i V(ﬁ(”‘) _ |,m/ / o N VB

— 00 N—>oo

P(0, B1; h)P(B1, B2; h) - - - P(Bn—1, Bn; h) dB1 dBa - - - dfn
where we have
1. h=4
2. Bk = B(kh)
3. P(Bk—1,Bkih) = A€~
» This limit exists and is equal to the Wiener integral
» However, Feynman chose to rewrite the above as (suppressing the limit) with 5o =

Bk— Bk 1
7’7 Z V(B(x))+1 Sh }
(zﬂh)w/z / / Fo vy 2 (25 dp1 dp -+ dpn

(ﬁk—ﬁkq)z
2h
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Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integrals

» If we look at the exponent in Feynman’s we notice that

{kzi V(B(x)) + ;ki (W)Z} - _/ot {; <Zf>2 " V(ﬂm)} “

» This is the Hamiltonian the along the path, 5(7), and with the classical action along the path is

“f1 (dB\?
/ {Z(dT) V(B § o
» thus Feynman writes the above integral instead as

Ft) = E{e‘ i V(/a(f))df} _ /e_ [fcf{%(%f)erV(/B(f))}df] d(path)

NIST

Nt oniteof
Sondaris o cheology
el o
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Advanced Topics

Action Asymptotics

Action Asympotics: A Heuristic for Wiener Integral

v

How does E [eéF[ﬁB]] behave as e — 0?

We can approach this with Action Asymptotics

v

E [engaa]] “_ ,-J_eéFWEm et Bl5 e as5

\4

Now let /€8 = w
w_ .,J_e%[F[w]—% fot[w’(s)]zds](slg

Using Laplace asymptotics the above will behave like

v

e% SUPy,ecyo,1 [F[W]*% fg[w’(s)]zds]

v

Where the space C; |0, t] is made up functions, w(t), with
1. w(t) continuous in [0, ]
2. w(0)=0
3. W'(t) € L]0, 1] e



Brownian Motion

Advanced Topics

Action Asymptotics

Action Asympotics: Examples

» A conjecture using Action Asymptotics

t
lim eln E [e%FWEB]] — sup {F[w] 1 / [w’(S)lzdS]
e—0 weCi[0,1] 2 0

» Consider F[3] = [, A(s) ds
E [egF[ﬁﬁl] —E [eﬁ s B<S)d5]

» From the conjecture we have that

t t
lim elnE[eﬁ f“‘s)ds] = sup V w(s)ds — 1/ [w'(S)]zdS]
e—0 0 2 0

weCz[0,1]
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Advanced Topics

Action Asymptotics

Action Asympotics: Examples

» From the calculus of variations we have that the Euler equation for following maximum principle

§ wescli%,z] [/tw(s ds — 7/ [w'(s)] ds} =

1. 1+w’(s)=0

2. w(0)=0
3. W(f)=0
» The solution is w(s) = —% +tsand w'(s) = —s+tso

/Ot<—s§2+ts> s—f [s—t] ds——
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Advanced Topics

Brownain Scaling

Brownian Scaling

» Recall some basic properties of the BM, 3(-) and constant, c:
B(r) ~ N(0,7)

B(ct) ~ N(0, cr)

VeB(r) ~ N(O, cr)

E[B(7)B(s)] = min(r,s)

E[B(cT)B(cs)] = cmin(r,s)

E[B(cT)B(cs)] = E[VcB(r)VeB(s)] = cE[B(r)B(s)] = cmin(r, s)
» Now consider the following

o hwND

E [eSUPogsgzﬁ(S)] - E [eSUPogrg /3(1“")] _
E [ eSUPo< <1 \/ﬁ("')] - E [efSUPosrg ﬁﬁ("’)] _

1 . - 1
[ gt SWPo<r<i fﬁ“)] using the substitution ¢ = -
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Brownain Scaling

Action Asympotics: Examples

» So we now have that

t—o0 e—0

; 1 SUPo<s<t B(S)| _ Ji L supg< - <1 VEB(T)
lim tInE e limelnE |e

» By Action Asymptotics we have

1
lim eln E [e‘z S“posfs1ﬁﬁ(f)] = sup | sup w(r)—+ / [w'(r)]?dT
e—0 weCy[0,1] [0<7<1 2 0

= max|a-— 211

N 2|1 2

» The supremum comes on straight lines, that minimize arc-length i.e. the second term, so
consider w(t) = ar, and a = 1 is the maximizer
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Advanced Topics

Brownain Scaling

Action Asympotics: Examples

» Consider a more complicated problem for Action Asymptotics is

Ela(ves()) et )]
o E et (V0] N

J_E [G(x/éﬁ(-))e%F(\/EB(-))—%fo’[ﬁ’(s)]2 ds] 58
J_E [e%’:(\/gﬁ('))*% ot[ﬁ’(s)]zds] 58 -
We now change variables with x(-) = v/€5(+)
J_E [G ))e1 [FexC: %félx’(s)}zds]] 5x
J—E LIF&O)=3 flx ()2 ds]] Sx
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Advanced Topics

— Brownain Scaling

Action Asympotics: Examples

» As ¢ — 0 the exponential term goes to something like a “delta" function in function space and
we get

= G[w"(-)] where w™(-) = argsup [Flw] — Alw]]
weC 0,1

» We now apply this to some PDE problems: Burger’s Equation

Ur+uuxy = %uxx, —o<x<oo, t>0
u(x,0) = up(x), / Uo(n) dn = o(x?) as |x| — oo
0
» We now apply the Hopf-Cole transformation, if we define the solution to Burger’s equation
u(x, t) = —e#d = —cay[Inv(x, )] then v(x, t) satisfies

€

5 Vo v(x,0) = e+ Jo uo(m) dn

Vi =
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Advanced Topics

— Brownain Scaling

Action Asympotics: Examples

» So by Feynman-Kac we can write the solution as

v(x, tie) e ¢ I i dn g ok dy

\/ Tte

We now apply the Hopf-Cole transformation (taklng the logarithmic derivative)

v

foo — [fo ug(n) d”l+( ) ]dy

u(x,te) =

—x)2
e ef;[foy o) o+ 52 | o
—oo

v

Now let F(y fo Uo(n) dn + U=X"  this is the function that Action Asymptotics tells us to
minimize (due to the negative S|gn)

Note that lim)|_, o % = % by the assumptions, and so there is a minimum,

y(x, t) = argmin F(y)

Hopf showed that if at (x, t) there is a single minimizer to F(y) then

XEHD — y(yix, 1)

v

v

limu(x, te) =
e—0
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Action Asympotics: Examples

» Consider the related equation

U+ Uty = %uxx—V’(x), —c0< x<oo, t>0
u(x,0) = uo(x), /oo Uo(n) dn = o(x*) as |x| — oo
» Again we use the Hopf-Cole trar?sformation to get
Vi = %Vxx - %V’(x)v, V(x,0) = g ¢ Jd to(mdn

» And so we can write down the solution to the transformed equation via Feynman-Kac

v(x,te) = E [e—% I3 vvese) ds— L "0 wo(n) dn:|

—E {ef%[fo’ V(VeB (1) a8 f3/ PO () dn}]
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Brownain Scaling

Action Asympotics: Examples

» We now take apply the Hopf-Cole transformation and get

E [G[ﬁg(.)]e—%F[ﬁB(-)]]

where we define
E [e—‘gF[ﬁﬁ(-)]]

u(x, te) =

VeB(t)

FIB()] = /0 V(VeB(s)) ds — /O o(n)

ato = | "V(eB(s) + %) ds + to(VEB(t) + )
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Action Asympotics: Examples

v

By Action Asymptotics we have that

Iim0 u(x, t;e) = Glw*(-)] where w™(-) = arginf [Flw] + Alw]]
€—> *[O’t]

wely
» If for (x, t) 3! minimizer, w™, then the limit exists and is
t
Glw* ()] = u(x, t) = / V' (w*(8) + x) ds + uo(w* () + x)
0
» Now consider the related variational problem

w(t)+x t
[/ V(w(s) + x) ds/ : uO(n)dn+%/0 [w'(s)]2d3:|

We refer to the functional to be minimized as H[w(+)]

wEC*[O 1

v
iZ

{

o

ST
o
bk

i
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Action Asympotics: Examples

» To arrive derive an equivalent system via the Calculus of Variations we need to form the Frechet
derivative, in the direction of the arbitrary function, W, as follows

_ dH[w + hv]

OH|y, oh

- / "V (w(8) + X)W(S) s+ to(e(t) + X)W(D)
h=0 0

t
+ W (BW(t) — / W (s)W(s) ds
0
» Note that the last two terms come from the following computation

t
Jo] € 5 [ ds — H2tY

h=0

-3 /0 [/ (8) + W' (s)]? ds — /0 [/ (8) + W' (s)] ds

t t
- / W ()W (s) ds = / W (8) dW'(s)
0 0
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Action Asympotics: Examples

» We now integrate by parts using the natural boundary conditions
1. w(0)=0
2. J(0)=0

/O W (8) AW/ (8) = ' ()W (s) — /0 W (s)W ds

So the solution to this problem is
1. V(w(s)+x)=w"(s)for0 <s<t
2. w(0)=0
3. W'(t) = —up(w(s) + x)
» We can now apply this Hpof’s result with V =0
1. w’(s)=0for0<s<t
2. w(0)=0
3. W(t) = —up(w(s) + x)
The solution is then very simply
1. w(s) = cs for some constant, ¢
2. W'(s) =c=—up(ct+ x)
3. Letc = Y0=X — _yy(y(x, 1) or wp(t(x, t)) = X410

v

v

v

With a unique y(x, t) we get a unique w*(s) = (L,(“)) s e
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Action Asympotics

» We now consider some tools with the “flat integral”
» The Cameron-Martin Translation Formula

E{F[B + y]}, with y € Go[0, t]
» We now use the “flat integral”

E{F[B+y1}"

”J_F[g + y]e‘% IHEAO) @58, and letw = B + y

" J_ Flw]e 2 o1/ ©)-y (1P dsg,,

w _ g3 iV ()P dsJ—F[w] et ol () (s)1ds—3 [ilw' ()P ds 5

w_ 3 R ()P dsp {F[,B]e Joy'(s) dﬁ(s)}
» And so our result is that
E{F[3+y]} = & BV O LF[g1gliy @ PO with y € Colo, 1] ®

i2

Tiute o
Sondords
S o

i
|

Conmacs
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Local Time

v

Spectral Theory:

v

If V(x) > 0and V(x) — 0 as |x| — oo then the eigenvalue problem

%\Il”(x) — V(x)¥(x) = —A¥(x)

1. Has discrete spectrum: Aq, Ao, - - -
2. With corresponding eigenfunctions: W4, Wy, - - -

Theorem (1949):

\4

mn%E[@%ﬁ”“mﬁ]z—M

t—o0
Note: The expectation can start at any x due to ergodicity
Proof We will first prove this using Feynman-Kac

v

wanakﬁﬁwwﬂ




Brownian Motion
Local Time
Local Time

» Satisfies the following PDE
u = %uxx —V(X)u, u(x,0)="1

» By separation of variables we have

u(x,t) = e N'yy(x), where, ¢ :/ u(x,0)y;(y) dy
j=1 —oo
» But since u(x,0) = 1 we have that ¢; = [*_;(y) dy, ¥j > 0, and so the two representations
must be equal

1t S o0
() = B [o 2 BY0O%] = 3700 [ () ay
j=1 -

» And so the largest eigenvalue, A, controls the behavior

lim 1 £ e 2BV ®] — O

t—oo t

Conmacs
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— Local Time

Local Time

» We also have a variational representation of \4
. o0 1 o0 ,
=it [ [T v [T wmre|

vel —o00 —o00

[TW]]=1
» Which has a corresponding Euler equation

%\U”(X) — V(X)W (x) = —A¥(x)

s)) ds

» We notice that in the Wiener integral representation, E [e zhov , since the internal

integral is in an negative exponential, the main contribution comes for paths that remain close to
where V() is smallest, which leads us to dissect this problem as follows

» Let 5(s), 0 < s < o0; 3(0) = x be BM for ¢ > 0 and consider the proportion of time that ()
spendsinasetACR

(B f/mwm$
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— Local Time

Local Time

v

Some properties of L¢(5(+), ) with t > 0, x fixed, and 3(-) a particular, fixed, path

1. L«(B(-),-) is a countable additive, non-negative function

2. L(B(), R) =1

3. Li(B(+),") : Cx[0, t] — M, the space of probability measures on R
As a set function, L:(5(-),-) for fixed x € R and t > 0 and for almost all 5(-) has a density
function which we call the normalized local time

v

GB(),y) = - / 5(B(s) — y) dy and

L(B(), A) = / Xa)(BC). y) dy

£:(B(+), ) — 0 as Table — oo for compact A and almost every 5(-)
Now consider the following representation

v

v

E, [e, I V(B(S))G’S} —E, [e—tff‘;o V)e(B().y) dy]
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— Local Time

Local Time

» For fixed x € R and t > 0 we define a probability measure on M, Q.; = PL; ', as follows
> If C C M then we can write
Qt(C) = P{B(-) € C«[0,00] : Le(B(-),-) € C}
» L+(58(+),-) is an occupation measure so we can write
E, [e, Is V(B(S))dS] —E [eftff‘;o V)E(BC).y) dy} - E, [effff‘;o V() st(B(-)uV)]
ESxt [e—tff‘?,o V(y)mdy)} = ESxt [e—tf‘:zo Vf(y) dy]
» We define F as the space of probability density functions on R, then this an expected value on

f

To understand how the expected value on F behaves as t — oo, we need to understand how
Qv+ and therefore also how L:(5(+), A) behaves as t — oo

v
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Local Time

Local Time

» Long time behavior of local time measures
1. Ly(B(-),A) = 0as t — oo for A C R, compact, and AE 3(-)
2. £(B(-),A) — 0ast — oo for AC R, compact, and AE 3(-) by the ergodic theorem for BM, if 5(-) were
not BM, then this would converge AE to the invariant measure
3. Qi(C) »0ast— coif CC M, C# M,ie. Cisareasonable set
» Theorem on Speed of Convergence: We first need to put the Levy topology on F
1. If C € Fis closed, then
lim sup 1 In Q. +(C) < inf I(f)
t— oo t feC

2. If G € Fis open, then
o1 .
"trﬂglf n InQx +(C) > flng I(f)
3. Where | oo
_ ' 10112
-3/ Ao} o
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» This is a simple case of what is referred to as “Donsker-Varadhan Asymptotics" and are a large
deviation result

2 2
» An example, suppose f(y) ~ N(0,0%), i.e. f(y) = m}gefzy?, then f'(y) = —63{/5&2{7 and
2

flyy = %‘372(?) and finally we have

oo 2

Yy
—oo OV 2T

Note: the last integral is the variance, o2, of a N(0, %) random variable
» We refer to the functional / : 7 — [0, o] as the entropy, and roughly speaking

02_

y2
202 = =
e = dy 804 802

=5 [ {ror/mn} =g

Qu(f) ~ e~ Mreall) for “nice” A
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Donsker-Varadhan Asympotics

» Now let us apply the “Entropy Asymptotics" with the “Flat Integral”

E, [e—%fo‘ V(ﬂ(S))dS] B [e—tfi’?,o V() dy] for ¢ large
“_ HJ—e—th"m V(y)f(y) dye—tl(f) Sf

“_ J_ o122 V) dr+ 0] ¢

» As t — oo we use Laplace asymptotics to get

i1 GO /°° 1 /°° [f'(y)P?
o [ 0000] -t [ oy [ Ky
» Let \/f(y) = W(y), then [*_W3(y)dy = [*_f(y)dy = 1since f(y) is a p.d.f., and so

V() € L?[—o0,00] and ||V|| =1 @N

Siondords ond Tchnology
U3 Doprmar f Comacs

Tiute o
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Donsker-Varadhan Asympotics

» We now transform the “Entropy Asymptotics" expression with some substitutions

1. Let \/f(y) = W(y), then [*°_W2(y)dy = [°°_f(y)dy = 1since f(y) is a p.d.f,, and so
V() € [2[—o0, oo] and ||W|| = 1

2. Nso W/(y) = s r'(y), and so V(I = § (56

~ inf [/Z Ve g [ [f;(y) ]:

— inf {/ V(y)V3(y)dy + = / ]dy]
wel? 2

[[w]]=1

f(y
» These allow us to write

» Theorem:Let ® : 7 — R be bounded and continuous then, by the “general structure theorem"

lim 1|n E"”[ —”’“} — lim 1tInE [ —""“r(ﬁ(')"”} = — it [®(f) + /()]
€

t—oo t—oo
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» This is more subtle than action asymptotics, for example consider

t— o0

lim — In E& e [ HW)] = sup [®(f) — /()]
feF

—_

. There is always a fight between the two terms in the supremum

2. In statistical mechanics we often consider a®(f) and want to compute sup;c » [a®(f) — I(f)] = g(«),
where « is a convex function of «

3. Them may be a critical value of «, call it «g, where there is a phase transition, this is due to

nonuniqueness in the f that maximized the functional
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An Example Using Action and Entropy Asymptotics

» Now we will use “Entropy Asymptotics" to revisit a topic we have already considered

P{ sup B(s) < a} \/ / e 2, du, so that we also have

0<s<t
[ee] oo 2 a2

E [eSUPOSSS'ﬁ(S)] = h(t) :/ e“dP{ sup B(s) < a} :/ e*y/=e 7 da
0 0<s<t Tt

oo &2 oo
/ eaﬂge_?da:\/g/ e‘ o e2doz—\/7
wt wt Jo

7

oo 2
lim 1|nh(t):,/3e%/ e % du=1
t—oo I ™ Vi 2

» Recall that

m\~

du

with the substitution u =
» Then we have
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An Example Using Action and Entropy Asymptotics

» First we turn the t — oo limit into an e — 0 limit

t—o0 e—0

i 1 SUPo<s<t B(S)| _ Ji L supg<r <1 VEB(T)
lim tInE e limelnE |e

» Recall that by Action Asymptotics we have

1
|ime|nE[e%S“p°sfs1ﬁ5<T)] = sup | sup w(r)—+ / [w'(r)]?dT
e—0 weCy[0,1] [0<7<1 2 0

= max|a-— 211

N 2|1 2

» The supremum comes on straight lines, that minimize arc-length i.e. the second term, so
consider w(t) = ar, and a = 1 is the maximizer
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\4

Now we solve the same problem using Entropy Asymptotics by using a result of Paul Levy that
the following have the same probability distributions

0<s<t

P{ sup B(s) < a} = P{tt(B(:),0)}

v

Thus we have that

h(t) = E [esupogsgtﬁ(s)] —E [ere,(ﬁ(-),m} - E [em[ef(ﬂ(a,on] , where ®[f] = £(0)

v

So from Entropy Asymptotics we get

1 1 £ [gtote0O.01] _ 1= PP
tILrgotlnh(t)_ lim tE[ ]_?gjg f(0) 8] Ay dy

Recall that f € F is a probability distribution, and so the maximizing family of functions (proven
below) is f,(y) = ae 22!

\4
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» Recall that f € F is a probability distribution, and so the maximizing family of functions (proven
below) is f(y) = ae~23!
» We can write

2y >0 —22e7 % y>0
fa(y) = a2 = ) € V=" sofy) = =~ andso
) ae®® y<0 a) 287 e*¥ y<0’

43'e ¥ y >0

/0012 _
A {4a4e4ay /<0 — 44t e

» This gives us

1 [ ["/(,V)]2 } { 1/°° 3 __2aly| ]
£(0) — - - LA
sp 10)— 5 [~ 0 ay| ~sup a5 [~ aae ey

a>0 a>0 N of

Siondords ond Tchnology

U3 Doprmar f Comacs

= sup a—f/ ae 2 gy| = sup a—f :1, which occurs at a = 1
2 J_ o 2 2 @NEF
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An Example Using Action and Entropy Asymptotics

v

Now we find the maximizing family of functions by the same transformation as before
. V) = W(y) or f(y) = W3(y), and so
2 £(0) = w2(0)
s 3 (%) ~wor
And so we obtain
) [f’ ]2 5
sup |f(0) — dy| = sup |¥°(0) —

feF f(y) vel?
[[w]|=1

v

T dy}

v

Let w(0) = a we get the following constrained Euler-Lagrange equation

V'(y) —2xu(y), V(0)=a

v

This is maximized with a stretched version of W(y) = =2V

@
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Kac’s Drum

» Let Q ¢ R? be an open domain with sufficiently smooth boundary, 89, so that the following
problem has a unique solution

%Au—i—)\u:o, with u = 0 on 9

v

Under these circumstances we know that
1. 3\ < Ao < --- adiscrete spectrum
2. 3ui(x,y) < ui(x,y) < --- corresponding normalized eigenfunctions

Consider

v

C(\) = > _ 1= #ofeigenvalues < A
Aj<A
C(A) is an increasing function in A, and Hermen Weyl proved that
|2[A

C()\)Ngas)\%oo

v

v

Additionally, Carlemann proved that

> U(X,}’)N%,V(X,y)eﬂas)\—)oo

<A
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Kac’s Drum

» Now consider starting a BM at (xo, o) €

> Let p(xo, Yo, X, y, t) be the probability density function of a 2D BM starting at (X, yo) reaching
(x,y) at time t without hitting 9Q

» Einstein-Smoluchowski: Then p(xo, Yo, X, ¥, t) is the solution to

op 1 .
E_zAme
p=00n0Q, Vi>0
» We note thatast — 0

/QQ(X,Y)P(XO,YO, XY, t) dx dy - g(X07y0)
» Assume we can find p using separation of variables: p(xo, o, X, y, t) = T(t)U(x, y), then
TU= gAU, U=00n0Q, Vt>0

T AU .
T=5 = —\yields

T(t)=e ™, and U = the eigenfunction corresponding to X
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Kac’s Drum

» So this means that we can write explicitly

P(xo, Yo, X, y, 1) = >_ € V't(X0, yo)uj(x, y), and so we know
=1

p(Xo, Yo, Xo, Yo, t) = Z e M'UE (X0, o)
j=1
> Let p*(xo, Yo, X, y, t) be the probability density function of unrestricted 2D BM starting at (xo, o)
reaching (x, y) at time ¢

C=x)?  r—w)?
2t 2t

N 1
p (X07YO,X7}’:T)*27rte
» Thus we conclude that

oo N . 1
> e VU (X0, Y0) ~ P (X0, Yo, X, ¥, 1) ~ 5ast—=0
=
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Kac’s Drum

» Karamata Tauberian Theorem: Consider

£(1) :/ e Mda()), and assume
0

1. The above Laplace-Stiltje’s transform exists
2. «a(A) is non-decreasing on (0, o)

If f(t) ~ At~ as t — 0 for A and ~ constants then

AN
RORCER

» We now apply the Karamata Tauberian Theorem to

\{

as A — oo(A — 0)

f(t) :/ e Mda(\ Ze MU (X0, Y0), where a(X) = > Uf (X0, Yo)
0

Ai<A

v

We know f(t) ~ 5 as t — 0, and s0 a(\) ~ 5 as A — oo
By integrating this over Q we get Weyl's theorem FET

v
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Probabilistic Potential Theory

Let Q € R® be a bounded closed domain
Let r(t) € C be a continuous function starting at the origin
Let X, (-) be the indicator function of Q

W~

» Consider the following functional on C

Ta(y,r(:)) = /0oo Xo(y+r(r))dr, ye R®

» This functional is the total occupations time of r(-), a 3D BM, in  translated by y
» Now impose Wiener measure on C and consider the following Wiener integral

E{Ta(y.r())} = / TPly+r(r)eq)} dr

» Note that because we are using Wiener measure we know

1 © _r—y?
P{y+r(T)€Q}:W/O e 2r dr
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Probabilistic Potential Theory

» We now use Fubini’s theorem to exchange the order of integration

ETatyrN = [ o [* o lope T ar
1 ar

= — < ocoinR®
2m Jq r—y|

v

We see that in R® AE BM path starting at y spends a finite amount of time in Q
» Now consider the kth moment of the occupation time

dr dr
E{Th(y, /‘”/ ! ko k=12,
{ a (¥ 1l 27?)" Ir = |"2—r1| re—rc|

We focus on the second moment, kK = 2

v

E{Tr)} = [ [Py +rn) ) Ply +r(m) € 9) o o
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» We focus on the second moment, k = 2

E{mrn) = [ [P Q) Ply +rm) < 9} oo

5 drd 1 _ \n;vlz 1 _ 2|('2*'1 \2) dred
= _—_ T - To—T1q
// T1AT2 A /Q (27”_1 )3/2 e [27‘(‘(7’2 A )]3/2 e riars

0<my <M <00
/ / dr1
(27r |r1 —y| |r2—r1|

» The formula for the kth moment suggests that we should consider the following eigenvalue
problem

— =Ap(r), reQ
o lr— ol ®)

Conmacs
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Probabilistic Potential Theory

» The integral kernel in the eigenvalue problem is Hilbert-Schmidt
1. Since the single integral is convergent, we have

1
——drdp < ©
/n/glrfpl2 ?

2. We also need to show that the kernel is positive definite:

/ 20NP) Gedp > 0 Vo(p) £ 0in L2()
Q

Q [r—pl
Note that:

1 1 /°° 1 o \rgvﬁ d
R = T T =
2xlr—pl Jo (@)
> 1 73/2 ; —I¢l?r
R R B e
/0 7—(27r7')3/2 (2m)3/2 /Rs ¢

LI i¢(r-p) g =42
@2 Jo dr s d¢e e 2
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» So

#(ro(p) _
/Q/sz Ir—pl drdp =

>0, Vo(p) # 0in L*(Q)

?)3 / o ¥ /Q H(p)e™ dp|

» With the kernel being H|Ibert-Schm|dt, we know that the integral equation has

1. Discrete spectrum: Ay, Ao, - - -
2. With corresponding eigenfunctions that form a complete, orthonormal basis for L2(£2)

» Lemma:
ey} = ZA* [ omarg. [ 2e)a

1. This holds for all y € R®
2. If y € Q, then we note that

L/ 2i(e) dp = \jg;(y) N

2r Ja lp—yl e
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» Proof: Recall that

1 K /[kl/ dr; drg
—E{TE (y,x(-
Kl {0 (27r faray |r2—r1| Tk — |

» We recognize this as an iterated integral equation of the form

ay,ri)a(rs,r2) - - - a(rg—1,r)

» We can then rewrite this using Mercer’s theorem representation of the kernel of the integral
operator

|P y| ZAI¢I(p)¢I )

» Next we apply Mercer’s theorem only to the terms not involving y to get

1 1 1 = ke
HE{T"’( v, r('))} - ﬂ/g Ir—yl /Q;)‘fk "j(r+)g(re) dry dir
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» To review we have that

1 X S AT [ () drss [ %P dp y e R
—E{Ta(y,r(:)); = J o=yl
k! { aly ())} {Z/’_1 /\jk fg #i(r)#;(y) dr, yeQ

» Now let us consider the moment generation function (Laplace transform) with z € C

E {ezTn(y,r(~))} — i /Z(;!(E { TS 2 r())}
k=0

» Now we use the above lemma to get

2 Z( )/¢,(r)dr/ |¢/(P) dp

. This series converges if |z| < —a

2 The moment generating function is analytic if R{z} < 0 since T > 0 o
3. The last series is analytic for R{z} < 0, so by analytic continuation this identity holds with R{z} <
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» Let u > 0 and define

h(y, u) = E{e—uTn(y,r(~))} 1 E <1 o u> / o/ )dr/ |¢1(P) dp *)

» This series converges on compact sets in C because

1.
1

T <1
2.
oo 2 oo oo
(;/ﬂ@'(r) dr/Q |i’(_p;‘ dp) < ; (/Q¢j(l’) dr)zg (/Q |ﬁ’(p3,| p) =
& Q |P V|

» This gives uniform convergence via the Weierstrass M-test and thus this is also analytic
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> Ify € Q then we get

oo

ry.o) =1-3 (24, ) [ omaraw

j=1

» And so we can multiply both sides by W and integrate over Q

1 [ h(y,u)dy °° ( ) o;(y) dy
o o e v 2. IRCLEI =

» But we know that
1 / ¢;(y) dy
2 nlv Z ¢ile) dp 27r Q Iy- |

» Thus we cane write that

1 [ h(y,u)dy _ °°<
2m Jq ly—r

>/¢,( )dp 1 ¢/(V)d|y

= ly

@
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» We recognize the left hand side of the previous equation from (*), and so we use this ro rewrite

this as ] hy. u) d ]
L/ ny,uay _ 1 3
or o Ty = 1] U (1—h(r,u)), VvreR
» Moreover, if we rename variables we get
1 [ h(p,u)dp 1 3 .
i 2P — (1= h(y,u)), VYER (™)
2r | gy = = (A ), vy

» We now make some important observations
1. From (*) we see that if y ¢ Q then h(y, u) is harmonic in y, and the series in (*) converges uniformly on
compact Q’s
2. Again from (*) we get

T {Z_: (/nd)j(p)dp)z}Vz{i (/Q |ﬁjips),| dp)2}1/2

Jj=1

1/2
>1— i|m1/2 (/ L)
2m alp—Y
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3. So we now know that 0 < h(y,u) < 1, and so
Jim_ Ay, u) =1 ()

4. And for from Courant-Hilbert II, pp. 245-246

» Now apply the Laplacian to both sides of (**) to get

_2h(y7 U) = _%Ah(y7 U)
or we get
SAR(Y, 1) -~ ub(y,u) =0, y €0

» Now consider U(y) = limy oo (1 — h(y, u)) = P{Ta(y,r(-)) > 0}, this is the capacitory potegiia
(capacitance) and follows easily from the definition of the moment generating function 3
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» Example: Let Q be a sphere of radius 1 centered at the origin

1.
2.

h(y, u) is clearly spherically symmetric
h(y, u) is harmonic outside 2, so we have

ry.0) = 2D 4 hw). y g0
. From (***) we see that 3(u) = 1 and so h(y, u) = |y|) +1forye Q
. We also know that for y € Q we have
sinh(v2u
hly. ) = 50) SECEE YD

t el : * ke _ 1
. If we substitute this into the equation (**) we get that v(u) = V30 cosh(av/30)
. h(y, u) is continuous Vy so from the uniform convergence of the series, and so

MJH— 1 sinh(v2ua) 1
a V2u cosh(v/2ua) a

1 tanh(av/2u)
h(y, u) = 1 lyl (1 avau ) , YEQ
’ sin(v5ly)) yea

V2ucosh(v2ua)ly|’

to finally give us
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» Recall that

o YEQ

u(y) = Jim (1= h(y. 1)) = P{Ts.(y.r()) > 0} = {1, Vea

» This is the capacitory potential of S(0, a)
» Now back to the general case, vy € R® we have

1-efermon} oS5 [amarg, [ 2ede

=1

1. Wenotethat0 < 1— h(y,u) <1
2. The function 1 — h(y, u) is non-decreasing in u: 1 — h(y,uy) < 1 — h(y, ) if uy < Up
3. This is true due to the following
31 0< e YTer) < 1and
3.2
’ —uTqr()) _ J0, Ta>0
Jim e *{1, Ta=0 E..‘SI..
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» From the previous results and the bounded convergence theorem we have

uly) = lim (1 = hly, u)) = P{Ta(y,r(-)) > 0}

i 1 [ %ilp)dp
U = Jim,. ( +A,>/¢’ “or Jo lp- vl

and this holds Yy € R®
Case 1. Lety € Q° (the interior), clearly the continuity of r(-) immediately implies

uy) = P{Ta(y,r(-)) > 0} =1
Remark: with y € Q° we have U/(y) = 1 and so we have the following summability result

#i(p) dp
1= 1
ul/‘moo 1( >/¢] Q lpe—Yl

and hence also
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Case 2. Lety ¢ Q, we already know that 1 — h(y, u) is harmonic in y, and it is nondecreasing in u, and
the previous limit in u exists and equals P {To(y, r(-)) > 0}, thus by Harnack’s theorem, ¢/(y) is
harmonic with y ¢ Q. Assume that Q C S(0, a), then

P{Ta(y.r(-)) > 0} < P{Ts@,a(y.r()) > 0}
From the last problem this means

P{Ta(y,r())) >0} < y ¢ 5(0,a)

Iyl |
and so limy . U(y) =0

Case 3. Lety, € 09, and assume that it is regular in the sense of Poincaré: 3 a sphere S(y,, €) lying
completely in Q@ so thaty, € S(y,,¢) Consider nowy ¢ Q

Uy) = P{Ta(y.r(-)) > 0} > P {Ts(0,4(y,F(-)) > 0} = Y=V y |
and since U(y) < 1 we have finally that

Asy —y, withy ¢ Q we have —

Vovil’
lim U(y) =1
Jim (y)

Ivv\
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v

Thus if Q is a closed and bounded region, each point on the boundary that is regular in the
Poincaré sense has U(y) as the capacitory potential of

Recall that
— il ¢/(P) dp
un=m 3 (555) [omarg: [425

We note that this implies that

v

v

. 1
lim |yl(1 — h(lyl, u)) = o / uh(p, u) dp
ly|—o00 21 Jq

» Again assume that Q € S(O a), then h(y,u) = E {e "2} > {e “Ts0.a }, there for y ¢ S(0, a)

we have h(y,u) > 1 — \vl or1—h(y,u) < \;I and so

u
il <
3 / h(p,u)dp < a
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